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Toric varieties and apolarity Setting

Multigraded apolarity

Toric variety

Assume X is a smooth projective toric variety over C, and L is a very
ample line bundle on X.

The Cox ring of X is the multigraded polynomial ring

S=Clas,....,an] = € H(D).

DePic(X)
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Toric varieties and apolarity Setting

Multigraded apolarity

Toric variety

Assume X is a smooth projective toric variety over C, and L is a very
ample line bundle on X.

The Cox ring of X is the multigraded polynomial ring

S=Clas,....,an] = € H(D).

DePic(X)

Three main examples:
@ X=P" ', L=0pn1(d), S=Clay,...,an graded by Z.
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Toric varieties and apolarity Setting

Multigraded apolarity

Toric variety

Assume X is a smooth projective toric variety over C, and L is a very
ample line bundle on X.

The Cox ring of X is the multigraded polynomial ring

S=Clas,....,an] = € H(D).
DePic(X)

Three main examples:
@ X=P" ', L=0pn1(d), S=Clay,...,an graded by Z.
@ X =Pa1 x pb-1 x pe-1,
L=0x(1,1,1) = Opa1(1) X Ops-1(1) K Opec—1(1),
S=Clat,--,a,B15---, BN, - - -»7c), graded by Z3.
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Toric varieties and apolarity Setting

Multigraded apolarity

Toric variety

Assume X is a smooth projective toric variety over C, and L is a very
ample line bundle on X.

The Cox ring of X is the multigraded polynomial ring
S=Clas,....,an] = € H(D).

DePic(X)

Three main examples:

@ X=P" ', L=0pn1(d), S=Clay,...,an graded by Z.

@ X =Pa1 x pb-1 x pe-1,
L=0x(1,1,1) = Opa1(1) X Ops-1(1) K Opec—1(1),
S=Clat,--,a,B15---, BN, - - -»7c), graded by Z3.

@ X =P?2 xP' x P! x --- (one factor P? and k — 1 factors P'),
L=0x(dy,db,ds,...,dk),
S = (C[Ozo, 041,042750,,81,’)/0,’}/1 e ], graded by Zk.

Jarostaw Buczynski Apolarity for border rank



Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.
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Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.

We consider X as an embedded projective variety X c P (H°(L)*).
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Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.

We consider X as an embedded projective variety X c P (H°(L)*).
e If X =P" " and L = Ox(d), then X c P(S9C") (Veronese).
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Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.

We consider X as an embedded projective variety X c P (H°(L)*).
e If X =P" " and L = Ox(d), then X c P(S9C") (Veronese).
o If X =P " x PP~ x P~ and L = Ox(1,1,1), then
X C P(CZ® CP ® C°) (Segre).
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Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.

We consider X as an embedded projective variety X c P (H°(L)*).
e If X =P" " and L = Ox(d), then X c P(S9C") (Veronese).
o If X =P " x PP~ x P~ and L = Ox(1,1,1), then
X C P(CZ® CP ® C°) (Segre).
@ If X=P2xP'xP!'x ... and L = Ox(d,...,dk), then
X CP(8%C?® S®C2 ® S%C?® ---) (Segre-Veronese).
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Toric varieties and apolarity Setting

Multigraded apolarity

Embedding and dual ring

X = toric variety, L = very ample line bundle, S = Cox ring of X.

We consider X as an embedded projective variety X c P (H°(L)*).
e If X =P" " and L = Ox(d), then X c P(S9C") (Veronese).
o If X =P " x PP~ x P~ and L = Ox(1,1,1), then
X C P(C? ® C? ® C°) (Segre).
@ If X=P2xP'xP!'x ... and L = Ox(d,...,dk), then
X CP(8%C?® S®C2 ® S%C?® ---) (Segre-Veronese).

Dual polynomials: ~ S:= @) H(D)* =Clxi, ..., x].
DePic(X)
S acts on S via _, the apolarity action:

(@) x@=1 x50

) (a1) (@) (a,,)) _ )X i
fe% X B¢ e X —
'J( 1 2 n {O otherwise.

