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In this paper we deal with Boundary Value Methods (BVMs), which are methods recently
introduced for the numerical approximation of initial value problems for ODEs. Such
methods, based on linear multistep formulae (LMF), overcome the stability limitations due
to the well-known Dahlquist barriers, and have been the subject of much research in the last
years. This has led to the definition of a new stability framework, which generalizes the one
stated by Dahlquist for LMF. Moreover, several aspects have been investigated, including
the efficient stepsize control [17,25,26] and the application of the methods for approximating
different kinds of problems such as BVPs, PDEs and DAEs [7,23,41]. Furthermore, a block
version of such methods, recently proposed for approximating Hamiltonian problems [24],
is able to provide an efficient parallel solver for ODE systems [3].

1. Introduction

The numerical approximation of ODE problems has been, and continues to be, a
very active field of investigation (see, for example, [29]). Several tracks are currently
followed, ranging from the derivation of new methods to the parallel implementation
of the existing ones.

In the last few years the search for parallel ODE solvers has led to the definition
of a new class of methods called Boundary Value Methods (BVMs). The basic idea on
which such methods rely is that of approximating a continuous initial value problem
(IVP) by means of a discrete boundary value one (BVP). This idea is established for
the approximation of discrete problems (it goes back to Miller [42] and Olver [43]), but
is rather unusual for the approximation of continuous ones, even if earlier references
exist [15,30,31].

The fact of having a discrete boundary value problem to be solved implies that
the solution cannot, in general, be obtained in a “step by step” fashion. Conversely,
it must be obtained globally, thus giving rise to methods which do have a natural
parallelism in time. As a consequence, the parallel solution of the obtained discrete
problem provides, as a by-product, a parallel ODE solver. This was, in fact, the first
approach to the implementation of the methods [8–10,13,18,21,40].
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Since the very beginning of research in this area, it was evident that the derivation
of the methods would have been difficult, without having a new stability framework.
Such a framework should obviously be more general with respect to the one stated by
Dahlquist, since the nature of the discrete problem is different. Consequently, when
developing BVMs the first goal has been deriving a new stability theory (preliminary
results are in [6,11,19,20,36,37], the linear stability theory is stated in [22], and related
results are in [34,35]). This has allowed the derivation of whole families of methods
[1,6,16,17,27].

Some of the methods have been found to be also able to approximate both
continuous BVPs [23] and Hamiltonian problems [16,24,44]. In particular, the study
of the methods for the latter problems has led to define a block version of BVMs
[24], from which an efficient parallel implementation of the methods has recently been
derived [3].

In this paper we shall give a survey on BVMs (a complete treatment can be found
in the book [28], to be published soon). In particular, section 2 is devoted to a review
of the new stability definitions. In section 3 the main families of BVMs are recalled.
Section 4 is devoted to the block version of the methods and, finally, in section 5 their
parallel implementation is presented.

2. Boundary value methods

Consider the approximation of an initial value ODE problem,

y′ = f (t, y), t ∈ [t0,T ], y(t0) = η, (1)

obtained by using a k-step LMF,

k∑
i=0

αiyn+i = h

k∑
i=0

βifn+i, (2)

where, as usual, yn denotes the discrete approximation of the solution y(t) at t =
tn ≡ t0 + nh, h = (T − t0)/N , and fn = f (tn, yn). Since (2) is a kth order
difference equation, then k independent conditions need to be imposed to obtain the
discrete solution. It is customary to assign such conditions by fixing the first k values,
y0, . . . , yk−1, of the discrete solution. That is, the continuous IVP (1) is approximated
by means of a discrete IVP. Even if this approach is straightforward, it suffers from
heavy theoretical limitations, summarized by the two Dahlquist barriers.

An alternative approach consists in fixing the first k1 6 k values of the discrete
solution, y0, . . . , yk1−1, and the last k2 = k − k1 ones, yN−k2+1, . . . , yN . In this way,
the discrete problem becomes

k2∑
i=−k1

αi+k1yn+i = h

k2∑
i=−k1

βi+k1fn+i, n = k1, . . . ,N − k2, (3)
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y0, . . . , yk1−1, yN−k2+1, . . . , yN fixed.

That is, the continuous IVP (1) is approximated by means of a discrete BVP which
defines a BVM with (k1, k2)-boundary conditions. Observe that, by choosing k1 = k
and k2 = 0, problem (3) becomes a discrete IVP, so that BVMs contain as a proper
subclass the usual initial value methods for ODEs based on LMF.

In order to fully exploit all the potentiality of this new approach, we need to
generalize the known stability notions. Before that, we need to report some preliminary
definitions [22].

