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Isotropic convex bodies

Isotropic convex bodies

A convex body K in R"” is called isotropic if it has volume 1, it is centered

(i.e. it has its center of mass at the origin), and there exists a constant
Lk > 0 such that

/K<x, 0)%dx = L%

for every § € S"1.
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Isotropic convex bodies

Isotropic convex bodies

A convex body K in R"” is called isotropic if it has volume 1, it is centered
(i.e. it has its center of mass at the origin), and there exists a constant
Lk > 0 such that

/K<x, 0)%dx = L%

for every § € S"1.

| A\

Hyperplane conjecture

There exists an absolute constant C > 0 such that Lx < C for every
isotropic convex body K.
Bourgain: Lx < c{/nlogn, Klartag: Lx < c/n.
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Subgaussian directions

If « € [1,2] and f : K — R is bounded, then

I, = inf {b>0: [ exp((rCI/b)°) o <2}
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Subgaussian directions

If « € [1,2] and f : K — R is bounded, then

I, = inf {b>0: [ exp((rCI/b)°) o <2}

Subgaussian directions

We say that § € S"~! is a subgaussian direction for K with constant r > 0
if
1€ Mg < rll(-5 0|2 = rLk.
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Subgaussian directions

If « € [1,2] and f : K — R is bounded, then

I, = inf {b>0: [ exp((rCI/b)°) o <2}

Subgaussian directions

We say that § € S"~! is a subgaussian direction for K with constant r > 0
if

1€ O o < rll{, 0|2 = rLk.
Equivalent description: for all t > 1,

2

{x € K :|(x,0)] > ctlx}| < e 7.
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Does every isotropic convex body K have at least one subgaussian
direction with constant r < C?
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Milman

Does every isotropic convex body K have at least one subgaussian
direction with constant r < C?

Unconditional case: Bobkov-Nazarov
If K is an isotropic 1-unconditional convex body in R”, then

1€ 0)lly, < cv/nllflloo

| A

for every § € S 1.
Then, the diagonal direction is a subgaussian direction.

\
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Answer in the general case

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". There exists § € S"1 such that

2

H{x € K :|(x,0)| > ctLx}| < e "e&D

for all t > 1, where ¢ > 0 is an absolute constant.
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Answer in the general case

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". There exists § € S"1 such that

2

H{x € K :|(x,0)| > ctLx}| < e "e&D

for all t > 1, where ¢ > 0 is an absolute constant.

There were previous results by Klartag and G-Pajor-Paouris in 2006.
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Answer in the general case

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". There exists § € S"1 such that

t2
H{x € K:|[(x,0)] > ctlLx}| < e Te(trD)

for all t > 1, where ¢ > 0 is an absolute constant.

There were previous results by Klartag and G-Pajor-Paouris in 2006.

Equivalent form

There exists § € S"1 such that

1, 0) [l < cv/log nLk.
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The body W,(K)

W, (K)
We define a convex body W»(K) with support function

0
huy(i)(0) = 23lf,2n—”<\/a>”q'

One can check that
b, (k) (0) 2= (15 0) |,
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The body W,(K)

Vs (K)
We define a convex body W;(K) with support function

1, 6)lg

hW2(K)(9) = 2222n \/a

One can check that
b, (k) (0) 2= 115 0) |lp, -

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". Then,

[Wa(K)|

1/n
calk < < BJ| ) < cy/lognlg,
2

where c1, ¢ > 0 are absolute constants.
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L 4-centroid bodies

Definition

For every g > 1 and y € R"” we define

1/q
bz ) = 163 ) = ( /K \(X,y)!"dx) |
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L 4-centroid bodies

For every g > 1 and y € R"” we define

1/q
b)) = 1y = ( /K \(X,y)!"dx) |

| \

Basic facts
e K is isotropic if and only if Zy(K) = LxBJ.
o Z1(K) C Zy(K) C Z4(K) € Zo(K) for every 1 < p < g < oo, where
Zoo(K) = conv{K, —K}.
0 Zg(K) C clZy(K) forall1 < p<gq.
o If K is centered, then Z,(K) D ci K for all g > n.

