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The Minkowski problem

The Minkowski problem concerns
o Existence
@ Uniqueness
o Stability

of convex hypersurfaces whose Gauss curvature (possibly in a
generalized sense) is prescribed as a function of the outer unit
normals.
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Convex bodies

A convex body is a compact convex subset of R” with non-empty
interior.
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A convex body is a compact convex subset of R” with non-empty
interior.

Support function

hk(x) =max{x-y: y € K}
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A convex body is a compact convex subset of R” with non-empty
interior.

Support function

hk(x) =max{x-y: y € K}
Surface area measure of a convex body

Sk(w) =H"1{x € 9K : x has an outer unit normal in w}

A\

The even Orlicz Minkowski problem



The Minkowski problem

The Minkowski problem
Which measures on the sphere are surface area measures?
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The Minkowski problem

The Minkowski problem
Which measures on the sphere are surface area measures?

Theorem (Minkowski 1897, Fenchel & Jessen 1938)

If p € M(S"1) satisfies

/Sn—l udu(u) =o

and p(s) < u(S"1) for each great subsphere s of S™1, then

uw= Sk.
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The L,-Minkowski problem

The L,-Minkowski problem

What are necessary and sufficient conditions on € M(S"1)
such that there exists K € K" with

hy P dSk = du?

(Chen, Chou, Guan, Hu, Hug, Jiang, Lin, Lutwak, Ma, Oliker,
Shen, Stancu, Umanskiy, Wang, Yang, Zhang,... )
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The L,-Minkowski problem

The L,-Minkowski problem

What are necessary and sufficient conditions on € M(S"1)
such that there exists K € K" with

hy P dSk = du?

(Chen, Chou, Guan, Hu, Hug, Jiang, Lin, Lutwak, Ma, Oliker,
Shen, Stancu, Umanskiy, Wang, Yang, Zhang,... )

@ Even case (p # n): Lutwak '93

@ p > n: Chou & Wang '06, Guan & Lin

@ Polytopal case for p > 1: Chou & Wang '06

o different approach by Hug, Lutwak, Yang & Zhang
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An application of the even L,-Minkowski problem

The sharp L, Sobolev inequality (Aubin '76, Talenti '76)

Forl<p<n
I1Fll22. < cnpll V7.
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An application of the even L,-Minkowski problem

The sharp L, Sobolev inequality (Aubin '76, Talenti '76)

Forl<p<n
I1Fll22. < cnpll V7.

The affine L, Sobolev inequality (Lutwak, Yang, Zhang '02)

Forl<p<n
1]l 22, < cnp EplF):

EAF) " = oy [ lla- VA"
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An application of the even L,-Minkowski problem

The sharp L, Sobolev inequality (Aubin '76, Talenti '76)

Forl<p<n
I1Fll22. < cnpll V7.

The affine L, Sobolev inequality (Lutwak, Yang, Zhang '02)

Forl<p<n
1]l 22, < cnp EplF):

The affine inequality is stronger than the classical one

Ep(F) < [IVFllp.

The even Orlicz Minkowski problem



An application of the even L,-Minkowski problem

The sharp L, Sobolev inequality (Aubin '76, Talenti '76)

Forl<p<n
I1Fll22. < cnpll V7.

The affine L, Sobolev inequality (Lutwak, Yang, Zhang '02)

Forl<p<n
1]l 22, < cnp EplF):

@ H., Schuster '09: Further strengthening of the affine L,
Sobolev inequality
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An application of the even L,-Minkowski problem

The sharp L, Sobolev inequality (Aubin '76, Talenti '76)

Forl<p<n
I1Fll22. < cnpll V7.

The affine L, Sobolev inequality (Lutwak, Yang, Zhang '02)

Forl<p<n
1]l 22, < cnp EplF):

@ H., Schuster '09: Further strengthening of the affine L,
Sobolev inequality

o Affine inequalities for p > n (Cianchi, Lutwak, Yang,
Zhang, H., Schuster, Xiao, Bastero, Romance, Alonso,...)
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &p(f):
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € C.(S"1).
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € Co(S"1). Then duf = h}(_pdSK and
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € Co(S"1). Then duf = h}(_pdSK and

|u- V£ = /|u'Vf(x)|pdx
Rn
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € Co(S"1). Then duf = h}(_pdSK and

[u- VFIZ

|u - VF(x)|P dx

|u Vf )| n—1
= dH x) dt
/ /{|f| 0 V(X)) ()
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An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € Co(S"1). Then duf = h}(_pdSK and

lu-V£D |u-Vf(x)|pdx

|u Vf )| n—1
= dH x) dt
/ /{|f| 0 V(X)) ()

