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Goal

Determine the “size” of certain convex sets that appear naturally
in quantum information theory.
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Goal

Determine the “size” of certain convex sets that appear naturally
in quantum information theory.

Some notation
My = B(C) space of d x d-matrices with complex entries.
Let ® : My — My be linear.

e & s positive if P(p) >0 for all p € My, p >0, i.e. positive
semidifinite
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Goal

Determine the “size” of certain convex sets that appear naturally
in quantum information theory.

Some notation

My = B(C) space of d x d-matrices with complex entries.

Let ® : My — My be linear.

e & s positive if P(p) >0 for all p € My, p >0, i.e. positive
semidifinite
o letl<k<d. oiscalled k-positive if

PR Mg My — Mg My

is positive.
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Goal

Determine the “size” of certain convex sets that appear naturally
in quantum information theory.

Some notation
My = B(C) space of d x d-matrices with complex entries.
Let ® : My — My be linear.

e & s positive if P(p) >0 for all p € My, p >0, i.e. positive
semidifinite

o letl<k<d. oiscalled k-positive if
PR Mg My — Mg My

is positive.

Pr(Mg)= set of k-positive maps on My

This set is a convex cone.
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The Jamiolkowski-Choi isomorphism lets us relate maps ¢ and
matrices Co:
¢ — Cop
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The Jamiolkowski-Choi isomorphism lets us relate maps ¢ and
matrices Co:
¢ — Cop

®(Eq1)... P(E1q)
Co =
O(Eg1) ... P(Egd)
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The Jamiolkowski-Choi isomorphism lets us relate maps ¢ and
matrices Co:
¢ — Cop

®(Eq1)... P(E1q)
Co =
O(Eg1) ... P(Egd)
f.i. via Jamiolkowski-Choi isomorphism

Pu(My) — BP(C? @ CY),

the space of k-block positive d? x d? matrices.
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The set of k- entangled operators on C? ® C9 is

Ent,(C? @ CY) =

k
conv [ S} (€l 6= u®v,uyeChj=1,..k
j=1
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The set of k- entangled operators on C? ® C9 is

Ent,(C? @ CY) =

k
conv [ S} (€l 6= u®v,uyeChj=1,..k
j=1

£ = ijzl uj @ vj € C?® C9 is called a k- entangled vector, i.e.

k-entangled states have rank < k: Ent/(C? ® CY)
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@ k = 1: separable vector, separable state
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@ k = 1: separable vector, separable state

o k=d: Enty(C? @ CY) is the set of all states on a bipartite
system C9 ® C¢
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@ k = 1: separable vector, separable state

o k=d: Enty(C? @ CY) is the set of all states on a bipartite
system C9 ® C¢

e For all k: Ent,(CY ® C9) C Ent,1(C? ® CY)
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Via Jamiolkowski-Choi isomorphism k-entangled states on
C?®CY =C? arein correspondence with maps on My

SPk(Md) — Entk((Cd & (Cd)

¢ — Cop
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Via Jamiolkowski-Choi isomorphism k-entangled states on
C?®CY =C? arein correspondence with maps on My

SPk(Md) — Entk((Cd & (Cd)
¢ — Cop
SPi(My) is the convex cone of k- superpositive operators ® on

My:
() = Y AlpA;

such that each A; has rank < k.
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For d =3

PTP

a) dual cones b) compact, convex sets
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Normalizations

@ states p € M, get normalized such that Tr(p) = 1.
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Normalizations

@ states p € M, get normalized such that Tr(p) = 1.
Here:
Ent}(C? @ CY) =
Ent,(C? © C) N {M e B(C?  C) = My : TH(M) = 1}

Stanislaw Szarek Elisabeth Werner Karol Zyczkowski How often is a random quantum state k—entangled?



Normalizations

@ states p € M, get normalized such that Tr(p) = 1.
Here:
Ent}(C? @ CY) =
Ent,(C? © C) N {M e B(C?  C) = My : TH(M) = 1}

@ maps ¢ : M,, — M, get normalized such that ® is trace
preserving: for all states p

Tr(®(p)) = Tr(p)
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Here:

SP[R(Mqg) =
SPir(Mg) N {®: Mg — Mg : Tr(®(p)) = Tr(p),Vp}
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Geometrically, this means that we intersect the cones cones with
hyperplanes and get convex sets.
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Geometrically, this means that we intersect the cones cones with
hyperplanes and get convex sets.