Definition 1. Let p(z) be a polynomial of degree k, and let |z1| 6 · · · 6 |zk| be its
zeros. The polynomial p(z) is said to be an

• Sk1k2-polynomial if |zk1 | < 1 < |zk1+1|;

• Nk1k2-polynomial if |zk1 | 6 1 < |zk1+1|, with simple zeros of unit modulus.

For k1 = k and k2 = 0, the above definitions reduce to the usual ones for Schur
polynomials and von Neumann polynomials, respectively.

Denoting by ρ(z) and σ(z) the two polynomials associated with the LMF (2),
and by π(z, q) = ρ(z) − qσ(z) the corresponding stability polynomial, the following
definitions are then stated [22].

Definition 2. A BVM with (k1, k2)-boundary conditions is

• 0k1k2-stable if the corresponding polynomial ρ(z) is an Nk1k2-polynomial;

• (k1, k2)-absolutely stable for a given q ∈ C if the polynomial π(z, q) is an Sk1k2-
polynomial. The region

Dk1k2 =
{
q ∈ C: π(z, q) is an Sk1k2-polynomial

}
is said to be the region of (k1, k2)-absolute stability;

• Ak1k2-stable if C− ⊆ Dk1k2 .

As in the previous case, the above definitions reduce to the usual stability notions
when k1 = k and k2 = 0, even though now there are no more order barriers for stable
methods. In fact, there exist stable methods of arbitrary high order, as we shall see in
section 3.

2.1. The additional methods

In order to get the discrete problem (3), the k values

y0, y1, . . . , yk1−1, yN−k2+1, . . . , yN ,

are needed. Of such values, only the initial condition y0 is provided by the continuous
problem and, at first glance, it may seem difficult to obtain approximations for the
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others, especially those at the final points. This problem, however, is easily overcome
by treating the k− 1 additional values as unknowns. This is done by introducing a set
of k− 1 additional equations independent of those provided by the main formula (3).
Such equations are conveniently derived by a set of k1 − 1 additional initial methods,

r∑
i=0

α(j)
i yi = h

r∑
i=0

β(j)
i fi, j = 1, . . . , k1 − 1, (4)

and k2 final ones,
r∑
i=0

α(j)
r−iyN−i = h

r∑
i=0

β(j)
r−ifN−i, j = N − k2 + 1, . . . ,N , (5)

having the same order of the main formula (3). In this way, the whole composite
method (3)–(5) has the same order of the main formula (3). For this reason, each
BVM will be coupled with the most appropriate set of additional methods and can be
regarded as a composite scheme.

3. Families of BVMs

In this section, we present the most important families of BVMs. Each family of
methods contains 0k1k2-stable and Ak1k2-stable methods of arbitrary high order. This,
in turn, confirms the absence of order barriers for stable BVMs. We first analyze
the Generalized Backward Differentiation Formulae (GBDF). Then we consider the
Generalized Adams Methods (GAMs) and the Extended Trapezoidal Rules of second
kind (ETR2s). Finally, we examine the Symmetric Schemes.

3.1. Generalized BDF (GBDF)

For all k > 1, these methods have the form [22],

k−ν∑
i=−ν

αi+νyn+i = hfn, n = ν, . . . ,N − k + ν, (6)

where

ν =

{
(k + 2)/2, for even k,
(k + 1)/2, for odd k.

The coefficients {αi} are uniquely determined by imposing that formula (6) has the
highest possible order, k. Such a formula must be used with (ν, k − ν)-boundary
conditions and is conveniently coupled with the following set of additional initial
equations,

k∑
i=0

α
(j)
i yi = hfj , j = 1, . . . , ν − 1,
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and additional final ones,

k∑
i=0

α(j)
k−iyN−i = hfj , j = N − k + ν + 1, . . . ,N.

The coefficients of the additional formulae are uniquely determined in order to have
the truncation error of the same order O(hk+1) of the main formula (6).

It is well known that BDF, obtained from (6) by setting ν = k, are not 0-stable
for k > 7, whereas for any k > 1 GBDF are 0ν,k−ν-stable, Aν,k−ν-stable, and have
order of convergence k.

As examples, we mention that for k = 1 and k = 2 one obtains the usual BDF of
order 1 and 2, respectively. For k = 3 one obtains the following third order method,

1
6

(2yn+1 + 3yn − 6yn−1 + yn−2) = hfn, n = 2, . . . ,N − 1,

which is coupled with the following additional initial equation,

1
6

(−y3 + 6y2 − 3y1 − 2y0) = hf1,

and the following final one,

1
6

(11yN − 18yN−1 + 9yN−2 − 2yN−3) = hfN .

