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§1 Introduction
(Kartashov-Torner-Vysloukh-Mihalache (’06))

(1)


i
∂ψ1

∂t
+ ∆ψ1 + µ1ψ1ψ3 = 0,

i
∂ψ2

∂t
+ ∆ψ2 + µ2ψ2ψ3 = 0 in (0,∞) × RN,

− ε2∆ψ3 + ψ3 = µ1|ψ1|2 + µ2|ψ2|2.

0 < µ2 ≤ µ1,0 < ε: constants, 1 ≤ N ≤ 3,
ψ1, ψ2 : (0,∞) × RN → C, ψ3 : (0,∞) × RN → R: Unknown.

standing wave sol. ψj(t, x) = eiωj tuj(x) (j = 1,2), ψ3(t, x) = u3(x).

(2)


−∆u1 + ω1u1 = µ1u1u3,

−∆u2 + ω2u2 = µ2u2u3 in RN,

−ε2∆u3 + u3 = µ1|u1|2 + µ2|u2|2.

U = (u1,u2,u3): positive sol. ⇔ u1,u2,u3 > 0 in RN.
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§1 Introduction
.
Remark..

......

(i) If (2) has a pos. sol. ⇒ ω2 ≤ ω1.
∴ (ω1 − ω2)

∫
RN u1u2dx= (µ1 − µ2)

∫
RN u1u2u3dx.

(ii) (2) has a variational structure:
I (U) =

∑2
j=1(∥∇uj∥2L2 + ωj∥uj∥2L2)/2+ (ε2∥u3∥2L2 + ω∥u3∥2L2)/4
−
∫

RN(µ1|u1|2 + µ2|u2|2)u3dx/2
• I satisfies MP geometry.
• Every (PS) sequence is bounded.
⇒ ∃ Mountain pass sol. ⇒ MP sol. is nontrivial ?

(2)


−∆u1 + ω1u1 = µ1u1u3,

−∆u2 + ω2u2 = µ2u2u3 in RN,
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N. Ikoma () 2011/6/21 3 / 10



. . . . . .

§1 Introduction
.
Remark..

......

(i) If (2) has a pos. sol. ⇒ ω2 ≤ ω1.
∴ (ω1 − ω2)

∫
RN u1u2dx= (µ1 − µ2)

∫
RN u1u2u3dx.

(ii) (2) has a variational structure:
I (U) =

∑2
j=1(∥∇uj∥2L2 + ωj∥uj∥2L2)/2+ (ε2∥u3∥2L2 + ω∥u3∥2L2)/4
−
∫

RN(µ1|u1|2 + µ2|u2|2)u3dx/2
• I satisfies MP geometry.
• Every (PS) sequence is bounded.
⇒ ∃ Mountain pass sol. ⇒ MP sol. is nontrivial ?

(2)


−∆u1 + ω1u1 = µ1u1u3,

−∆u2 + ω2u2 = µ2u2u3 in RN,

−ε2∆u3 + u3 = µ1|u1|2 + µ2|u2|2.

N. Ikoma () 2011/6/21 3 / 10



. . . . . .

§1 Introduction

Conserved quantity of (1)

Q1(u1) := ∥u1∥2L2, Q2(u2) := ∥u2∥2L2,

E1(U) :=
1
2

(∥∇u1∥2L2 + ∥∇u2∥2L2) +
∥u3∥2ε

4
− 1

2

∫
RN

(µ1|u1|2 + µ2|u2|2)u3dx

whereU = (u1, u2,u3), ∥u3∥2ε := ε2∥∇u3∥2L2 + ∥u3∥2L2

Minimizing problem :

Let H := (H1(RN,C))2 × H1(RN,R) and α1, α2 > 0.

c1(ε, α1, α2) := inf {E1(U) : U ∈ H, ∥u1∥2L2 = α1, ∥u2∥2L2 = α2},
M(ε, α1, α2) := {U ∈ H : U is a minimizer for c1(ε, α1, α2)}

Note:
If U ∈ M(ε, α1, α2), then U is a sol. of (2) for some ω1, ω2 ≥ 0.
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§2 Main results
.
Theorem 1 (Existence and nonexistence)
..

......

(i) (N=1) For any α1, α2 > 0,M(ε, α1, α2) , ∅.
(ii) (N=2) There are 0 < α ≤ α < ∞ such that

max{α1, α2} < α ⇒ M(ε, α1, α2) = ∅.
α < max{α1, α2} ⇒ M(ε, α1, α2) , ∅.

(iii) (N=3) There are 0 < α ≤ α < ∞ such that
max{α1, α2} < α ⇒ M(ε, α1, α2) = ∅.
α < min{α1, α2} ⇒ M(ε, α1, α2) , ∅.

.
Lemma (cf. Montefusco-Pellaci-Squassina (’10))
..

......