N /o /_;n—l‘u.v‘th:p(v)dsK(V) dt

The even Orlicz Minkowski problem



An application of the even L,-Minkowski problem

THE GEOMETRY BEHIND &,(f): Let u' be the even measure

t(y) = Vf(x) x)|P—1 n—1(y
[ e "/M_t}g(wf(xn) VAP dH ()

for every g € Co(S"1). Then duf = h}(_pdSK and

[u- VFIZ

|u - VF(x)|P dx

|u Vf )| n—1
= dH x) dt
/ /{|f| 0 V(X)) ()

N /o /_;n—l‘u.v‘th:p(v)dsK(V) dt

= / h(M,Ke, v)P dt
0
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Towards an Orlicz Brunn-Minkowski theory

The basis of the L, Brunn-Minkowski theory is the addition
hf<+pL:hf<+hp, p>1

(Firey '62)
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Towards an Orlicz Brunn-Minkowski theory

The basis of the L, Brunn-Minkowski theory is the addition
hf<+pL:hf<+hp, p>1

(Firey '62) which is based on t — tP.
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Towards an Orlicz Brunn-Minkowski theory

The basis of the L, Brunn-Minkowski theory is the addition
W =W p>1

(Firey '62) which is based on t — tP.

Orlicz Brunn-Minkowski theory

Is there a theory of convex bodies based on general convex
functions ¢?
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Towards an Orlicz Brunn-Minkowski theory

The basis of the L, Brunn-Minkowski theory is the addition

W= Wt he p1

(Firey '62) which is based on t — tP.

Orlicz Brunn-Minkowski theory
Is there a theory of convex bodies based on general convex
functions ¢?

Uncovered elements of an Orlicz Brunn-Minkowski theory
o Lutwak, Yang, Zhang '10: Orlicz projection and centroid
bodies
o Ludwig, Reitzner '10: Orlicz affine surface areas
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The even Orlicz Minkowski problem

Suppose ¢ : RT — R¥ is continuous and p € M(S"1) is
not concentrated on a great subsphere of S71.
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The even Orlicz Minkowski problem

Suppose ¢ : RT — R¥ is continuous and p € M(S"1) is
not concentrated on a great subsphere of S"~1. Does there
exist an origin symmetric convex body K such that

C(p(hK) dSK = d/J
for some positive number c?

Chou & Wang '06: Smooth setting
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The even Orlicz Minkowski problem

Suppose ¢ : RT — R¥ is continuous and p € M(S"1) is
not concentrated on a great subsphere of S"~1. Does there
exist an origin symmetric convex body K such that

C(p(hK) dSK = d/J

for some positive number c?
Theorem (H., Lutwak, Yang, Zhang '10)

If ¢ is decreasing, then there exists an origin symmetric
convex body K such that

co(hk) dSk = du

1

where ¢ = V(K)2 !
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The even Orlicz Minkowski problem

Suppose ¢ : RT — R¥ is continuous and p € M(S"1) is
not concentrated on a great subsphere of S"~1. Does there
exist an origin symmetric convex body K such that

C(p(hK) dSK = d/J

for some positive number c?
Theorem (H., Lutwak, Yang, Zhang '10)

If ¢ is decreasing, then there exists an origin symmetric
convex body K such that

co(hk) dSk = du

1

where ¢ = V(K)2 !

¢ = 1: Solution to classical even Minkowski problem.
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Sketch of the proof
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Sketch of the proof

Crucial functional

O(f) = 2nV/(F) % _/ dofdu,  feCrH(s™Y)
Sn—l
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Sketch of the proof

Crucial functional

O(f) = 2nV/(F) % _/ dofdu,  feCrH(s™Y)
Sn—l

V(F):==V( [] {x€R": x-u<f(u)})

ueSn—1
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Sketch of the proof

Crucial functional

O(f) = 2nV/(F) —/ bofdu,  feCHS™Y
Sn—l

V(F):==V( [] {x€R": x-u<f(u)})

ueSn—1

Find a function where ® attains maximum.
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies:
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies: The Aleksandrov body K of
h € CF(S" 1) is origin symmetric with

0< hx < h.
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies: The Aleksandrov body K of
h € CF(S" 1) is origin symmetric with

0< hx < h.