3.2. Generalized Adams methods (GAMs)

The methods in this family are of the form [27]

yn − yn−1 = h

k−ν∑
i=−ν

βi+νfn+i, n = ν, . . . ,N − k + ν, (7)

where

ν =

{
(k + 1)/2, for odd k,
k/2, for even k,

(8)

and the coefficients {βi} are uniquely determined by imposing that the method has
order k + 1. For each k > 1, they must be used with (ν, k − ν)-boundary conditions
and are both 0ν,k−ν-stable and Aν,k−ν-stable. They are conveniently used with the
following set of additional initial equations,

yj − yj−1 = h

k∑
i=0

β
(j)
i fi, j = 1, . . . , ν − 1,



10 P. Amodio, L. Brugnano / Parallel ODE solvers based on block BVMs

and additional final ones,

yj − yj−1 = h

k∑
i=0

β(j)
k−ifN−i, j = N − k + ν + 1, . . . ,N.

The coefficients of the additional methods are uniquely determined by imposing that
each formula has the same order k + 1 of the main method (7).

There is a difference in the stability properties between the GAMs with odd k
and those having k even. For this reason, the formulae obtained in correspondence of
the odd values of k are also called Extended Trapezoidal Rules (ETRs) [6], since the
formula obtained for k = 1 is the trapezoidal rule. Such formulae belong to the class
of symmetric schemes that we shall consider later.

Observe that when in (7) one considers ν = k, the Adams–Moulton methods are
obtained, which have bounded stability regions for all k > 2.

As examples, when k = 2 one obtains the third order GAM,

yn − yn−1 =
h

12
(−fn+1 + 8fn + 5fn−1), n = 1, . . . ,N − 1,

which can be used with the following additional final equation,

yN − yN−1 =
h

12
(5fN + 8fN−1 − fN−2).

When k = 3 one obtains the fourth order ETR,

yn − yn−1 =
h

24
(−fn+1 + 13fn + 13fn−1 − fn−2), n = 2, . . . ,N − 1,

which can be used with the following additional initial equation,

y1 − y0 =
h

24
(f3 − 5f2 + 19f1 + 9f0),

and the following final one,

yN − yN−1 =
h

24
(9fN + 19fN−1 − 5fN−2 + fN−3).

3.3. Extended Trapezoidal Rules of second kind (ETR2s)

Let us consider the methods having the following general form,

k−ν∑
i=−ν

αi+νyn+i = h
(
βfn + (1− β)fn−1

)
, n = ν, . . . ,N − k + ν, (9)

where ν is chosen according to (8), and the coefficients {αi} and β are uniquely
determined by imposing a O(hk+2) truncation error. The formulae obtained for k even
are called unsymmetric ETR2s [17], while those obtained for k odd are called ETR2s
[16]. The name of such formulae derives from the fact that, for k = 1 one obtains the
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trapezoidal rule. Moreover, for k odd one obtains β = 1− β = 1/2, so that the right
hand side in formula (9) equals that of the trapezoidal rule. In such a case, the method
belongs to the class of symmetric schemes that we shall consider in the next section.

All BVMs (9) are 0ν,k−ν-stable, Aν,k−ν-stable formulae, and must be used with
(ν, k − ν)-boundary conditions. The following set of additional initial equations,

k∑
i=0

α(j)
i yi = h

(
β(j)fj +

(
1− β(j))fj−1

)
, j = 1, . . . , ν − 1,

and additional final ones,

k∑
i=0

α(j)
k−iyN−i = h

(
β(j)fj +

(
1− β(j))fj−1

)
, j = N − k + ν + 1, . . . ,N ,

are conveniently associated with the main formula (9). The coefficients of each addi-
tional method are uniquely determined by imposing the same order, k+ 1, of the main
formula.

As an example, when k = 2 one obtains the third order unsymmetric ETR2,

1
6

(yn+1 + 4yn − 5yn−1) =
h

3
(2fn + fn−1), n = 1, . . . ,N − 1,

which is conveniently used with the following final additional equation,

1
6

(5yN − 4yN−1 − yN−2) =
h

3
(fN + 2fN−1).

When k = 3 one obtains the fourth order ETR2,

1
12

(yn+1 + 9yn − 9yn−1 − yn−2) =
h

2
(fn + fn−1), n = 2, . . . ,N − 1,

which is used with the following additional initial equation,

1
24

(−y3 + 9y2 + 9y2 − 17y0) =
h

4
(3f1 + f0),

and the following final one,

1
24

(17yN − 9yN−1 − 9yN−2 + yN−3) =
h

4
(fN + 3fN−1).

