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Elliptic PDE with Sobolev-Hardy Critical Term

.

Brézis-Nirenberg (1983)

.

.

.

. ..

.

.

n ≥ 3, Ω ⊂ Rn : bounded, 2 < p< 2n
n−2 . Then{

∆u + up−1 + u
2n
n−2

−1 = 0, u > 0 in Ω,

u = 0 on ∂Ω
(1)

has a positive solution u ∈ H1
0 (Ω).

Remark
{

∆u + u
2n
n−2

−1 = 0, u > 0 in Ω,

u = 0 on ∂Ω

has no positive solution by Pohozaev’s identity
if Ω is star-shaped at some point x0 ∈ Ω.
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Elliptic PDE with Sobolev-Hardy Critical Term

.

.
Idea of Brézis-Nirenberg

Energy functional to (1) : for u ∈ H1
0 (Ω),

Φ(u ; Ω) :=
1

2

∫
Ω

|∇u|2dx − 1

p

∫
Ω

(u+)pdx − n − 2

2n

∫
Ω

(u+)
2n

n−2 dx .

u ∈ H1
0 (Ω) is a solution to (1) ⇐⇒ u is a critical point of Φ

For u0 ∈ H1
0 (Ω) \ {0} non-negative with Φ(u0 ; Ω) < 0,

define the min-max value :

c∗(u0) := inf
P∈P

max
w∈P

Φ(w ; Ω),

where P is the class of continuous paths connecting 0 and u0.

Brézis-Nirenberg proved :

If c∗(u0) <
1

n
S

n
2
n , then c∗(u0) becomes a critical value.
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Elliptic PDE with Sobolev-Hardy Critical Term

.

.
Sobolev-Hardy’s inequality

Sn := inf

{∫
Ω
|∇u|2dx

∣∣∣ u ∈ H1
0 (Ω) and

∫
Ω
|u|

2n
n−2 dx = 1

}

n ≥ 3, Ω ⊂ Rn : bounded with 0 ∈ Ω, ∃C = C (n, |Ω|) s.t.(∫
Ω

|u|p

|x |s
dx

) 1
p

≤ C

(∫
Ω
|∇u|2dx

) 1
2

for all u ∈ H1
0 (Ω), 0 ≤ s ≤ 2 and 2 ≤ p ≤ 2∗(s) = 2(n−s)

n−2 .

µs(Ω) := inf

{∫
Ω
|∇u|2dx

∣∣∣ u ∈ H1
0 (Ω) and

∫
Ω

|u|2∗(s)

|x |s
dx = 1

}
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Elliptic PDE with Sobolev-Hardy Critical Term

.

.
The case 0 ∈ Ω

.

Ghoussoub-Yuan (2000)

.

.

.

. ..

.

.

n ≥ 3, Ω ⊂ Rn : bounded with 0 ∈ Ω, 0 < s < 2, 2 < p < 2n
n−2 . ∆u + up−1 +

u2
∗(s)−1

|x |s
= 0, u > 0 in Ω,

u = 0 on ∂Ω

(2)

has a positive solution u ∈ H1
0 (Ω).

Remark
 ∆u +

u2
∗(s)−1

|x |s
= 0, u > 0 in Ω,

u = 0 on ∂Ω

has no positive solution by Pohozaev’s identity
if Ω is star-shaped at 0 ∈ Ω.
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Elliptic PDE with Sobolev-Hardy Critical Term

.

.
Modification of Idea of Brézis-Nirenberg

Energy functional to (2) :

Φs(u ; Ω) :=
1

2

∫
Ω

|∇u|2dx − 1

p

∫
Ω

(u+)pdx − 1

2∗(s)

∫
Ω

(u+)2
∗(s)

|x |s
dx

For u0 ∈ H1
0 (Ω) \ {0} non-negative with Φs(u0 ; Ω) < 0,

define the min-max value :

c∗(u0) := inf
P∈P

max
w∈P

Φs(w ; Ω).

Ghoussoub-Yuan proved :

If c∗(u0) <

(
1

2
− 1

2∗(s)

)
µs(Rn)

2∗(s)
2∗(s)−2 , c∗(u0) becomes a critical value .
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Elliptic PDE with Sobolev-Hardy Critical Term

.