¢ increasing, V(h) = V(hx) = ®(h) < ®(hk).
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies contained in some ball of fixed
radius:
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies contained in some ball of fixed
radius: Choose vk € S"~1 such that for rx > 0 the point
rkvk € K has maximal distance from the origin.
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h

The search can be restricted to support functions of origin
symmetric convex bodies contained in some ball of fixed
radius: Choose vk € S"~1 such that for rx > 0 the point
rkvk € K has maximal distance from the origin.

¢(hK) dp > ¢(rKh[—VK,VK]) dp
Sn—1 Sn—1
1
> |ple <|M| /Snl i h{ v, 7] d#>
> |plé(crk).
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Sketch of the proof

Crucial functional

d(f) = 2nV(f)217 — /Snl ¢ofdu, fecHis™h
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Sketch of the proof

Crucial functional

O(f) = 2nV/(f)an — Snilgzsofd,u, fecHsm?)

O(h) = 20V(K)T = | olhe) dp

< 2nr*V(B)7 — |ulé(crk)

rk >r = ®(hk) < 0.
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Sketch of the proof

F={KeK]: KcCrB}.
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Sketch of the proof

F={KeK]: KcCrB}.

,|—|>r20 ®(hk,) =sup{®(hk): K e F}.
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Sketch of the proof

F={KeK]: KcCrB}.

,|—|>r20 ®(hk,) =sup{®(hk): K e F}.

Assume lim;_ - K; = Kp.
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Sketch of the proof

F={KeK]: KcCrB}.

lim ®(hk,) =sup{®(hk): K e F}.
1—00
Assume lim;_ - K; = Kp.

2nV(Ko)z = lim 2nV/(hk)2 > lim ®(hg,) > 0.

1—00 1— 00
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Sketch of the proof

F={KeK]: KcCrB}.

,|—|>r20 ®(hk,) =sup{®(hk): K e F}.

Assume lim;_ - K; = Kp.

2nV(Ko)z = lim 2nV/(hk)2 > lim ®(hg,) > 0.

1—00 1— 00

Hence Ky has non-empty interior and

O(f) < d(hk,)-
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Sketch of the proof

he(u) == h(t, u) = hg,(u) + tf(u).
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Sketch of the proof

he(u) == h(t, u) = hg,(u) + tf(u).

9 (@ oh,)

=0.
dt

t=0
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Sketch of the proof

he(u) == h(t, u) = hg,(u) + tf(u).

d

—(doh =0.

gt ®ehe) o
d 1 1 9
—2nV(h)z | = V(Kp) / f dSi,,
dt t=0 Sn—l
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Sketch of the proof

he(u) == h(t, u) = hg,(u) + tf(u).

9 (@ oh,)

=0.
dt

t=0

d 1
a2nV(ht)21n

- V(Ko)zlnl/sn_l f dSky,

1
:/ fdu.
t=0 Ssn—1 Po hKo

t=0

d

— h: d
dt Sn—1 ¢ © e ILL
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Sketch of the proof

he(u) == h(t, u) = hg,(u) + tf(u).

9 (@ oh,)

=0.
dt

t=0

d 1
a2nV(ht)21n

- V(Ko)zlnl/sn_l f dSky,

1
:/ fdu.
t=0 Ssn—1 Po hKo

V(Ko)z (b)) dSk, = dpi.

t=0

d

— h: d
dt Sn—1 ¢ © e ILL
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The even Orlicz Minkowski problem

Theorem (H., Lutwak, Yang, Zhang '10)

If o(t) = fot 1/¢(s) ds exists and is unbounded for t — oo, then
there exists an origin symmetric convex body K and ¢ > 0 such
that

C(p(hK) dSK = d,u

and ||hK”¢ =1.
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The even Orlicz Minkowski problem

Theorem (H., Lutwak, Yang, Zhang '10)

If o(t) = fot 1/¢(s) ds exists and is unbounded for t — oo, then
there exists an origin symmetric convex body K and ¢ > 0 such
that

C(p(hK) dSK = d,u

and ||hK”¢ =1.

1 h
HhKHq§_|nf{)‘>0 m 5,,_1¢<)}\<> d,u§¢(]_)}
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The even Orlicz Minkowski problem

Theorem (H., Lutwak, Yang, Zhang '10)

If o(t) fo 1/¢(s) ds exists and is unbounded for t — oo, then
there exists an origin symmetric convex body K and ¢ > 0 such
that

C(p(hK) dSK = du

and ||hK”¢ =1.

Il =it {as 05 2 [ o (B) dn <o

u| Jsn

¢(t) = t1=P: Solution of even L,-Minkowski problem for
O<p#n
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