\

(Cortona 2011) Distribution of the 13-norm June 16, 2011 7/21



Covering numbers of Z,(K)

Theorem (G-Paouris-Valettas)
Let K be an isotropic convex body in R", let 1 < g < nandt > 1. Then,
n \/qn
log N (Z4(K), c1t/qLk B) < oy + Q,Tq,

where c1, ¢, c3 > 0 are absolute constants.

Note that the upper bound is of the order n/t? if t < \/n/q and of the
order \/qn/t if t > \/n/q.
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Covering numbers of projections

In an analogous way we can obtain upper bounds for the covering numbers
of Pr(Z4(K)), where F € Gy .

Proposition
Let K be an isotropic convex body in R”. For every 1 < g < k < n, for
every F € G, and every t > 1, we have

als G/

t

IogN(PF( (K)) t\/_LKBF)

where ¢, co > 0 are absolute constants. Also, for every k < g < n,
FeGppandt>1,

log N (PF(Z4(K)), t/GLk Bf) < 63‘:?

where c3 > 0 is an absolute constant.
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Wo-directions in a given subspace

Using these bounds we can prove the existence of directions with relatively
small 12-norm on any subspace of R"”. The dependence is better as the

dimension increases.

Theorem (G-Paouris-Valettas)
Let K be an isotropic convex body in R".
® Foreveryl < k < n/logn and every F € G, , there exists € S¢

such that
1€ Dl < C/n/k Lk

@ Forevery n/logn < k < n and every F € G, there exists § € Sp

such that
1,6}l < C Viogn L )

June 16, 2011 10 / 21
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Sketch of the proof

We consider the convex body

log, n]
Z5i(K)
T = conv I:LJI 2720, ~ Wy (K).

Our aim: to show that N(Pg(T),\/n/kBr) <
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Sketch of the proof

We consider the convex body

20

- ~ Y, (K).
21/2LK 2( )

T = conv
i=1

Our aim: to show that N(Pg(T),/n/kBg) < e. Then,

[PE(T)| < [Cv/n/k Bel,
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Sketch of the proof

We consider the convex body

[log; n|

T = conv U

i=1

Z,i(K)
- ~ K).

Our aim: to show that N(Pg(T),/n/kBg) < e. Then,

[PE(T)| < [Cv/n/k Bel,

and hence, there exists # € Sg such that

h7(0) = hp.(1)(0) < Cv/n/k,
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Sketch of the proof

We consider the convex body

[log; n|

T = conv U

i=1

Z,i(K)
- ~ K).

Our aim: to show that N(Pg(T),/n/kBg) < e. Then,

PE(T)| < |Cv/n/k Bl
and hence, there exists # € Sg such that
h7(0) = hp.(1y(6) < C\/n/k,
which implies

1,01,k < CVa/n/k Lk

for every 1 < g=2 <n.
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Sketch of the proof (contd.)

Recall that we want to show that N(Pg(T),/n/kBr) < e, where

pe(T) = coms [ L) Pr (20)

2012y

i=1
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Sketch of the proof (contd.)

Recall that we want to show that N(Pg(T),/n/kBr) < e, where

pe(T) = coms [ L) Pr (20)

2012y

i=1

We will use a standard fact: If Aq,..., As are subsets of RBé‘, then for
every t > 0 we have

R\° +
N(conv(A, U--- U Ay), 2tBX) < (Ct> [T VA, 8).
i=1
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Sketch of the proof (contd.)

@ We apply this to the sets A; = Pg (ff/’z(f:)

Then, for every t > 1 we can write

AN

[log n] _
N(Pe(T),2tBF) < (cpy/n)loe2"] H N(PF (;2/'2(53),th)

[logy n] i/2
< eC3|°g2"exp C Z 2 f +C Z
i=1 t2<2’<k
< v nk

k
e 108" " ey (Ct + Ct—2 Iog(k/t2)> ,

where the second term appears only if k > ct?.
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Sketch of the proof (contd.)