Jarostaw Buczynski Apolarity for border rank



Toric varieties and apolarity Setting

Multigraded apolarity

Saturated ideals and apolarity lemma for linear spans

DePic(X

X B (L)) =7 (5)
DoericH'(D)= S
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Toric varieties and apolarity Setting

Multigraded apolarity

Saturated ideals and apolarity lemma for linear spans

DePic(X

RcXchMuﬂ:PsQ

Ir C @Depic(X)Ho(D) = S
|
(010 € HD), ©,=0)
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Toric varieties and apolarity Setting

Multigraded apolarity

Saturated ideals and apolarity lemma for linear spans

DePic(X

Rc XCP(H(L)) =P (S)>F

Ir © @pepicxyH* (D)= S > Ann(F)

| |
(©1© € HD), ©,=0) (©| ©€ Sp,0.F=0).
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Toric varieties and apolarity Setting

Multigraded apolarity

Saturated ideals and apolarity lemma for linear spans

S .= @ H0 (,Y,J( a'1)--'x,(f‘”)>:x1(a1)--'x.(a"_”u«x,(,a”) or 0.

DePic(X

I C @DePiC(X)HO(D) = § DAnm(F)

[ |
(©]©€HD), ®,=0) (6| ©€ Sp,0.F=0).

Lemma (..., Teitler, Gallet-Ranestad-Villamizar, Gatazka)

lrCAnn(F) < (R)>F
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Toric varieties and apolarity Setting

Multigraded apolarity

Saturated ideals and apolarity lemma for linear spans

S .= @ H0 (,Y,J( a'1)--'x,(f‘”)>:x1(a1)--'x.(a"_”u«x,(,a”) or 0.

DePic(X

I C @DePiC(X)HO(D) = § DAnm(F)

[ |
(©]©€HD), ®,=0) (6| ©€ Sp,0.F=0).

A homogeneous ideal / C Sis saturated <=
| = Ir for some subscheme R c X or [=(I:(H°(L)).

Lemma (..., Teitler, Gallet-Ranestad-Villamizar, Gatazka)

lrCAnn(F) < (R)>F
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Toric varieties and apolarity

Setting
Multigraded apolarity

Ir=(© O, =0), Ann(F) = (8 | ©F = 0), Iz C Ann(F) < (R) 5 F
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Toric varieties and apolarity

Setting
Multigraded apolarity

Ir=(© O, =0), Ann(F) = (8 | ©F = 0), Iz C Ann(F) < (R) 5 F

Definition
The X-rank of F € P (H°(L)*) is the minimal integer r(F) such that

F e (pi,...,prF)) for some p; € X.

Jarostaw Buczynski Apolarity for border rank



Toric varieties and apolarity

Setting
Multigraded apolarity

Ir=(© O, =0), Ann(F) = (8 | ©F = 0), Iz C Ann(F) < (R) 5 F

Definition
The X-rank of F € P (H°(L)*) is the minimal integer r(F) such that

F e (pi,...,prF)) for some p; € X.

@ X =P ' L= 0x(d) = Waring rank,

0 X =Pa 1 xPP~1 x P~ | = Ox(1,1,1) = tensor rank.

O X=P2xP' xP'x... ,L=0x(di, b, ds,...) = partially
symmetric rank.
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Toric varieties and apolarity Setting

Multigraded apolarity

Apolarity for rank

Ir=(©]0©), =0),Ann(F) = (0| ©.F =0),
Ir C Ann(F) & <Fi’> > F,
r(F)=min{r| F € {p1,...,pr) for some p; € X.}
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Toric varieties and apolarity

Setting
Multigraded apolarity

Apolarity for rank

Ir=(©]0©), =0),Ann(F) = (0| ©.F =0),
Ir C Ann(F) & <Fi’> > F,
r(F)=min{r| F € {p1,...,pr) for some p; € X.}

Lemma (Apolarity for rank)

Fix FeP (§L) andr € N. Then

r(F) < r <= 3 saturated radical homogeneous | C S, such that
I c Ann(F) and dim(S/I)p = r for “very large” D.
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p,q € Xand F € {(p,q).
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

gt =3 p and obtain F = lim,_,o F, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5, F =
X1®y1@21 + XeRY102 + XRY20Z1 + X3QY1R23 + X3QY3@21]
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5, F =
[X1 RY1RZ1 + XoQY1R2Z2 + XoQYoRZ1 + X3QY1XZ3 + X3®}/3®Z1]
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5, F =
[X¥10y1021 + Xooy10Z2 + Xp Yo 02y + X3y 023 + X3 Y30 Zq]
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5, F =
X1 Y1 Z1+ X Y1 Zo+ X Yo 21+ X3 Y1 Z3+ X3 Y3 Zi]

Jarostaw Buczynski Apolarity for border rank



First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5, F =
X1 Y1 Zi+ X Y1 Z2+ X Yo 21+ X3 Y1 Z3+ X3 Y3 Zi]

Jarostaw Buczynski Apolarity for border rank



First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:
@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge

o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.
@ Tensor in P(C3 ® C3 ® C3) with R(F) = 5,
F=[xiy121 + XeY1Z2 + XoYoZ1 + X3Y123 + XaY3Zi]
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Border rank

r(F)=min{r| F€(py, ..., pr)}, calculated using saturated radical ideals

Definition

The X-border rank of F € P (H°(L)*), denoted br(F), is the minimal
integer r such that F = lim;_,o F; with r(F;) = r for t # 0.

