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Abstract

In this paper we are concerned with finite difference schemes for the numer-
ical approximation of linear Hamiltonian systems of ODEs. Numerical methods
which preserves the qualitative properties of Hamiltonian flows are called symplec-
tic integrators. Several symplectic methods are known in the class of Runge-Kutta
methods. However, no high order symplectic integrators are known in the class
of Linear Multistep Methods (LMMs). Here, by using LMMs as Boundary Value
Methods (BVMs), we show that symplectic integrators of arbitrary high order arc
also available in this class. Moreover, these methods can be used to solve both
initial and boundary value problems. In both cases, the properties of the flow of
Hamiltonian systems are “essentially” maintained by the discrete map, at least for
linear problems.

1. Introduction

In many areas of physics, mechanics, etc., Hamiltonian systems of ODFEs play a
very important role. Such systems have the following general form:

y! = Jg;n VvV H(y'v t)& te [t[l-s T]a y(tﬂ) =% € R2m, (1)

where, by denoting with O,, and I,,, the null matrix and the identity matrix of order
m, respectively,

(1 Y T8
I = ( ).

=1 - Ox

Simple properties of the matrix Ja,, are the following ones:
J‘J..;ii = Jg‘m == _J2n'n det(ng) =1,

In equation (1) \7H(y,t) is the gradient of a scalar function H(y,t), usually called
Hamiltonian. In the case where H(y,t) = H(y), then the value of this function remains
constant along the solution y(t), that is:

H(y(t)) = H(yo), forall t>t.
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In particular, we shall consider the simpler case where

1.5 y
H(y) = §y['5,y, 8 ses Sf € B_Qﬂlkﬂrﬂ.. (2)

In this case, problem (1) is linear:
Y = TomSy, t€to,T],  ylto) = po. (3)

In the following, we assume the matrix S to be nonsingular.
Another important feature of problem (3) is that oriented areas are preserved by
the flow. This because the exponential e’2m® is symplectic, that is:

(ng‘"‘ S )T szng:,, S = ng +

We now want to look for numerical schemes which satisfy the following two require-
ments:
1. they define a symplectic map and

2. they preserve the quadratic form (2).

Such methods are usually called symplectic or canonical integrators.

The known symplectic methods are essentially Runge-Kutta schemes!13:19.20,21]
while it seems that they are rare in the class of LMMs. This apparent weakness of
LMMs has been recently overcome by using them as Boundary Value Methods (BVMs).
We shall recall the main facts about BVMs in Section 2. In Section 3 we shall examine
one step methods, while in Section 4 we shall consider multistep methods. In Section
5 we shall analyze three classes of symplectic BVMs and, finally, in Section 6 some
numerical examples are reported.

2. Boundary Value Methods

In this section we briefly recall the basic results on BVMs[®78l, Let us then consider
the IVP

¥'=f(t,y), telt,T], ylto) = yo. (4)
To approximate its solution, we consider the k-step LMM
k k
D Citnai =h Y Bifasi, (5)
=0 =)
used over the partition
s

ti=to+ih, i=0,--, N +ky—1 e
uky JT6 s - (W T

where 0 < ko < k. As usual, Yn+i and fny; denote the approximations to Y(tnti)
and f(tn+i, Y(tnys)), respectively. Tt is known that the discrete problem (5) needs k
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independent conditions to be imposed, in order to get the discrete solution. The most
commonly used way of imposing such conditions is to fix the values of the discrete solu-
tion at the first k grid points, that is one fixes the values yg,- - -, yx_;. The continuous
problem (4) provides only the value yg, while the remaining ones must be obtained
by other means. In other words, the continuous IVP is approximated by means of a
discrete IVP. The methods obtained in this way will be called Initial Value Methods
(IVMs). This approach is very simple, but suffers of heavy limitations, summarized by
the two well-known Dahlquist barriers.

An alternative approach has been considered, where the k conditions needed by the
difference equation (5) are imposed by fixing the values

y01"'|yk1—11 YNy "y YN4ka—1, k1+k2=k (6)

This means that the continuous IVP is now approximated by means of a discrete BVP.
The methods obtained in this way have been called BVMs. If the values (6) are fixed,
we say that scheme (5) is used with (k;, k2)-boundary conditions!"®%l. As before, only
the value yo is provided by the continuous problem, while the remaining values must
be obtained in some appropriate way.