For d =3

SP [SPcp
/ ) 7?2

PT P

a) dual cones

b) compact, convex sets
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Measure “size” of a convex body K via volume radius

1
[KT\"
B3]

vrad(K) =
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Measure “size” of a convex body K via volume radius
K]\ »
vrad(K) = < >
B3|

vrad <Ent11((Cd ® Cd)) =?
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Lower Bound

SKETCH

@ Step 1: We show that

1
P
Bus —z C conv (—Ent%k((Cd ® CY) U Ent} (C?® Cd)>

2
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Lower Bound

SKETCH

@ Step 1: We show that

1
P
Bus <d§ ) C conv (—Ent%k((Cd ® CY) U Ent3, (CY ® Cd)>

2
@ Step 2:

Rogers Shepard — vrad (Enték((Cd ® (Cd)) >

S| T

Nl

DN | =

Stanislaw Szarek Elisabeth Werner Karol Zyczkowski

How often is a random quantum state k—entangled?



Lower Bound

SKETCH

@ Step 1: We show that

1
P
Bus <d§ ) C conv (—Ent%k((Cd ® CY) U Ent3, (CY ® Cd)>

2

@ Step 2:

1 k3

Rogers Shepard — wvrad (Enték((Cd ®(Cd)) > 3 E

3

1
1 ka2

— vrad (Ent}(((Cd ®(Cd)) > 3 - _3'2

d2
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@ For k =1 (separable states) and k = d (all states) this gives
the right order
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@ For k =1 (separable states) and k = d (all states) this gives
the right order

e Upper Bound

vrad (Entll(((Cd ® (Cd)) <C

Sl T

[
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Step 1

BHS 07

Q‘R‘
R

Nlw

C conv (—Ent}, (C? @ C9) U Ent}, (CY ® CH
2k 2k

—
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Step 1

BHS 07

Q‘R‘
R

Nlw

C conv (—Ent}, (C? @ C9) U Ent}, (CY ® CH
2k 2k

—

1
k2
h=h_gp1 (ciocd)uEntl, (Ciocd) = —3
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Let A be a hermitian operator on C? @ CY, |AllHs = 1.

h(A) = max Tr AM| = max Tr A
A MeEnty, (CT®C) ‘ ’ nEEnt;, (CI@CY) ’ n) <77|‘
- max [ (nlAln)]

n EEntzvk((cd®cd)
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Let A be a hermitian operator on C? @ CY, |AllHs = 1.

h(A) = max Tr AM| = max Tr A
A MGE”fék(Cd@?Cd)‘ ’ neEntZVk(Cd®<Cd)’ |77><77|‘
= max A
e, LA
Claim 1
> max Re ((¢|Al¥))

¢ €Enty, (CIRCH)
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Let A be a hermitian operator on C? @ CY, |AllHs = 1.

h(A) = max Tr AM| = max Tr A
(A) = | gmax, |TrAM| = max T Al

= max A
) cEny oY) | (n]Aln)|

Claim 1
> max Re ((¢|Al¥))

¢ €Enty, (CIRCH)

= ma [(@lAlv)|

X
d’ﬂ/’ €En 2k((Cd®(Cd)
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Let A be a hermitian operator on Ccd e CY, |Allns = 1.

h(A) = max Tr AM| = max _
(A) MeEnték(Cdegcd)‘ ’ neEnté/k(((jd(g(cd)’ |?7><77|‘
= max A
n €Enty, (CYaC) |<m ‘U)‘
Claim 1
z max Re A
T ¢4 €Ent), (CIC) (o] AlY))
= max A
¢ €Enty, (C/RCH) ‘<¢‘ ‘Ib)‘
= max max ‘(qb\A\zp)‘

& €Ent¥, (CIQCY) ¢ Enty, (CIRTI)
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Let A be a hermitian operator on C? @ CY, |AllHs = 1.

h(A) = max Tr AM| = max Tr A
(A) = | gmax, |TrAM| = max T Al

= max A
) cEny oY) | (n]Aln)|

Claim 1
> max Re ((¢|Al¥))

¢ €Enty, (CIRCH)

= ma [(@lAlv)|

X
d’ﬂ/’ €En 2k((Cd®(Cd)

= max max A
Y €Enty, (CI®CY) ¢ €Enty, (CIRCY) ‘<¢‘ ‘wﬂ

= (k)
= e g A
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For k€ {1,...d}, ¢ e Ci/oC?

€10 = max  [(p, &)

¢ €Ent}(CYQCH)
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For k€ {1,...d}, ¢ e Ci/oC?

€10 = max  [(p, &)

¢ €Ent}(CYQCH)

Claim 2 Forall ¢ eCf@CY

k
119 > /el
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=
=
Vv

(k)
o cenBagon 1A

k

v centBosen A s

Y
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=
=
Vv

(k)
o cenBagon 1A

k
> Vg, eEng:géd@Cd)HAleHs

k1
VEL jal,
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