Examples:

@ Tangent vectors: Choose p, q; € X and F; € (p, q;) . Converge
o/ =9 p and obtain F = lim;_,o ¢, a point on a tangent space.
Typically, br(F) =2, but r(F) > 2.

@ Tensor in P(C3 ® C3 @ C3) with R(F) = 5, br(F) = 3,

F=[Xy121 + Xey1Z2 + XoYoZi + Xay1Z3 + X3yszZi] =
lim[(0x —Xe—x3)y121 + Xe(y1+1y2)(21+122) + Xa(y1+1y5)(21+123)]-
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Monomials

br(F) =min{r | F = lim F; with r(F;) < r}.
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Monomials

br(F) =min{r | F = lim F; with r(F;) < r}.

Example:

@ Monomial in
P (89 C3)

F— [Xéao))q(éh )Xéaz)}

whered =ag+a; + a»
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Monomials

br(F) =min{r | F = lim F; with r(F;) < r}.

Example:
@ Monomial in
P (89 C3)
F— [Xéao))q(éh)xéaz)}
. aq+1 ao+1 d
e I|m<(Xo+ VAt + Zﬁtxz) >
t—0

whered =ag+a; + a»
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Monomials

br(F) =min{r | F = lim F; with r(F;) < r}.

Example:
@ Monomial in
P (89 C3)
F— [Xéao))q(éh)xéaz)}
. aq+1 ao+1 d
e I|m<(Xo+ VAt + Zﬁtxz) >
t—0

whered =ag+a; + a»
[Landsberg-Teitler 2010]: br(F) < (aj+1)(ax+1)
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Monomials

br(F) =min{r | F = lim F; with r(F;) < r}.

Example:
@ Partially symmetric monomial tensor in
P(89C3 @ S®C2 @ S%C?® )
F— [Xcgao))q(aﬂxéaz) ® yc()bo)y1(b1) ® z(()Co)z1(C1) ®-- }
d a
e Iim<(xo+a‘ Viva+"VTbe) © (yot"Vityr) ®~-~>,
t—0

where di = ap+ a1 + a, b = by + by, . ..
[Landsberg-Teitler 2010]: br(F) < (a1+1)(ax+1)(b1+1)(ci1+1) - - - .
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Weak apolarity for border rank

Border rank

br(F) =min{r | F = lim F; with r(F;) < r}.

Lemma (Apolarity for rank)

r(F) < r < 3 saturated radical homogeneous | C S, such that
I ¢ Ann(F) and dim(S/I)p = r for “very large” D.
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Weak apolarity for border rank

br(F) =min{r | F = lim F; with r(F;) < r}.

Lemma (Apolarity for rank)

r(F) < r < 3 saturated radical homogeneous | C S, such that
I ¢ Ann(F) and dim(S/I)p = r for “very large” D.

v

Theorem (Weak apolarity for border rank, Buczynska-B.)
Fix F € P (H°(L)*) and r € N. Then

br(F) < r = 3 homogeneous ideal | C S, such that | C Ann(F) and
dim(S//)p = r for “many” D € Pic(X).

v
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Weak apolarity for border rank

br(F) =min{r | F = lim F; with r(F;) < r}.

Lemma (Apolarity for rank)

r(F) < r < 3 saturated radical homogeneous | C S, such that
I ¢ Ann(F) and dim(S/I)p = r for “very large” D.

v

Theorem (Weak apolarity for border rank, Buczynska-B.)
Fix F € P (H°(L)*) and r € N. Then

br(F) < r = 3 homogeneous ideal | C S, such that | C Ann(F) and
dim(S//)p = min{r,dim Sp} for all D € Pic(X).

v
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Examples

br(F)<r=3Ic S,IC Ann(F),dim(S/l)p = min{r,dim Sp}
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Examples

br(F)<r=3Ic S,IC Ann(F),dim(S/l)p = min{r,dim Sp}

Let F = [x{"xg]. Since br(F) = 2, the following ideal
I=(a3,as,...,ap) satisfies | C Ann(F) = (a?, a3, as,. .., ap) and

0 ifd<0,
dim(S/Ng = min{2,dimSy} =<1 ifd =0,
2 ifd>0.