3.4. Symmetric schemes

We group as symmetric schemes BVMs having the following general properties:

• an odd number of steps, k = 2ν − 1, and (ν, ν − 1)-boundary conditions (i.e., they
require ν − 1 initial and ν − 1 final additional methods);

• the corresponding polynomials ρ(z) have skew-symmetric coefficients, that is
zkρ(z−1) = −ρ(z), while the polynomials σ(z) have symmetric coefficients, that is
zkσ(z−1) = σ(z);
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• Dν,ν−1 ≡ C− (their boundary loci coincide, in fact, with the imaginary axis);

• for k = 1, one obtains the basic trapezoidal rule.

Such schemes are also conveniently used for approximating both continuous BVPs
[23] and Hamiltonian problems [16,24,44].

ETRs and ETR2s are symmetric schemes. Another important family of BVMs
fitting this class is that of Top Order Methods (TOMs) [1]. They are methods of the
form

ν−1∑
i=0

αi(yn−ν+i − yn+ν−1−i) = h

ν−1∑
i=0

βi(fn−ν+i + fn+ν−1−i), (10)

n = ν, . . . ,N − ν + 1,

where the coefficients {αi} and {βi} are determined in order to have the maximum
possible order for a k-step formula, that is 2k (and this is the reason for their name).
They can be conveniently used with the following initial equations,

yj − yj−1 = h

2k−1∑
i=0

β(j)
i fi, j = 1, . . . , ν − 1,

and final additional equations,

yj − yj−1 = h

2k−1∑
i=0

β
(j)
2k−1−ifN−i, j = N − ν + 2, . . . ,N ,

where the unknown coefficients {β(j)
i } are uniquely determined by imposing each

formula to have the same order 2k of the main formula (10).
We observe that such methods were introduced by Dahlquist as examples of

unstable initial value methods [32], whereas they are perfectly stable when used as
BVMs.

As an example, for k = 3 one obtains the sixth order TOM,

1
60

(yn+1 + 27yn − 27yn−1 − yn−2) =
h

20
(fn+1 + 9fn + 9fn−1 + fn−2),

n = 2, . . . ,N − 1,

to be used with the following additional initial and final equations,

y1 − y0 =
h

1440
(27f5 − 173f4 + 482f3 − 798f2 + 1427f1 + 475f0),

and

yN−yN−1 =
h

1440
(475fN +1427fN−1−798fN−2 +482fN−3−173fN−4 +27fN−5).
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4. Block BVMs

We now introduce a block version of BVMs, which will be very effective in
order to derive an efficient parallel implementation of the methods. The basic idea on
which the block version is based is that of approximating the given continuous IVP
by means of a set of discrete BVPs defined on contiguous subintervals, where there
is only one point of connection between two consecutive problems (the final point of
each BVP is the initial one of the BVP defined in the subsequent interval).

For simplicity, we consider a linear problem of size m,

y′ = L(t)y + g(t), t ∈ [t0,T ], y(t0) = η. (11)

Let us then apply to it a BVM (used as a composite method) with (k1, k2)-boundary
conditions and stepsize h = (T − t0)/s. If Li = L(ti), the following discrete problem
is obtained,

( 1 0Ts
a A

)
⊗ Im − h

(
0 0Ts
b B

)
⊗ Im

L0
. . .

Ls


(y0

y

)
=

(
η
hg

)
,

where, for any integer r, 0r denotes the null vector in Rr and Ir is the identity matrix
of size r. Moreover, the vector

y = (y1, . . . , ys)
T

contains the discrete approximation, the vector g depends on the inhomogeneity of the
continuous problem, and

[a | A] =



α(1)
0 α(1)

1 . . . α(1)
k

...
...

...
α

(k1−1)
0 α

(k1−1)
1 . . . α

(k1−1)
k

α0 α1 . . . αk
α0 α1 . . . αk

. . .
. . .

. . .

. . .
. . .

. . .
α0 α1 . . . αk

α
(s−k2+1)
0 α

(s−k2+1)
1 . . . α

(s−k2+1)
k

...
...

...
α(s)

0 α(s)
1 . . . α(s)

k


s×(s+1)

,
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[b | B] =



β(1)
0 β(1)

1 . . . β(1)
k

...
...

...
β

(k1−1)
0 β

(k1−1)
1 . . . β

(k1−1)
k

β0 β1 . . . βk
β0 β1 . . . βk

. . .
. . .

. . .

. . .
. . .

. . .
β0 β1 . . . βk

β
(s−k2+1)
0 β

(s−k2+1)
1 . . . β

(s−k2+1)
k

...
...

...
β(s)

0 β(s)
1 . . . β(s)

k


s×(s+1)

.

For simplicity, in the above expressions we have assumed that the additional methods,
defining the first and last group of rows in the matrices [a |A] and [b |B], have the
same number of steps k of the main formula (this is, in fact, the case for most of the
methods examined in the previous section).

Observe that the block matrix

M = A⊗ Im − hB ⊗ Im

L1
. . .