For the moment we shall neglect the problem of finding the unknown values in (6).
This problem will be considered in Section 2.1.

The definition of 0-stability and Absolute stability for IVMs are now generalized to
BVMs by introducing the following two kinds of polynomials.

Definition 1. A polynomial p(z) of degree k = k; + ko is said to be an Sy ks -
polynomial if its roots are such that

|21] € |22 < -+- < |zk1| <1< |zyqa| £+ L |z,
while it is called an Ny, g, -polynomial if
|21] < 22| € -+ < k| £ 1< |24 < -+ < i,

where the roots of unit modulus are simple.

We observe that, for ky = k and k; = 0, Ni, k,-polynomials reduce to Von Neumann
polynomials while Si, k,-polynomials reduce to Schur polynomials. Now we can give
the following definitions for BVMsl7=9],

Definition 2. BVM (5) used with (kq,kz)-boundary conditions is said to be
Ok, ko -stable if the polynomial

k
plz) = @iz’
i=0
is an Nj,k,-polynomial. It is said to be (k1, k2)-Absolutely stable for a given q € @ if

the polynomial
k

m(2,q) = ) (e — ¢6;)7" (7)

1=()




236 L. BRUGNANO
is an Sg, r,-polynomial. The region
Diyk, = {g €C : 7(z,q) is an Sy, x,-polynomial }

is called region of (ky, k2)-Absolute stability of the method. Finally, the method is said
to be Ay, k,-stable if @~ C Dy,,, where @~ is the left half of the complex plane.

The given definitions reduce to the well-known ones for IVMs when ky = k and
ks = 0. This means that the class of the BVMs contains the TVMs as a proper subclass.
Moreover, to fully understand the meaning of the above definitions, especially the
definition of (k, k2)-Absolute stability, we report without proof the following result/®.
It will be re-derived in a more general form in Section 4.

We need the following notations: let

|21] < -+ - < |2

be the roots of polynomial (7), relative to the use of method (5) on the usual test
equation;

¥y =My, ylte) =y, q=nhA (8)

Then, the following result holds true.
Theorem 1. Let

|3k1—1| < |zk1] < [‘zk1+1|s izkl—ll <1< ]zh-l'-ll'

Then, the discrete solution of method (5), used with (k1, k2)-boundary conditions, is
given by:

Yn =2.’I:1 ('T + O(lzh/’zkl-l-li}v-n) " O(Izkl-l-ll_N))
+ O(|2k,=1|") + O(| 2k, 42|~ ), (9)

where v depends only on the initial conditions.

The above result states that the numerical solution is essentially generated by the
root zx,, which therefore will be called generating root!®l. Moreover, we observe that
|2k, | < 1, if g € Dy,

From (8) and (9), it follows that the discrete solution will be an effective approx-
imation of the continuous one when z, is the principal root of the method. In this
case, if the method has order p, one has:

zky, = 2x,(g) = 9 + O(RPT),

For this purpose, the next result holds true.
Theorem 2. If a k-step LMM, used with (k1, k2)-boundary conditions on problem
(8), is:

1. consistent,

2. O, k,-stable, and
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3. the associated polynomial p(z) has only one root of unit modulus (i.e. z =1),

then there is a neighborhood D of ¢ = 0 where the generating root of the method co-
incides with its principal root. In this case, the constant v in (9) is given by v =
yo + O(hP), provided that the additional initial conditions are at least O(hP) accurate.

Proof. See [8].

The advantage of BVMs over IVMs is that now there are no more barriers concerning
the order of O, j,-stable and Ag,,-stable methods. In fact, in Section 5 we shall
consider O, k,-stable, A, ,-stable methods of order up to 2k, for every odd k.

2.1. The additional conditions

Let us rewrite scheme (5), used with (ki,kz)-boundary conditions by fixing the
values (6), as follows:

k2 ks
. cim¥nei=h > Bakifosis m=kyyeee N -1 (10)

i=—kj i=—k;

Thus, we have a set of N — k; equations in the N — k; unknowns yi,, -, yn—1. It
follows that if the values (6) are really known, then we can obtain the discrete solution.