Jarostaw Buczynski Apolarity for border rank



First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Examples

br(F)<r=3Ic S,IC Ann(F),dim(S/l)p = min{r,dim Sp}

Let F = [x{"xg]. Since br(F) = 2, the following ideal
I=(a3,as,...,ap) satisfies | C Ann(F) = (a?, a3, as,. .., ap) and

0 ifd<0,
dim(S/Ng = min{2,dimSy} =<1 ifd =0,
2 ifd>0.

If F = [xPx®xp] € S5C3, then br(F) = 6, and
| = (a?, apas, a1a§,ag).
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Examples, continued

br(F) <r=31c S,/ C Ann(F),dim(S/l)p = min{r,dim Sp}
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First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications

Border rank

Examples, continued

br(F)<r=3Ic S,I1C Ann(F),dim(S/l)p = min{r,dim Sp}

If F=[x1y121 + Xoy12o + Xo)YoZ1 + X3y123 + Xay321], then br(F) = 3,

{ifi — 0353}/:1,2 o Aoy — 04373},':1,2 )

{Oé‘]Oé'}-: )
Hi=1,23 {Oﬁﬁi}/zz,sa {041’)’/'},‘:2,37
azf3, 23,
o3\ O — &
1= 2 3(az —aa), asfe, a3z,
{B17i — Bim1}izos s
BiBY. . =3 Sy
Ui j-2a 1B} o tinid—2a
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:

Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.
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First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.

Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps
empty.
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Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.
Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps

empty.
Fix r € N and take as h the function h,(D) = r

Jarostaw Buczynski Apolarity for border rank



First examples
Set of limits of ideals of points
Decomposition and border VSP

Border rank

Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.
Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps

empty.
Fix r € N and take as h the function h,(D) = min{r,dim Sp}. Then:
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Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.

Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps
empty.
Fix r € N and take as h the function h,(D) = min{r,dim Sp}. Then:
o There is an irreducible open subset ) # Z, C Hilby that
parametrises saturated radical ideals I, where
R={pi,....p;} C X.
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Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.

Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps
empty.
Fix r € N and take as h the function h,(D) = min{r,dim Sp}. Then:
o There is an irreducible open subset ) # Z, C Hilby that
parametrises saturated radical ideals I, where
R=A{p1,...,p} C X. Points py,...,pr are in a sufficiently
general position.
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Examples and applications

Multigraded Hilbert scheme

br(F) =min{r| F = lim F; with r(F;) < r}, ideals may give bounds.

Let h: Pic X — N, and consider the multigraded Hilbert scheme:
Hilb = {/ c S| Iis a homog. ideal and dim(S//)p = h(D)}.

Hilbg is a projective scheme/variety (Haiman—Sturmfels), perhaps
empty.
Fix r € N and take as h the function h,(D) = min{r,dim Sp}. Then:
o There is an irreducible open subset ) # Z, C Hilby that
parametrises saturated radical ideals I, where
R=A{p1,...,p} C X. Points py,...,pr are in a sufficiently
general position.

@ The closure of Z, is the set of limits of ideals of points:

I, C I, = Slip, C Hilbg .
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Examples and applications

Apolarity for border rank

Slip, ={lr Cc S: R={py,...,p-} and dim(S/Ig)p = min{r,dim Sp}}.

Lemma (Apolarity for rank)

r(F) < r < 3 saturated radical homogeneous | C S, such that
I ¢ Ann(F) and dim(S/I)p = r for “very large” D.

Jarostaw Buczynski Apolarity for border rank



First examples
Set of limits of ideals of points

Border rank
Decomposition and border VSP

Examples and applications

Apolarity for border rank

Slip, ={lr Cc S: R={py,...,p-} and dim(S/Ig)p = min{r,dim Sp}}.

Lemma (Apolarity for rank)

r(F) < r < 3 saturated radical homogeneous | C S, such that
I ¢ Ann(F) and dim(S/I)p = r for “very large” D.

Apolarity for border rank:

Theorem (Buczynska-B.)
Fix F € P (H°(L)*), r € N. Then

br(F) <r <= 3l € Slip, such that | C Ann(F).
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Examples and applications

Decompositions and border decompositions

br(F) < r <= 3l € Slip, such that I C Ann(F). Slip, is a projective
variety.
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Examples and applications

Decompositions and border decompositions

br(F) < r <= 3l € Slip, such that I C Ann(F). Slip, is a projective
variety.