Ls


needs to be nonsingular, for the discrete solution to be defined.

We observe that, in such form, a BVM essentially becomes a one-step method.
This allows to define the block version of the methods [24], which consists in using
two different meshes: a coarse mesh, containing the p+ 1 points

τi = τi−1 + ĥi, i = 1, . . . , p, τ0 ≡ t0, τp ≡ T ,

and a fine mesh which discretizes each subinterval [τi−1, τi] by using a stepsize hi =

ĥi/s. The following internal steps,

tji = τi−1 + jhi, j = 1, . . . , s, i = 1, . . . , p,

are then defined, where the rightmost lower index of tji identifies the ith subinter-
val. On each subinterval [τi−1, τi], one then applies the same composite BVM, thus
obtaining a block BVM with s internal steps.

Let us denote by Lji = L(tji), and introduce the block matrices

vi =a⊗ Im − hb⊗ L0i,

Vi = [Ôs,s−1 |vi],

Mi =A⊗ Im − hiB ⊗ Im


L1i

. . .

Lsi

 ,
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where, denoting by Os,s−1 the s× (s− 1) zero matrix and, for any integer r, with Or
the r × r zero matrix,

Ôs,s−1 = Os,s−1 ⊗Om.

Then, the application of a block BVM to problem (11) leads to the following discrete
problem,

M (p)y(p) = g(p), (12)

where

M (p) =


Im
v1 M1

V2 M2
. . . . . .

Vp Mp

 , y(p) =


y0

y1
y2
...
yp

 , g(p) =


η

h1g1
h2g2

...
hpgp

 ,

the block vector yi contains the discrete approximation to the solution at the internal
steps belonging to the ith subinterval in the coarse mesh, and gi is a block vector
containing suitable combinations of the inhomogeneity in (11) at the points in the
same subinterval.

The above block version of BVMs has relevant implications when approximating
continuous Hamiltonian systems by using symmetric schemes [24]. Moreover, it has
a twofold effect on the implementation of the methods:

(i) It is possible to implement variable stepsize strategies by simply varying the step-
size in the coarse mesh, while the internal steps remain equally spaced (or fixed
in some way) [17,26].

(ii) It is possible to derive an efficient parallel ODE solver [3]. In fact, the parallel im-
plementation of block BVMs is based on the particular structure of the coefficient
matrix M (p).

5. The parallel implementation

We now examine the parallel implementation of BVMs which exploit a sort of
parallel factorization [2,4] of the matrix M (p) in (12). In fact, we factor such a matrix
as

M (p) = D
(p)
1 D

(p)
2 , (13)

where

D(p)
1 =


Im

M1
. . .

Mp
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and

D(p)
2 =


Im
w1 Îs

W2 Îs
. . . . . .

Wp Îs

 .

Hereafter, for any integer r,

Îr = Ir ⊗ Im,

and, for all allowed i, Wi = [Ôs,s−1 | wi], where wi is the solution of the linear
system

Miwi = vi, i = 1, . . . , p, (14)

obtained by means of the LU factorization with partial pivoting algorithm. Of course,
each block Mi, which represents the application of the method over the subinterval
[τi−1, τi] of the coarse mesh, must be nonsingular. Observe that the factorizations of
the p blocks Mi, as well as the solution of the linear systems (14), can be performed
independently on p processors.

The solution of equation (12) is then obtained by first solving the block diagonal
system

D(p)
1 x

(p) = g(p), (15)

and then the block lower bidiagonal one,

D(p)
2 y

(p) = x(p). (16)

For convenience, the auxiliary vector x(p) will be partitioned as y(p), that is,

x(p) =


x0

x1
...
xp

 , x0 ∈ Rm, xi ∈ Rsm.

Owing to its block diagonal structure, the solution of equation (15) can be ob-
tained in parallel on p processors. This is not the case for equation (16), even if
some straight parallelism is still present. To make this evident, we consider a further
partition of the block vectors xi, yi and wi,

xi =

(
x̂i
xsi

)
, yi =

(
ŷi
ysi

)
, wi =

(
ŵi

wsi

)
, i = 1, . . . , p,
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where xsi, ysi ∈ Rm and wsi ∈ Rm×m. Moreover, we introduce the following (ps +
1)m× (ps+ 1)m permutation matrix,

Q =



0̂s−1 Îs−1 0̂s−1 . . .

0̂s−1 Ôs−1 0̂s−1 Îs−1 0̂s−1 . . .

0̂s−1 Ôs−1 0̂s−1 Ôs−1 0̂s−1 Îs−1 0̂s−1 . . .
. . . . . .

Im 0̂Ts−1 . . .

Om 0̂Ts−1 Im 0̂Ts−1 . . .