However, the only value provided by the continuous problem is the initial con-
dition yo. It follows that we must regard the remaining k — 1 values y1, -, Yk, -1,
YNs*** s YN+ko—1 a8 unknowns. This implies that we must add an additional set of k—1
equations independent of those in (10). These equations can be derived by suitable

methods of order (at least) p— 1, in order to preserve the global error of the method!®l.
Each of the methods presented in the next sections, will be associated with an
appropriate set of additional equations.

3. One-step Methods

We start considering the case of one-step methods. We shall assume the method to
be consistent, so that its form will be:

Un+1 —Un = h(ﬁlfn+1 e ﬁﬂfn)' (11)

Since this method requires only one condition to be imposed, it will be an IVM. When
we apply this scheme to problem (3), then the discrete solution is given by:

(I = k313, S )unt1 = (I + hBo T3 S)ym,
that is, if we assume the matrix (I — h3;JZ.S) to be nonsingular,

yns1 = (I — hB1J3,.8) " (I + hBoJ3,S)yn
=: p(hd3,,S)tn = p(hJ5, )" yo. (12)

Then, the method will be symplectic if

@(hI5,S)" Tomp(hd3,S) = Jam,
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and
y?:+15?}n+1 = P:TS?}n-

In this case, the following theorem due to Fengl!1:13:14 can be used.
Theorem 3. Let ¢(z) be a complex valued function such that:
1. ¢(z) is analytical and with real coefficients in a neighborhood D of z = 0:

2. p(2)e(—2) =1 in D;

3. ¢'(0) #0.

Then, for all square matrices C and L, one has p(hL)TCp(hL) = C iff C L+LTC = O.
When C = Js,,, then ¢(hL) is symplectic iff L is Hamiltonian. Moreover, if in this
case L = JI S S = ST then one also has:

SE+ET8 =838+ 8).8=0,
so that
@(hL)"Sp(hL) = S

follows. The above relation implies the conservation of the quadratic form (2) for the
discrete sequence defined by:
Yn+1 = ‘P(hL)yn-

Coming back to method (11), we observe that the iteration function ¢(z) defined
in (12) is given by:
14 Boz

1 - ,312 ,
This function is evidently analytical and with real coefficients in a neighborhood D of
z = 0. Moreover, it is:

wp(z) =

©'(0) = fo+fr=0(1) = p'(1) #£0,

so that the hypotheses 1) and 3) of Feng’s Theorem are fulfilled. It remains to satisfy
condition 2), which reads as follows:

1+ﬁ(]z_ 1+ bz
1-Bz 1- oz’

s : g . 1
thus giving By = ;. From the consistency conditions, it follows that Gy = 3; = 57 50
that the well-known trapezoidal rule is obtained:

h
Yntl —Un = E(fn+1 +fn.)-

This is, therefore, a symplectic method. This is a known result!'], We shall extend this
result to general multistep methods with higher number of steps in the next section.
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4. Multistep Methods

Let us consider the k-step method (5), to be used with (k;, k2)-boundary conditions.
In the following, we shall assume that the method is irreducible, of order p > 1, and
satisfying the hypotheses of Theorem 2. Then, there exists a neighborhood D of g=0
where the generating root of the method, 2, , coincides with the principal one.
Moreover, let

m(2,q) = p(z) — qo(z), q=hA, (13)

be its characteristic polynomial, whose roots are ordered by increasing moduli:
|z1] < -+ < |zl

To examine the properties of this method when used on problem (3), we need to
generalize the result of Theorem 1. To do this, we start analyzing the application of
the method to the following problem:

y =Dy, te€lt,T], ylt)= 1o,
where the vector y € €™, and

A1

I = i e . 14
A e (14)

A

mXm

Let h = (T —t9)/(N + k2 — 1) be the used stepsize. Then, for each root zj = z;(h)),
J=1,---,k, of polynomial (13), we define the matrix:

m=1_ ¢ \(m—1)

5(0) hetay o T EO

Sj e zj(hJ,\) = : (15)
hz;(q)

zJ'(Q) mxm

Then, the following result holds true.