For F and r we set

VSPY(F,r)={Rc X: R={py,...,p;} and F € (R)}
={Rc X: R={py,...,pr} and Ir C Ann(F)}.

r(F)<r <= VSP(F,r) #0.
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Examples and applications

Decompositions and border decompositions

br(F) < r <= 3l € Slip, such that I C Ann(F). Slip, is a projective
variety.

For F and r we set

VSPY(F,r)={Rc X: R={py,...,p;} and F € (R)}
={Rc X: R={py,...,pr} and Ir C Ann(F)}.

r(F)<r <= VSP(F,r) #0.

° bVSP(F,r) = {l € Slip, | I C Ann(F)}.
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Examples and applications

Decompositions and border decompositions

br(F) < r <= 3l € Slip, such that I C Ann(F). Slip, is a projective
variety.

For F and r we set

VSPY(F,r)={Rc X: R={py,...,p;} and F € (R)}
={Rc X: R={py,...,pr} and Ir C Ann(F)}.

r(F)<r <= VSP(F,r) #0.

° bVSP(F,r) = {l € Slip, | I C Ann(F)}.

@ br(F)<r < bVSP(F,r)#0,and bVSP(F,r) is a projective
scheme.
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Border rank

Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.
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Border rank

Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.

Suppose F is preserved by an action of a subgroup G c Aut®(X).
Then:
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Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.

Suppose F is preserved by an action of a subgroup G c Aut®(X).
Then:

@ the action of G descents to an action on bVSP(F,r),
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Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.

Suppose F is preserved by an action of a subgroup G c Aut®(X).
Then:

@ the action of G descents to an action on bVSP(F,r),
@ br(F) <r < bVSP(F,r) contains a closed G-orbit.
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Border rank

Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.

Suppose F is preserved by an action of a subgroup G c Aut®(X).
Then:

@ the action of G descents to an action on bVSP(F,r),
@ br(F) <r < bVSP(F,r) contains a closed G-orbit.

Theorem (Fixed Ideal Theorem, or fif)

Let B ¢ G be a Borel subgroup.
@ br(F) <r <= bVSP(F,r)B +0 (there is a B-fixed point).
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Border rank

Symmetries

bVSP(F,r) = {l € Slip, | I C Ann(F)}, br(F) < r <= bVSP # 0.

Suppose F is preserved by an action of a subgroup G c Aut®(X).
Then:

@ the action of G descents to an action on bVSP(F,r),
@ br(F) <r < bVSP(F,r) contains a closed G-orbit.

Theorem (Fixed Ideal Theorem, or fif)

Let B ¢ G be a Borel subgroup.
@ br(F) <r <= bVSP(F,r)B +0 (there is a B-fixed point).
@ br(F) <r < there exists a B-invariant homogeneous ideal I,
which is a limit of ideals of r points and | C Ann(F).
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Matrix multiplication

Suppose F € C" @ C™ g CP" is the matrix multiplication tensor. Its
border rank is a measure of the computational complexity of
multiplying two (typically large) matrices.
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Border rank

Matrix multiplication

Suppose F € C" @ C™ g CP" is the matrix multiplication tensor. Its
border rank is a measure of the computational complexity of
multiplying two (typically large) matrices.

* ‘rlgﬁ;w* for “real life” applications!
IMPORTANT

T P A R )

Itis

(stamp from clipart.email)
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Border rank

Matrix multiplication

Suppose F € C" @ C™ g CP" is the matrix multiplication tensor. Its
border rank is a measure of the computational complexity of
multiplying two (typically large) matrices.

* ‘rlg l{‘f * for “real life” applications!
IMPORTANT

(stamp from clipart.email)

Itis

[Connor—Harper—Landsberg 2019] use border apolarity and fit to get
new lower bounds for the border rank of matrix multiplication.
See the talk by Landsberg next week!
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Tensors of minimal border rank

Border rank

Proposition (Buczynska—B.—Kleppe—Teitler 2015)
Suppose F € P(SC") is such that br(F) = n
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Tensors of minimal border rank

Border rank

Proposition (Buczyrnska—B.—Kleppe—Teitler 2015)

Suppose F € P(SYC") is such that br(F) = n and it is concise
(strictly depends on all variables).
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Border rank

Proposition (Buczyrnska—B.—Kleppe—Teitler 2015)

Suppose F € P(SYC") is such that br(F) = n and it is concise
(strictly depends on all variables). Then Ann(F) has at least (n — 1)
minimal generators of degree d.