Om 0̂Ts−1 Om 0̂Ts−1 Im 0̂Ts−1 . . .
. . . . . .


, (17)

where 0̂s−1 = 0s−1 ⊗Om. The following permuted system,

QD(p)
2 QTQy(p) = Qx(p),

is then considered. It is a 2× 2 upper block triangular system, namely,

Îs−1 ŵ1 Om
Îs−1 ŵ2 Om

. . . . . . . . .

Îs−1 ŵp Om
Im
ws1 Im

ws2 Im

O
. . . . . .

wsp Im





ŷ1
ŷ2
...
ŷp
y0

ys1
...
ysp


=



x̂1

x̂2
...
x̂p
x0

xs1
...
xsp


. (18)

As consequence, the solution is obtained by first solving the reduced system
Im
ws1 Im

. . . . . .
wsp Im



y0

ys1
...
ysp

 =


x0

xs1
...
xsp

 , (19)

and then updating in parallel the right hand side in (18). Only the reduced system (19)
cannot be directly solved in parallel. However, its solution can still be parallelized, by
using block cyclic reduction. In this case, the stability of the block cyclic reduction
follows from the stability of the used method. In fact, the m×m block wsi is nothing
but the discrete map which brings a given initial condition at τi−1 to the subsequent
point τi in the coarse mesh.

Finally, we observe that the size of the reduced system only depends on the
number p of points in the coarse mesh and on the size m of the continuous problem.
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It is then independent of both the number k of steps of the main method defining the
BVM, and the number s of internal steps used in its block version.

5.1. The case of two-point BVPs

Symmetric schemes are also conveniently used for approximating continuous
BVPs. In this section we describe the modifications to the previous approach, in order
to derive a stable parallel solver for approximating two-point BVPs. For simplicity,
we shall consider the following linear problem,

y(t)′ = L(t)y(t) + g(t), B0y(t0) +B1y(T ) = η, (20)

where B0 and B1 are m×m matrices and η ∈ Rm. The discrete problem is still given
by equation (12), which now assumes the following form,

B0 (0̂Ts−1 B1)
v1 M1

V2 M2
. . .

. . .
Vp Mp




y0

y1
y2
...
yp

 =


η

h1g1
h2g2

...
hpgp

 . (21)

We observe that equations (12) and (21) only differ for the first block row of the
corresponding coefficient matrices M (p). Nevertheless, a factorization of the form (13)
(with the first block row of the matrix D(p)

2 changed accordingly) is now inappropriate
for the given problem. In fact, it corresponds to the use of multiple shooting for
solving problem (20), and this method may be unstable because now the blocks Mi

may be ill conditioned or even singular, as a consequence of dichotomy (that is, the
presence of both stable and unstable modes) of well conditioned continuous problems
[14,38,39].

Consequently, we look for a more appropriate factorization of the matrix M (p).
This is done by considering that the sm× sm blocks Mi can be partitioned as

Mi =
[
M (1)
i |M

(2)
i

]
,

where M (1)
i has size sm× (s− 1)m, and must have full column rank, in order for the

discrete problem to be solvable (as we obviously assume). As a consequence, its LU
factorization is defined,

M (1)
i = PiLi

(
Ûi

0̂Ts−1

)
, i = 1, . . . , p, (22)

where Pi is an sm × sm permutation matrix, Li is lower triangular, and Ûi is an
(s−1)m× (s−1)m upper triangular matrix. We observe that the p factorizations (22)
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are independent of each other, and can be computed in parallel. This is also the case
for the solution of the following linear systems, defining the block vectors ui and zi,

PiLiui = M (2)
i , PiLizi = vi, i = 1, . . . , p.

If we now partition the above block vectors as

ui =

(
ûi
usi

)
, zi =

(
ẑi
zsi

)
,

where usi and zsi are m×m matrices, then each block Mi can be written as

Mi = PiLiDiUi, Di =

(
Îs−1

usi

)
, Ui =

(
Ûi ûi

Im

)
.

As a consequence, the following factorization of the coefficient matrix of equation (21)
is obtained,

M (p) = L(p)D(p)U (p),

where

L(p) =


Im

P1L1
. . .

PpLp

 , U (p) =


Im

U1
. . .

Up

 ,

D(p) =



B0 B1

ẑ1 Îs−1

zs1 us1

ẑ2 Îs−1

zs2
. . .

us(p−1)

ẑp Îs−1

zsp usp


.