.
The case 0 ∈ ∂Ω

.

Ghoussoub-Kang (2004)

.

.

.

. ..

.

.

n ≥ 3, Ω ⊂ Rn : bounded with 0 ∈ ∂Ω, 0 < s < 2, 2 < p < 2n
n−2 . ∆u + up−1 +

u2
∗(s)−1

|x |s
= 0, u > 0 in Ω,

u = 0 on ∂Ω

(3)

has a positive solution u ∈ H1
0 (Ω) provided

principal curvatures at 0 ∈ ∂Ω are all negative.

Property of Hardy-Sobolev best constant (0 < s ≤ 2)

If 0 ∈ Ω, µs(Ω) = µs(Rn) is independent of Ω.

If 0 ∈ ∂Ω, µs(Ω) depends on Ω.
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Main Results

.

Theorem 1 (Hsia-Lin-W., 2010)

.

.

.

. ..

.

.

n ≥ 3, Ω ⊂ Rn : bounded with 0 ∈ ∂Ω, 0 < s < 2.{
∆u + u

2n
n−2

−1 + u2
∗(s)−1

|x |s = 0, u > 0 in Ω,

u = 0 on ∂Ω
(4)

has a positive solution u ∈ H1
0 (Ω) provided that

the mean curvature H(0) at 0 ∈ ∂Ω is negative.

Remark
(4) has no positive solution by Pohozaev’s identity
if Ω is star-shaped at 0 ∈ ∂Ω.
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Main Results

.

Theorem 2 (W., 2011)

.

.

.

. ..

.

.

n ≥ 3, Ω ⊂ Rn : bounded with 0 ∈ ∂Ω, l ∈ N.
(i) {Pi}li=1 ⊂ ∂Ω, 0 < s < 2. ∆u + u

2n
n−2−1 +

l∑
i=1

u2
∗(s)−1

|x − Pi |s
= 0, u > 0 in Ω,

u = 0 on ∂Ω

has a positive solution u ∈ H1
0 (Ω) provided that

H(Pi0) < 0 for some i0 ∈ {1, · · · , l}.

(ii) P ∈ ∂Ω, {si}li=1 ⊂ (0, 2)l . ∆u + u
2n

n−2−1 +
l∑

i=1

u2
∗(si )−1

|x − P|si
= 0, u > 0 in Ω,

u = 0 on ∂Ω

has a positive solution u ∈ H1
0 (Ω) provided that H(P) < 0.
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2

∫
Ω

|∇u|2dx − (n − 2)

2n

∫
Ω

(u+)
2n

n−2 dx − 1

2∗(s)

∫
Ω

(u+)2
∗(s)

|x |s
dx .

Consider the existence of an entire solution to the equation :{
∆v + v

2n
n−2−1 + v2∗(s)−1

|x|s = 0, v > 0 in Rn
+,

v = 0 on ∂Rn
+.

(5)

We say v0 ∈ H1
0 (Rn

+) is a least energy solution to (5) if{
v0 ∈ H1

0 (Rn
+) is a solution to (5) and

Φ∗
s (v0 ; Rn

+) = inf{Φ∗
s (v ; Rn

+) | v ∈ H1
0 (Rn

+) is a solution to (5)}.
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Lemma 1.

.

.

.

. ..

.

.

{
∆v + v

2n
n−2−1 + v2∗(s)−1

|x|s = 0, v > 0 in Rn
+,

v = 0 on ∂Rn
+

has a least energy solution.

.

Lemma 2.

.

.

.

. ..

.

.

v0 ∈ H1
0 (Rn

+) : a least energy solution by Lemma 1, i.e.,{
∆v0 + v

2n
n−2−1

0 +
v
2∗(s)−1
0

|x|s = 0, v0 > 0 in Rn
+,

v0 = 0 on ∂Rn
+.

Ω ⊂ Rn : bounded with 0 ∈ ∂Ω and H(0) < 0, where H(0) : the mean
curvature at 0. Then ∃u ∈ H1

0 (Ω) non-negative s.t. Φ∗
s (u ; Ω) < 0 and

c∗(u) ≤ max
0≤t≤1

Φ∗
s (tu ; Ω) < Φ∗

s (v0 ; Rn
+).
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