Jarostaw Buczynski Apolarity for border rank



First examples

Set of limits of ideals of points
Decomposition and border VSP
Examples and applications
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Border rank

Proposition (Buczyrnska—B.—Kleppe—Teitler 2015)

Suppose F € P(SYC") is such that br(F) = n and it is concise
(strictly depends on all variables). Then Ann(F) has at least (n — 1)
minimal generators of degree d.

A

Theorem (Buczynska—B. 2019)

Suppose F € P(C? ® C? @ C9)
is concise and br(F) = a, then Ann(F) has at least a — 1 minimal
generators in (multi)-degree (1,1,1).
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Tensors of minimal border rank

Border rank

Proposition (Buczyrnska—B.—Kleppe—Teitler 2015)

Suppose F € P(SYC") is such that br(F) = n and it is concise
(strictly depends on all variables). Then Ann(F) has at least (n — 1)
minimal generators of degree d.

A

Theorem (Buczynska—B. 2019)

Suppose F e P(C?®C2® C?) =P (S'C?® S'C?® S'C?)
is concise and br(F) = a, then Ann(F) has at least a — 1 minimal
generators in (multi)-degree (1,1,1).
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Tensors of minimal border rank

Border rank

Proposition (Buczyrnska—B.—Kleppe—Teitler 2015)

Suppose F € P(SYC") is such that br(F) = n and it is concise
(strictly depends on all variables). Then Ann(F) has at least (n — 1)
minimal generators of degree d.

A

Theorem (Buczynska—B. 2019)

Suppose F e P(C?®C2® C?) =P (S'C?® S'C?® S'C?)
is concise and br(F) = a, then Ann(F) has at least a — 1 minimal
generators in (multi)-degree (1,1,1).

A\

Example: if F = [x1y121 + XoY12Z2 + XoY2Z1 + X312 + X3Y3Z1], then
azfB171 and agByy1 are among minimial generators of Ann(F).
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Border rank

Border rank of monomials

Theorem ( Fixed Ideal Theorem, or fit)
Fis presereved by G, and B c G is a Borel subgroup.
@ br(F)<r <= bVSP(F,r)B # 0 (there is a BT -fixed point).

@ br(F) <r < there exists a B-invariant homogeneous ideal I,
which is a limit of ideals of r points and | C Ann(F).
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Border rank

Border rank of monomials

Theorem (Monomial Version of Fixed Ideal Theorem, or move-fit)
F is a monomial (presereved by T = (C*)"),
@ br(F) <r <= bVSP(F,r)" #0 (there is a T-fixed point).

@ br(F) <r < there exists a monomial ideal I,
which is a limit of ideals of r points and | C Ann(F).
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Border rank

Border rank of monomials

Theorem (Monomial Version of Fixed Ideal Theorem, or move-fit)
F is a monomial (presereved by T = (C*)",
@ br(F) <r <= bVSP(F,r)" #0 (there is a T-fixed point).

@ br(F) <r < there exists a monomial ideal I,
which is a limit of ideals of r points and | C Ann(F).

Theorem (Border rank of monomials in few variables)
Let X =P? c P(89 C?). If

F= [xéa")xfa‘)xz(az)] is a monomial, then

br(F)= (a1 +1)(a+1)

(assuming ap > ay > ap).

<
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Border rank

Border rank of monomials

Theorem (Monomial Version of Fixed Ideal Theorem, or move-fit)
F is a monomial (presereved by T = (C*)",
@ br(F) <r <= bVSP(F,r)" #0 (there is a T-fixed point).

@ br(F) <r < there exists a monomial ideal I,
which is a limit of ideals of r points and | C Ann(F).

Theorem (Border rank of monomials in few variables)
LetX =P2 xP' xP' x --- CP(S*C3®® S%C?® S*C?®---). If
F= [xéa")xfa‘)xz(az) ® y\yt) g @) ) g .. ] is a monomial, then

bI’(F) 2(31 +1)(32+1)(b1 +1)(C1 +1)-~-

(assuming ap > ay > ao, and by > by, and ¢y > ¢y,... ).