The discrete solution is then obtained by solving the following equations,

L(p)c(p) = g(p), (23)

D(p)x(p) = c(p), (24)

U (p)y(p) =x(p). (25)
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Because of the block diagonal structure, the solution of equations (23) and (25) can
be obtained in parallel on p processors. Concerning equation (24), we consider the
following partition of the two auxiliary vectors c(p) and x(p),

c(p) =


c0

c1
...
cp

 , x(p) =


x0

x1
...
xp

 , c0,x0 ∈ Rm, ci,xi ∈ Rsm,

and the further partitioning of the vectors xi and ci as

xi =

(
x̂i
xsi

)
, ci =

(
ĉi
csi

)
, i = 1, . . . , p,

where xsi, csi ∈ Rm. Then, the use of the permutation matrix (17) allows the trans-
formation of (24) into the following equation,

QD(p)QTQx(p) = Qc(p),

which is a 2× 2 upper block triangular system,

Îs−1 ẑ1 Om
Îs−1 ẑ2 Om

. . .
. . .

. . .

Îs−1 ẑp Om
B0 B1

zs1 us1

zs2 us2

O
. . . . . .

zsp usp





x̂1

x̂2
...
x̂p
x0

xs1
...
xsp


=



ĉ1

ĉ2
...
ĉp
c0

cs1
...
csp


. (26)

Its solution is then obtained by first solving the reduced system
B0 B1

zs1 us1
. . . . . .

zsp usp



x0

xs1
...
xsp

 =


c0

cs1
...
csp

 . (27)

After that, the right hand side in (26) is updated in parallel, thus giving the remaining
entries of the solution vector. Consequently, as in the case of initial value problems,
the solution of the reduced system (27) represents the only sequential section of the
solver. Furthermore, we observe that the matrix Rp has a block structure similar to
that of the original matrix M (p), so that the above steps can be cyclically repeated,
thus giving a cyclic reduction-like approach [12,45].
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5.2. Expected speed-up

We now briefly consider the expected speed-up for the parallel algorithms de-
scribed in the previous sections. The estimate is obtained when linear systems of
ODEs are solved, so that only one linear system of equations in the form (12) has
to be solved. However, when nonlinear ODE problems are to be approximated, an
iterative procedure for solving the obtained discrete problem is then considered (e.g.,
Newton’s method). Such a procedure usually requires the solution of a linear system
in the form (12) at each iterate. Disregarding the question of convergence (which
will be addressed elsewhere), it is then clear that the following arguments can also be
extended to discuss the speed-up in the general case.

Moreover, assuming that a distributed memory parallel computer is used, the
following items must be taken into account:

1. The rightmost lower index in the used notation denotes the processor where the
given quantity has to be stored (consequently, no data redundancy is needed).

2. Data communication is needed only for constructing and solving the reduced sys-
tem (19), in the case of IVPs, or (27), in the case of BVPs. As a consequence, the
complexity of communications is definitely smaller than arithmetic complexity. It
will then be neglected in deriving the simplified model for the expected speed-up.

Concerning the arithmetic complexity, its expression has the same leading term,
either when approximating continuous IVPs or continuous BVPs. In particular, the
sequential arithmetic complexity for solving (12) can be proved to be approximately
given by

psk2m3 flops,

where we count as 1 flop one of the four basic operations, and we recall that

• p is the number of parallel processors,

• s is the number of internal steps in the block implementation of BVMs,

• k is the number of steps of the main method, and

• m is the size of the continuous problem.

Concerning the parallel complexity, we have a section of approximately

psk2m3 flops

having a perfect degree of parallelism p. The only section which does not have a perfect
degree of parallelism is that devoted to the solution of the reduced system. Assuming
that block cyclic reduction is used for its solution (or a block cyclic reduction-like
approach, in the case of two-point BVPs), it is possible to derive a parallel complexity
of approximately

γm3 log2 p flops,
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where

γ =

{
2, when solving IVPs,
20/3, when solving two-point BVPs.

In this case, it is assumed that p = 2r , for some integer r, as in the case of hypercubes.
Consequently, the expected speed-up on p processors turns out to be given by

Sp ≈
p

1 + γlog2 p/(sk2)
. (28)

It is worth noting that:

1. The speed-up grows with the number of steps (k) of the main formula defining
the BVM, and the number of steps (s) in its block implementation. This is due to
the fact that such quantities do not affect the size of the reduced system.

2. The quantity at the denominator in the expression of Sp grows as log2 p. This, in
turn, allows the use of many parallel processors, if available.

From the above results, we expect an almost perfect speed-up, provided that the
number of internal steps for the block implementation is chosen appropriately. This
will be confirmed by the numerical tests reported in the following section.

5.3. Numerical tests

In this section we report a few numerical tests carried out on a distributed memory
parallel computer. The used platform is a transputer based machine, with 20 nodes
T805 connected through a pipeline. However, the most appropriate architecture would
be a hypercube, because in such case communications would be done only between
physically contiguous processors. The programming language used is Fortran, with
the Express communication library [34].