@ We apply this to the sets A; = Pg (ff/’z(f:)

Then, for every t > 1 we can write

AN

[log n] _
N(Pe(T),2tBF) < (cpy/n)loe2"] H N(PF (;2/'2(53),th)

[logy n] i/2
< eC3|°g2"exp C Z 2 f +C Z
i=1 t2<2’<k
< v nk

k
e 108" " ey (Ct + Ct—2 Iog(k/t2)> ,

where the second term appears only if k > ct?>. Choose ty = /n/k.
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Question (distribution)

We introduce the function

Yk(t) =0 ({9 es 1. hy,k)(0) < cty/log nLK}) .

The problem is to give lower bounds for ¥k(t), t > 1.
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Question (distribution)

We introduce the function

Yk(t) =0 ({9 es 1. hy,k)(0) < cty/log nLK}) .

The problem is to give lower bounds for ¥k(t), t > 1.

A measure estimate (G-Paouris-Valettas)

Let K be an isotropic convex body in R”. For every t > 1 we have

Y (t) > exp(—cn/t2),

where ¢ > 0 is an absolute constant.
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Sketch of the proof

Recall that for every F € G, « there exists 6 € Sf such that

H<79>H¢2 <C \/WLK-
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Sketch of the proof

Recall that for every F € G, « there exists 6 € Sf such that

1G5 0)ll, < C/n/k Lic.
Given t > 1, we solve the equation t = \/n/k in k.
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Sketch of the proof

Recall that for every F € G, « there exists 6 € Sf such that

H<79>H¢2 <C \/WLK-

Given t > 1, we solve the equation t = y/n/k in k.
Then, we know that the set

A={fecsS . hy,(k)(0) < cty/log nLk}

intersects S¢ for every F € G k.
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Sketch of the proof (contd.)

Simple lemma

Let 1 < k < n and let A be a subset of S"~1 which satisfies AN F # () for
every F € G, k. Then, for every € > 0 we have

o235

where A. = {y € S" L :inf{|ly — 0|2 : 0 € A} <¢&}.
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Sketch of the proof (contd.)

Simple lemma

Let 1 < k < n and let A be a subset of S"~1 which satisfies AN F # () for
every F € G, k. Then, for every € > 0 we have

o235

where A. = {y € S" L :inf{|ly — 0|2 : 0 € A} <¢&}.

We apply the Lemma with ¢ = ﬁ If y € A, then

1)l < CV/n/k Lic ~ thi.
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Sketch of the proof (contd.)

Simple lemma

Let 1 < k < n and let A be a subset of S"~1 which satisfies AN F # () for
every F € G, k. Then, for every € > 0 we have

o235

where A. = {y € S" L :inf{|ly — 0|2 : 0 € A} <¢&}.

We apply the Lemma with ¢ = ﬁ If y € A, then

1)l < CV/n/k Lic ~ thi.

Note that
U(AE) > e—clklogk > e—CQ”/t2‘
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Sketch of the proof (contd.)

Simple lemma

Let 1 < k < n and let A be a subset of S"~1 which satisfies AN F # () for
every F € G, k. Then, for every € > 0 we have

o235

where A. = {y € S" L :inf{|ly — 0|2 : 0 € A} <¢&}.

We apply the Lemma with e = L. If y € A, then

vk
1)l < CV/n/k Lic ~ thi.

Note that
U(AE) > e—clklogk > e—CQ”/t2‘

It follows that ,
VK (t) > o(AL) > e @/t
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Large values of t

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". For every t > c1+/n/+/log n one
has

wK(t) >1— e—czt2 Iogn,

where c1, ¢ > 0 are absolute constants.
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Large values of t

Theorem (G-Paouris-Valettas)

Let K be an isotropic convex body in R". For every t > c1+/n/+/log n one
has ,
wK(t) >1— e—czt Iogn,

where c1, ¢ > 0 are absolute constants.

This follows from the estimate
W(\Uz(K)) < C%LK.

Since hy, (k) is \/nLk-Lipschitz, we have that

o (18€ 5™ ¢ hyygi0(8) — w(Us(K)) > sw(Wa(K)))) < e (V)
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Mean width |

Deeper understanding of the function ¢k (t) would have important
applications.

