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Consider the blow-up problem for a semilinear heat equation

where 0 < � << 1 , N ≥ 1, Ω ⊂ RN : b’dd domain,






ut = �∆u+ eu, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ�(x) ≥ 0, x ∈ Ω,

(P )

and ϕ� : bounded nonnegative continuous function on Ω.

Location of the blow-up set 0 < � << 1for                   

Aim



§1. Introduction

Consider

(Blow-up time)

T� <∞ ⇒ lim sup
t�T�

�u(t)�L∞(Ω) = ∞

where N ≥ 1, Ω : bounded domain,

and

� > 0,

: maximal existence time of the classical sol.     of (P).T� u






ut = �∆u+ eu, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ�(x) ≥ 0, x ∈ Ω,

(P )

bounded continuous function on Ω.ϕ� ≥ 0 :



(Blow-up time)

T� <∞ ⇒ lim sup
t�T�

�u(t)�L∞(Ω) = ∞

: maximal existence time of the classical sol.     of (P).T� u

B� : the blow-up set of the sol., that is,

(Blow-up set)

B� =
�
x ∈ Ω : ∃{(xn, tn)} ⊂ Ω× (0, T�) such that

lim
n→∞

(xn, tn) = (x, T�), lim
n→∞

|u(xn, tn)| = ∞
�
.

∂tu = �∆u+ eu in Ω× (0, T�), u|∂Ω = 0, u(x, 0) = ϕ�(x).



Known Results

For λ > 0, uλ(x, t) := u(λx,λ2t) + log λ2 satisfies

(uλ)t = �∆uλ + euλ (Self-similarity)

∂tu = �∆u+ eu in Ω× (0, T�), u|∂Ω = 0, u(x, 0) = ϕ�(x).

Behavior of the sol. of (P) near the blow-up point.

Bebernes-Bressan-Eberly ’87, Bebernes-Eberly ’88,
Fila-Pulkkinen ’08.{

Friedman-McLeod ’85
Ω : convex ⇒ B� is compact in Ω.



In general, it seems difficult to characterize the location of
because of the interaction between        and     .∆u eu

B�

0 < � << 1We consider the case

(∗)






(P ) ≈ ut = eu

⇓

B� ≈ {x ∈ Ω : ϕ�(x) = �ϕ��L∞(Ω)}

Problem

?



Known Results

F.-Ishige ’10 (ut = �∆u+ up, p > 1)

Let ϕ� ∈ C1(Ω) ∩ L∞(Ω) with ∃λ1 ≤ �ϕ��L∞(Ω) ≤∃λ2

satisfying

(A) �1/2�∇ϕ��L∞(Ω) ≤ C�A for ∃C > 0, ∃A ∈ (0, 1/2).

Assume

�u(t)�L∞(Ω) ≤ C∗(T� − t)−1/(p−1), t ∈ (0, T�).

∃C∗ > 0 such that

∀δ > 0, ∃�δ > 0 such that

B� ⊂
�
x ∈ Ω : ϕ�(x) ≥ �ϕ��L∞(Ω) − δ

�
, � ∈ (0, �δ).

(∗)






(P ) ≈ ut = eu

⇓

B� ≈ {x ∈ Ω : ϕ�(x) = �ϕ��L∞(Ω)}



Known Results

F.-Ishige, to appear (ut = �∆u+ up, p > 1)

Let

Assume

�u(t)�L∞(Ω) ≤ C∗(T� − t)−1/(p−1), t ∈ (0, T�).

∃C∗ > 0 such that

ϕ� ≡ ϕ, ϕ ∈ C2(Ω) ∩ C(Ω), ϕ ≥ 0.

Assume ∃α, β ∈ {x ∈ Ω : ϕ(x) = �ϕ�L∞(Ω)} s. t.

|∆ϕ(α)| < |∆ϕ(β)|.

∃δ > 0, ∃�δ > 0 s. t.

B� ∩ {y ∈ Ω : |y − β| < δ} = ∅, � ∈ (0, �δ).

α β



About (A) (A) �1/2�∇ϕ��L∞(Ω) ≤ C�A for ∃C > 0, ∃A ∈ (0, 1/2).

v(y, t) = u(�1/2−Ay, t)Scaling

⇒ ∂tv = �2A∆yv + vp

Small diffusion

�v(·, 0)�∞ ≤ C

(P ) ≈ ut = up



§2. Main Results

where N ≥ 1, Ω : bounded domain.� > 0,






ut = �∆u+ eu, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ�(x) ≥ 0, x ∈ Ω,

(P )

Assumptions

(A1) lim
�→0

�1/2�∇ϕ��L∞(Ω) = 0.

(A2) Let u� be the sol. of (P ) and assume ∃C∗ > 0 s.t.

�u�(t)�L∞(Ω) ≤ log
C∗

T� − t
, t ∈ (0, T�).

� �� �
Blow-up rate for ut = eu



∂tu = �∆u+ eu in Ω× (0, T�), u|∂Ω = 0, u(x, 0) = ϕ�(x).(P )

(A1) lim
�→0

�1/2�∇ϕ��L∞(Ω) = 0. (A2) �u�(t)�L∞(Ω) ≤ log
C∗

T� − t
.

Theorem 

�δ > 0 s.t.

Assume and(A1) (A2).

Then, for any δ > 0, there exists a constant

B� ⊂
�
x ∈ Ω : ϕ�(x) ≥ �ϕ��L∞(Ω) − δ

�
, � ∈ (0, �δ).

ut = �∆u+ f(u)

(Q) What is sufficient condition of f

such that this theorem holds?



σ� := �1/2�∇ϕ��L∞(Ω) → 0 as � → 0.

v�(y, t) := u�(�
1/2σ�y, t)The function satisfies

(v�)t = σ2
�∆yv� + ev� .

Small diffusion

(Friedman-McLeod ’85)

Ω : convex, �∆ϕ� + eϕ� ≥ 0 in Ω

⇒ holds.(A2) �u�(t)�L∞(Ω) ≤ log
C∗

T� − t

Remark



Let u be the sol. of




ut = ∆u+ eu in Ω× (0, T ),

u(x, t) = 0 on ∂Ω× (0, T ),

u(x, 0) = φ(x) ≥ 0 in Ω,

where φ ∈ L∞(Ω) and T : the blow-up time.

Assume ∃C∗ > 0 such that �u(t)�L∞(Ω) ≤ log
C∗

T − t
lim
t�T

(T − t)1/2�∇u(t)�L∞(Ω) = 0.and

⇒ B� is compact in Ω.

Remark



§3. Outline of the proof

We construct a super-solution      such thatu

u exists on (0, T�). u does not blow-up in

∂Ω∂Ω E1E2

u(x, 0)

v(x, t) = − log
�
exp(et�∆ϕ�(x))− t

�
⇒ vt ≤ �∆v + ev

�
x ∈ Ω : ϕ�(x) < �ϕ��∞ − δ

�
.

�ϕ��∞ − δ u(x, t) = v(x, t) + ṽ(x, t)

Supersolution

s. t. sup
E2×(0,T�)

u < ∞,

ut ≥ �∆u+ eu in E2.

u ≥ log
2C∗
T� − t

in E1.



Instead of considering ut = �∆u+ eu, we consider

ut = �∆u+ eu + h(u)G�(x, t),

where

h(u) =

�
0 if u ≤ log C∗

T�−t ,

1 if u ≥ log 2C∗
T�−t ,

G� = ut − �∆u− eu.

ut = �∆u+ eu + h(u)G�(x, t)