We shall consider two linear test problems:

1) an initial value problem,

2) a boundary value problem.

Our aim is to show that, at least on linear problems and by using a fixed mesh, a BVM
can reach an almost perfect speed-up, with respect to its sequential implementation.
A compararison with other solvers is here avoided, since we have not yet an efficient
parallel mesh selection strategy, even though in the sequential case results are already
avaliable [5,17,26]. The considered methods are ETRs (see section 3.2), used with
constant stepsize.

The first problem is Hamiltonian,

y′ =

(
O8 −I8

I8 O8

)
Ly, y(0) = η, (29)

where L is a suitable spd matrix of size 16 and η is a given vector. We solve the
problem, covering the same integration interval, on p = 1, 4, 8, 16 processors, and by
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Table 1
Problem (29): measured speed-ups.

s

k 10 20 40 p

3 3.65 3.81 3.91
5 3.76 3.88 3.95 4
7 3.86 3.92 3.96

3 6.91 7.41 7.72
5 7.28 7.63 7.83 8
7 7.56 7.76 7.88

3 13.15 14.46 15.24
5 14.15 15.07 15.54 16
7 14.85 15.41 15.69

Table 2
Problem (29): efficiency of the parallel algorithm.

s

k 10 20 40 p

3 0.912 0.952 0.978
5 0.940 0.971 0.987 4
7 0.964 0.981 0.991

3 0.863 0.926 0.965
5 0.910 0.953 0.978 8
7 0.945 0.969 0.986

3 0.822 0.904 0.953
5 0.885 0.942 0.971 16
7 0.928 0.963 0.980

using different numbers of internal steps, s = 10, 20, 40. Moreover, we consider ETRs
with k = 3, 5, 7 steps (i.e., having order 4, 6 and 8, respectively). Table 1 contains
the measured speed-ups, Sp, while table 2 contains the corresponding values of the
efficiency, Sp/p. As predicted by (28), the parallel performances of the algorithm
improve as k and s are increased.

Finally, let us consider the following second order, singular perturbation boundary
value problem, where ε = 10−3,

εu′′= u,

εy′′= t+
t

2
u′ −

t

2
y′ − επ2 cos(πt)−

t

2
π sin(πt), (30)

u(−1) =−y(−1) = 1, u(1) = y(1) = e−2/
√
ε.

The problem is solved after recasting as a first order system. In this case, we fix
the number s = 40 of internal steps for the considered BVMs. Then, we solve the
problem on p processors, by using a uniform mesh with stepsize h = (ps)−1, p =
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Table 3
Problem (30): execution times.

p \ k 3 5 7 9

1 4,217 6,137 8,482 10,899
2 3,955 5,822 8,571 10,993
4 4,110 5,987 8,007 10,259
8 4,176 6,043 8,116 10,404

16 4,265 6,030 8,151 10,551

Table 4
Problem (30): maximum errors.

p \ k 3 5 7 9

1 3.6e−2 1.2e−2 7.5e−03 5.5e−03
2 3.8e−3 9.3e−4 1.2e−04 5.0e−04
4 2.4e−4 1.4e−5 3.5e−06 1.6e−06
8 1.1e−5 1.9e−7 3.9e−09 4.5e−10

16 8.3e−7 3.1e−9 2.1e−11 5.6e−13

1, 2, 4, 8, 16. This means that when the stepsize is halved, and consequently the size of
the discrete problem is doubled, the number of used parallel processors is also doubled.
As a consequence, we expect the execution time to remain approximately constant for
increasing number of processors, even if the accuracy of the solution improves, due
to the use of a smaller stepsize.

In table 3 we report the measured execution times, expressed in units of time
(ticks), each corresponding to 64 µsec, for ETRs with k = 3, 5, 7, 9 steps (i.e., having
order 4, 6, 8 and 10, respectively). Finally, in table 4 the maximum absolute errors are
reported. As predicted, as the number p of processors increases, the error decreases.

Concerning table 3, it is worth mentioning that the execution times on multiple
processors are often smaller than the execution times on 1 processor. This is due to the
fact that, as the stepsize is decreased (i.e., p increases), the discrete problem changes,
and the LU factorization algorithm requires fewer permutations for pivoting.

6. Conclusions

In this paper we gave a brief survey about a new class of numerical methods for
ODEs, called Boundary Value Methods (BVMs). Such methods have very good stabil-
ity properties, and are conveniently used for approximating several kinds of differential
problems.

The principal aim of our discussion has been that of showing that such methods
do allow an efficient parallel implementation, leading to a parallel ODE solver with
parallelism across the steps.

Numerical tests confirm that an almost perfect speed-up is to be expected on
linear problems, even when many parallel processors are used.
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