M(ε, α1, α2) =
{ (

eiθ1w1(x− y),eiθ2w2(x− y),w3(x− y)
)

:

θ1, θ2 ∈ R, y ∈ RN, (w1,w2,w3) : sol. of (2) for some ω1 ≥ ω2 > 0,

positive, radially symmetric,minimizer for c1(ε, α1, α2)
}
.
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§2 Main results

Let α = α1 + α2 and consider

c2(ε, α) := inf {E1(U) : U ∈ H, ∥u1∥2L2 + ∥u2∥2L2 = α},
M(ε, α) := {U ∈ H : U is a minimizer for c2(ε, α)}

Note : c2(ε, α) ≤ c1(ε, α1, α2) for ∀α1, α2 > 0..
Remark..

......

• (N = 1)M(ε, α) , ∅ for ∀α > 0.
• (N = 2) ∃α0 > 0 (α0 ≤ α) s.t. α0 < α ⇔ M(ε, α) , ∅.
• (N = 3) ∃α0 > 0 (α0 < α) s.t. α0 < α ⇒ M(ε, α) , ∅.
.

......

(i) µ2 < µ1,M(ε, α) , ∅ ⇒ all elements ofM(ε, α) have the form
(u1,0,u3) and c2(ε, α) < c1(ε, α1, α2) for any α1, α2 > 0.

(ii) µ1 = µ2,M(ε, α) , ∅ ⇒ c2(ε, α) = c1(ε, α1, α2) for all α1, α2.
Indeed, E1(φ cosθ, φ sinθ, ψ) = E1(φ,0, ψ) = E1(0, φ, ψ) holds.
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§2 Main results
We consider the behavior ofM(ε, α1, α2) as ε→ 0 (when N = 1).

(3)

 − v′′1 + ω1v1 = µ̃1|v1|2v1 + β|v2|2v1 in R,

− v′′2 + ω2v2 = β|v1|2v2 + µ̃2|v2|2v2 in R.

(3) comes from the following equations:
i
∂ψ1

∂t
+ ψ′′1 + (µ̃1|ψ1|2 + β|ψ2|2)ψ1 = 0,

i
∂ψ2

∂t
+ ψ′′2 + (β|ψ1|2 + µ̃2|ψ2|2)ψ2 = 0.

(Formally) (3) appears when ε = 0 in (2) with µ̃1 = µ
2
1, µ̃2 = µ

2
2,

β = µ1µ2.

(2)


−u′′1 + ω1u1 = µ1u1u3,

−u′′2 + ω2u2 = µ2u2u3 in R,

−ε2∆u3 + u3 = µ1|u1|2 + µ2|u2|2.
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§2 Main results

Minimizing Problem

d(α1, α2) := inf {E2(V) : V ∈ (H1(R,C))2, ∥v1∥2L2 = α1, ∥v2∥2L2 = α2},

E2(V) :=
1
2
∥v′1∥2L2 +

1
2
∥v′2∥2L2 −

1
4

∫
R
µ̃1|v1|4 + 2β|v1|2|v2|2 + µ̃2|v2|4dx,

N(α1, α2) := {V ∈ (H1(RN,C))2 : V is a minimizer of d(α1, α2)}.

Achievement of d(α1, α2) (Cao-Chern-Wei, Nodea, Online-First)

• For each α1, α2 > 0, d(α1, α2) is attained.

Note :
By Thm. 1,M(ε, α1, α2) , ∅ for all α1, α2 > 0.
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§2 Main results
.
Theorem 2..

......

Let µ̃1 = µ
2
1, µ̃2 = µ

2
2, β = µ1µ2. Then for each α1, α2 > 0,

(i) c1(ε, α1, α2)→ d(α1, α2) as ε→ 0.

(ii) For any η > 0, there is an εη > 0 such that if 0 < ε ≤ εη, then

distH1×H1((u1,u2),N(α1, α2)) ≤ η,
∥u3 − µ1|u1|2 − µ2|u2|2∥H1 ≤ η

for all (u1,u2,u3) ∈ M(ε, α1, α2).
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§3 Idea of Proof (Existence Result)
First we consider

ck,1(ε, α1, α2) := inf
{
E1(U) : U ∈ (H1

0(Bk(0)))2×H1
0(Bk(0)), ∥uj∥2L2 = αj

}
.

By the compactness of Sobolev’s inequality ⇒ ck,1(ε, α1, α2) is
always attained.
Let Uk = (uk,1,uk,2,uk,3) be a minimizer. Moreover, we can show:
(i) ck,1(ε, α1, α2)→ c1(ε, α1, α2).
(ii) uk,j (j = 1, 2,3) is positive, radially symmetric and monotone.
(iii) ∃λk,j ∈ R such that

− ∆uk,1 + λk,1uk,1 = µ1uk,1uk,3,

− ∆uk,2 + λk,2uk,2 = µ2uk,2uk,3 in Bk(0),

− ε2∆uk,3 + uk,3 = µ1u
2
k,1 + u2

k,2.

If λk,j → λ0,j > 0, then (uk,j) converges u0,j strongly in L2(RN).
The largeness of α1, α2 (when N = 2, 3)⇒ λ0,j > 0.
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