Lemma 1. Let the method (5) satisfy the hypotheses of Theorem 1. Moreover,
suppose the roots of m(z, hA) to be simple. Then the discrete solution provided by the
method behaves, for n and N — n large, as:

Yn = Sk, (yo + d(n, N, h))) + g(n, N, h). (16)

The quantities d(n, N, h) and g(n, N, h) are defined as follows:
1. d(n: th) = O(hp): g(ﬂ., N! h) = O(hp}(o([zk:—1 |n} C = O(!zk1+1|n_N))!
in the case where 2y, is the principal root of the method and the additional con-
ditions have at least O(hP) accuracy;
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2. d(n: th) =7+ O(lzk1/zk1+1|N_n) i o(|zk1+]‘~N)’ g(n, N, h} = O(lzkl—-lln) e
O(|2ky4+1|"™N), with the vector v depending only on the initial conditions, other-
wise.

Proof. In the following, we shall denote as case 1) the case where z;, is the principal
root of the method and the additional conditions have at least O(hP) accuracy.

Since we have assumed the roots {z;} to be simple, it follows that the matrices
{S1,-+, Sk} constitute a complete set of solvents!'® for the matrix polynomial

p(2) I, — hdro(2).

Then, the discrete solution provided by the method (5) can be written as:
k
Yn =) Siej,
i=1

where the vectors {c;} are determined by fixing the values

Yo, Y1,y Yk =12 YNy " * s UN+ka—1

of the discrete solution. This can be recast in matrix form as follows:

Cky Yo
M C; = Y 3
Cy Yi

where:
Cky+1 Y1 Un
cl = E ? 3": = 3 Yf = = ?
Ck1—1 Ck Yk —1 YUYN+kz—1
and
Ekl 1 E.'ﬂg
M= |W,_ 151:1 Ug,<1Di Vi 1Dy
Wy, SN U;,?D Vk,‘,Df
Im 1
Sk, )
Wj = = 3 E} = : @ In‘h
Pz 1/.
=3 | 1
5%, 3
Ay !
S
Sl S’Cl—I f
U-"’ - : : ! Dyi= ’
: ;- o
= -1 k1—1
e .S'j’n_1 ;
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Im Sk Im S
Sk1+] Nirgs Sk k]+1
Vi= . , Dy= .
=1 =1 Sk
Si:-’rl Sfc

After some calculations, one finds that

(Im + Ef, By 'Wi, 1S, + FH)  (FB;— Ef_)By?

M1= B{(CG-'H - Wy, _,5;,) Brl(Ii + CG™1B,BY)
—G-lg —G~1B, B!
where:
L= 1@,

By = U1 D; — Wy, 18, By _4,
By=ih, DY ~ Wi, Sy B, _y,
C = Viy-1Dy — Wi, 15, EL,
G = Vi, Df — Wy, S, ET — B,B{'C
= (Vi + O(|2k,41|~ ™)) DY,
F = (Ey, — B, _,B{'C)G™ 4
= (BX, = Ef,_1B{'C)D; N (Viey + O(|2ky 1) ~V)) !
H = Wy, S\ — BaB "Wy, 1 Sk,.

Moreover, by denoting with

]

§i(h) =yi — Wi, 154,90, &4(h) =y - Wi, 158 wo,

one has that

§r(h) =

O(1), otherwise,

241
-F
~-Br'cG-!
G—l

£.(h) = { O(hP), in case 1), { O(h?), in case 1),

This allows us to derive the unknown vectors {e;} as follows:

Cky = Yo + EE_lBl_IEi(h) + F(ByB;'¢;(h) - €7(h))

O(|zk,|™), otherwise.

{ Yo + O(hﬂ)’ in case 1)1
Yo + v+ O(|2k, /2ky+1|V) + O(|2ziky 41| ~N), otherwise,

where the vector v = E,Z;_le 1¢.(h) depends, obviously, only on the initial conditions.

Similarly, we obtain:

c; = By '((li + CG™1ByBT V)¢, (h) — CG™'¢,(h))
_ | O(hP), in case 1),
| 0(1), otherwise,





































