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Hardy’s Inequality Let n ≥ 3 IRn
+ = {(x , t) ∈ IRn : x ∈

IRn−1, t > 0} and u ∈ W 1,2(IRn
+)

(n − 2)2

4

∫
IRn

u(x , t)2

|x |2 + t2
dxdt ≤

∫
IRn
|∇u|2(x , t)dxdt

Kato’s Inequality. Let n ≥ 3, IRn
+ = {(x , t) ∈ IRn : x ∈

IRn−1, t > 0} and u ∈ W 1,2(IRn
+)

2
Γ2

(
n
4

)
Γ2

(
n−2
4

) ∫
∂IRn

+

u2

|x |
dHn−1 ≤

∫
IRn

+

|∇u|2(x , t)dxdt

Γ(s) =
∫∞
0 ts−1e−tdt
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Hardy’s Inequality with Remainder Term Let n ≥ 3
and u ∈ W 1,2

0 (Ω),

Ω open bounded set, 0 ∈ Ω

Remainder +
(n − 2)2

4

∫
Ω

u(x , t)2

|x |2 + t2
dxdt

≤
∫

Ω

|∇u|2(x , t)dxdt
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If Ω = IRn
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+
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Kato’s Inequality. Let n ≥ 3 and u ∈ W 1,2(IRn
+)

2
Γ2

(
n
4

)
Γ2

(
n−2
4

) ∫
∂IRn

+

u2

|x |
dHn−1 ≤

∫
IRn

+

|∇u|2(x , t)dxdt

No existence of minimizers

Optimal constant Herbst 1997
Davila, Dupaigne, 2008

Montenegro
Application to PDEs Ishige, Ishiwata 2010

Trace Sobolev Inequality. Let n ≥ 3 and u ∈ W 1,2(IRn
+)(

n − 2

2

)1/2

ω
1

2(n−1)

n−1 ‖ u ‖
L

2(n−1)
n−2 (∂IRn

+)
≤‖ ∇u ‖L2(IRn

+)

Existence of minimizers Lions 1985
Optimal constant Escobar 1988 Nazaret 2006
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Kato’s Inequality with Remainder Term Let n ≥ 3,
1 ≤ q < 2 and u ∈ C∞0 (IRn

+ ∩ B),

B = B(0, 1).

C‖u‖2
W 1,q(IRn

+∩B) + 2
Γ2

(
n
4

)
Γ2

(
n−2

4

) ∫
∂IRn

+∩B

u2

|x |
dHn−1

≤
∫

IRn
+∩B

|∇u|2(x , t)dxdt

Brezis, Vazquez (1997), Vazquez, Zuazua (2000),
Barbatis, Filippas, Tertikas (2004),
Gazzola, Gruneau, Mitidieri (2004)

If u ∈ W 1,2(IRn
+) ⇒ No Remainder Terms
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Let n ≥ 3 and let u ∈ W 1,2(IRn
+). Then for any 2 ≤ β < n,

there exists a positive constant H(n, β) such that

H(n, β)

∫
∂IRn

+

u2

|x |
dHn−1 +

β − 2

4

∫
IRn

+

u2(x , t)

|x |2 + t2
dxdt

≤
∫

IRn
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|∇u|2(x , t)dxdt

The optimal constant H(n, β) is given by

H(n, β) = 2
Γ

(
n+β

4 − 1
2

)
Γ

(
n−β

4 + 1
2

)
Γ

(
n+β

4 − 1
)

Γ
(

n−β
4

)

β = 2 Alternative proof of the Sharp Kato’s Inequality
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• J(u) =

∫
IRn

+

(
|∇u|2(x , t)− (β−2)2

4
u2(x ,t)
|x |2+t2

)
dxdt∫

∂IRn
+

u2

|x |dHn−1

• {
∆ϕ + (β−2)2

4
ϕ

|x |2+t2 = 0 (x , t) ∈ IRn
+

ϕ(x , 0) = |x |−
n
2
+1

(1)

ϕ(x , t) = ρ−
n
2
+1Φ(sin θ2)

{
|x | = ρ cos θ

t = ρ sin θ

Φ solves the Hypergeometric Equation
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The Weirstrass’s Method

Problem: Find the minimum of

J(u) =

∫
Ω

f (x , u,∇u)dx

Weirstrass’s (and Hilbert’s) idea: Rewrite in a suitable
way J(u)

• Construct a free divergence vector field

F : IRn × IR → IRn × IR

• J(u) ≥ Flow of F across the grapf of u
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• ϕk , for any k, is a solution of{
fu − div(∇pf ) = 0 x ∈ Ω

u = 0 x ∈ ∂Ω

• For any (x , y) ∈ Ω× IR there exists one, and only one,
k = k(x , y) such that ϕk(x) = y
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(1,p(x , y)) ≡ (1,∇ϕk(x ,y)(x)) ∈ IR×IRn

ϕk solve the Euler-Lagrange eq.

F(x , y) ≡ (∇pf ,∇pf · p(x , y)− f )

f = f (x , y ,p(x , y)) ⇒ divF = 0
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Sketch of the Proof β = 2

• Let u ∈ C∞
c (IRn

+ ∩ B(0,R))

J(u) =

∫
IRn

+\Br (0)
|∇u|2(x , t)dxdt

• G = {φk}k∈(0,∞) =

{kϕ}k∈(0,∞)

where ϕ solves{
∆ϕ = 0 (x , t) ∈ IRn

+

ϕ(x , 0) = |x |−
n
2
+1

ϕ(x , t) ≈
∫ ∞

0

a
n
2
−2

[(a + t)2 + |x |2]
n
2
−1

da

= |x |−
n
2
+1w

(
t

|x |

)

(x , t, v) ∈ IRn
+ × IR

φk(x , t) = v ⇒ k = v
ϕ(x ,t)

• The Mayer’s field is

(1,p(x , t, v)) ≡
(
1, v

ϕ(x ,t)∇ϕ(x , t)
)
∈ IR×IRn
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