<
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Secant and cactus varieties
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Apolarity
Border cactus apolarity Example

Secant and cactus varieties

The ri" secant variety of X is

or(X) = {F | br(F) <r}

X Cor(X)C P (HO(L)*).
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Cactus variety
Apolarity
Border cactus apolarity Example

Secant and cactus varieties

The ri" secant variety of X is
or(X)={F|br(F) <r}
=J{R |R={x1,....x} C X}.

X Cor(X)C P (HO(L)*).

Jarostaw Buczynski Apolarity for border rank



Cactus variety
Apolarity
Border cactus apolarity Example

Secant and cactus varieties

The ri" secant variety of X is
or(X) ={F [ br(F) <r}
= U {(R) | Ris afinite degree r smooth subscheme of X}.

X Cor(X)C P (HO(L)*).
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Secant and cactus varieties

The ri" secant variety of X is

or(X) = {F | br(F) <r}

= U {(R) | R s afinite degree r smoothable subscheme of X}.

X Cor(X)C P (HO(L)*).
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Secant and cactus varieties

The ri" secant variety of X is

or(X) = {F | br(F) <r}

= U {(R) | R s afinite degree r smoothable subscheme of X}.

The rt" cactus variety of X is

K (X) = U {(R) | Ris a finite degree r subscheme of X}.

X Cor(X) C & (X) CP(HO(L)").
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Secant and cactus varieties

The ri" secant variety of X is

or(X) = {F | br(F) <r}

= U {(R) | R s afinite degree r smoothable subscheme of X}.

The rt" cactus variety of X is

K (X) = U {(R) | R is a finite degree r Gorenstein subscheme of X}.

X Cor(X) C & (X) CP(HO(L)").
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Secant and cactus varieties

The ri" secant variety of X is

or(X) = {F | br(F) <r}

= U {(R) | R s afinite degree r smoothable subscheme of X}.

The rt" cactus variety of X is

K (X) = U {(R) | R is a finite degree r Gorenstein subscheme of X}.

X Cor(X) C & (X) CP(HO(L)").

For dim X > 6, r > 14, and embeddings of sufficiently large degrees

oo (X) # & (X).
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Equations

or(X)={F | br(F) <r}, & (X)=U{(R)| Risfinite of degree r}.

Major problem: Find equations describing secant variety o,(X).
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Equations

or(X)={F | br(F) <r}, & (X)=U{(R)| Risfinite of degree r}.

Major problem: Find equations describing secant variety o,(X).

Major obstruction: Often the equations that vanish on a secant
variety o.(X) arise from (large) minors of a matrix with linear entries,
whose minors of a fixed small size vanish on X. Often in such case,
the same minors also vanish on the cactus variety &, (X)
[Buczynska—B. 2014], [Gatazka 2017],. ..
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Equations

or(X)={F | br(F) <r}, & (X)=U{(R)| Risfinite of degree r}.

Major problem: Find equations describing secant variety o,(X).

Major obstruction: Often the equations that vanish on a secant
variety o.(X) arise from (large) minors of a matrix with linear entries,
whose minors of a fixed small size vanish on X. Often in such case,
the same minors also vanish on the cactus variety &, (X)
[Buczynska—B. 2014], [Gatazka 2017],. ..

In particular, the difference between cactus and secant varieties is
obstructing our attempts to solve the problem.
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Equations

or(X)={F | br(F) <r}, & (X)=U{(R)| Risfinite of degree r}.

Major problem: Find equations describing secant variety o,(X).

Major obstruction: Often the equations that vanish on a secant
variety o.(X) arise from (large) minors of a matrix with linear entries,
whose minors of a fixed small size vanish on X. Often in such case,
the same minors also vanish on the cactus variety &, (X)
[Buczynska—B. 2014], [Gatazka 2017],. ..

In particular, the difference between cactus and secant varieties is
obstructing our attempts to solve the problem.

Does the border apolarity technique help?
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Border cactus apolarity

F e P(H(L)*), reN, h(D) = min{r,dim Sp}.

For an ideal / set H,(D) := dim ((S//)p), the Hilbert function.
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Border cactus apolarity

F e P(H(L)*), reN, h(D) = min{r,dim Sp}.

For an ideal / set H,(D) := dim ((S//)p), the Hilbert function.

Theorem (Apolarity for border rank)

br(F) < r < 3 a homogeneous ideal | C Ann(F)
with H; = h,, and such that
I is a limit of saturated ideals of points.
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Border cactus apolarity

F e P(H(L)*), reN, h(D) = min{r,dim Sp}.

For an ideal / set H,(D) := dim ((S//)p), the Hilbert function.