Problem

To give an upper bound for the mean width of an isotropic convex body K
in R".

e From the inclusion K C [(n+ 1)Lk]Bj, one has the obvious bound
w(K) < enlg.
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Mean width |

Deeper understanding of the function ¢k (t) would have important
applications.

Problem

To give an upper bound for the mean width of an isotropic convex body K
in R".

e From the inclusion K C [(n+ 1)Lk]Bj, one has the obvious bound
w(K) < enlg.

@ It is known that
w(K) < cn®*Lg.

Several approaches: Hartzoulaki, Pivovarov, “Zg-bound”.
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Mean width |

Deeper understanding of the function ¢k (t) would have important
applications.

Problem

To give an upper bound for the mean width of an isotropic convex body K
in R".

e From the inclusion K C [(n+ 1)Lk]Bj, one has the obvious bound
w(K) < enlg.
@ It is known that
w(K) < cn®*Lg.
Several approaches: Hartzoulaki, Pivovarov, “Zg-bound”.

@ None of them leads to an exponent smaller than 3/4.
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Connection with ¥k(t)

We are interested in
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Connection with ¥k(t)

We are interested in

w(K) = /S  hl0) do(6).

Observe that
hi(0) = [|(-, )| ey < e/l 0)] -
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Connection with ¥k(t)

We are interested in
w(K) = / hi(8) do(6).
n—1

Observe that
hi(0) = [|(-, )| ey < e/l 0)] -

. . . _ 1 .
The question is to solve the equation ¢ (t) =1— - in t.
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Connection with ¥k(t)

We are interested in
w(K) = / hi(8) do(6).
n—1

Observe that
hi(0) = [|(-, )| ey < e/l 0)] -

The question is to solve the equation 1k (t) =1 — % in t.
Our estimates:

o Yk(t) > exp(—cn/t?) for all t > 1.
o Yk (t) >1—e 218 for all t > ¢ ¥/n/+/log n.
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Mean width [l

Minimal surface area position

@ A convex body K of volume 1 has minimal surface area if
J(K) < O(TK) for every T € SL(n).
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Mean width [l

Minimal surface area position

@ A convex body K of volume 1 has minimal surface area if
J(K) < O(TK) for every T € SL(n).

@ Petty: K has minimal surface area if and only if ok is isotropic.
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Mean width [l

Minimal surface area position

@ A convex body K of volume 1 has minimal surface area if
J(K) < O(TK) for every T € SL(n).

@ Petty: K has minimal surface area if and only if ok is isotropic.

e Equivalently, if
A(K) = n/ (0, 0)20 (dlu)
Sn—l

for every § € S"1.
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Mean width [l

Minimal surface area position

@ A convex body K of volume 1 has minimal surface area if
J(K) < O(TK) for every T € SL(n).

@ Petty: K has minimal surface area if and only if ok is isotropic.

e Equivalently, if
A(K) = n/ (0, 0)20 (dlu)
Sn—l

for every § € S"1.

How large can w(K) be when K has volume 1 and minimal surface area?
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Answer in the symmetric case

Theorem (Markessinis-Paouris-Saroglou)

Let K be a symmetric convex body of volume 1 in R" which has minimal
surface area. Then,
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Answer in the symmetric case

Theorem (Markessinis-Paouris-Saroglou)

Let K be a symmetric convex body of volume 1 in R" which has minimal
surface area. Then,

Since Ok > cy/n, we get w(K) < Cn.
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Answer in the symmetric case

Theorem (Markessinis-Paouris-Saroglou)

Let K be a symmetric convex body of volume 1 in R" which has minimal
surface area. Then,

Since Jx > cy/n, we get w(K) < Cn.

The result is sharp

There exists an unconditional convex body @ of volume 1 in R” which has
minimal surface area and satisfies

cn
logn

w(Q) >
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Answer in the symmetric case

Theorem (Markessinis-Paouris-Saroglou)

Let K be a symmetric convex body of volume 1 in R" which has minimal
surface area. Then,

There exists an unconditional convex body @ of volume 1 in R” which has

minimal surface area and satisfies

Actually, Q := aEII x bC,, for suitable a, b > 0.
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