Theorem (Apolarity for secant variety)

F € 0/(X) < 3 a homogeneous ideal | C Ann(F)
with H; = h,, and such that
I is a limit of saturated ideals of points.
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Border cactus apolarity

F e P(H(L)*), reN, h(D) = min{r,dim Sp}.

For an ideal / set H,(D) := dim ((S//)p), the Hilbert function.

Theorem (Apolarity for secant variety)

F € 0/(X) < 3 a homogeneous ideal | C Ann(F)
with H; = h,, and such that
I is a limit of saturated ideals of points.

Theorem (Apolarity for cactus variety)

Fe & (IP”“) <= 3 a homogeneous ideal | C Ann(F)
with H; = h,, and such that

| is a limit of saturated ideals.
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Border cactus apolarity

F e P(H(L)*), reN, h(D) = min{r,dim Sp}.

For an ideal / set H,(D) := dim ((S//)p), the Hilbert function.

Theorem (Apolarity for secant variety)

F € 0/(X) < 3 a homogeneous ideal | C Ann(F)
with H; = h,, and such that
I is a limit of saturated ideals of points.

Theorem (Apolarity for cactus variety)

F e & (X) <= 3 a homogeneous ideal | C Ann(F)
with H; € {h,, RoH . hﬁk)} , and such that

| is a limit of saturated ideals.
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Limits of saturated ideals and smoothable schemes

I ¢ S, anideal with H;(D) = h,(D) = min {dim Sp, r}.
Slip,(X) = {I'| I'is a limit of (saturated) ideals of points}.

Set R C X to be the zero scheme of /.
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Limits of saturated ideals and smoothable schemes

I ¢ S, anideal with H;(D) = h,(D) = min {dim Sp, r}.
Slip,(X) = {I'| I'is a limit of (saturated) ideals of points}.

Set R C X to be the zero scheme of /.

| is a limit of
saturated ideals

| is not a limit of
saturated ideals

Jarostaw Buczynski Apolarity for border rank



Cactus variety
Apolarity
Border cactus apolarity Example

Limits of saturated ideals and smoothable schemes

I ¢ S, anideal with H;(D) = h,(D) = min {dim Sp, r}.
Slip,(X) = {I'| I'is a limit of (saturated) ideals of points}.

Set R C X to be the zero scheme of /.

L M], [J]

| is a limit of for border cactus
saturated ideals apolarity

I is not a limit of bad guys
saturated ideals
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I ¢ S, anideal with H;(D) = h,(D) = min {dim Sp, r}.
Slip,(X) = {I'| I'is a limit of (saturated) ideals of points}.

Set R C X to be the zero scheme of /.

R is not +~ [, [CEVV],
smoothable [CJN], [BCR],...

L M], [J] R is
smoothable

for border cactus
apolarity

| is a limit of
saturated ideals

I is not a limit of bad guys

saturated ideals
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I ¢ S, anideal with H;(D) = h,(D) = min {dim Sp, r}.
Slip,(X) = {I'| I'is a limit of (saturated) ideals of points}.

Set R C X to be the zero scheme of /.

R is not +~ [, [CEVV],
smoothable [CJN], [BCR],...

L M], [J] R is
smoothable

for border cactus
apolarity

| is a limit of
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I is not a limit of bad guys
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Distinguishing secant and cactus

Example of [Gatazka, Mandziuk, Rupniewski]:
Suppose X =P8 C P (89C7), d > 6.
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Distinguishing secant and cactus

Example of [Gatazka, Mandziuk, Rupniewski]:

Suppose X =P8 C P(S9C7), d > 6. Then:
@ £14(X) has exactly two irreducible components: o14(X) and
7(1661)-
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Distinguishing secant and cactus

Example of [Gatazka, Mandziuk, Rupniewski]:
Suppose X =P8 C P(S9C7), d > 6. Then:
@ £14(X) has exactly two irreducible components: o14(X) and
7(1661)-

o If F € R4 (X), then they propose a simple and effective
algorithm to determine if F € g14(X).
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Distinguishing secant and cactus

Example of [Gatazka, Mandziuk, Rupniewski]:

Suppose X =P8 C P (S9C7), d > 6. Then:
@ £14(X) has exactly two irreducible components: o14(X) and
7(1661)-
o If F € R4 (X), then they propose a simple and effective
algorithm to determine if F € g14(X).

@ In the proof they use border apolarity (for both secant and cactus
varieties) and the description of finite smoothable Gorenstein
schemes in degree 14 [Jelisiejew 2016].
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Thank you!
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