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Abstract 

Brugnano, L., F. Mazzia and D. Trigiante, Parallel implementation of BVM methods, Applied Numerical 
Mathematics 11 (1993) 115-124. 

In a companion paper Lopez and Trigiante 141 introduced BVM methods for solving linear ODES. In this 
paper we describe the implementation of a particular method in this class on a parallel computer. The 
corresponding discrete problem requires the solution of an unsymmetric block’tridiagonal linear system, which 
is solved by means of an iterative method. A brief survey of such iterative methods is given. Comparisons of 

the parallel method with the LSODE package are reported, both in terms of precision of the numerical 
solution and speed-up, showing the effectiveness of the parallel method. 
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1. Introduction 

A class of methods (BVM methods), for solving the 

y’(t>=Ay(t)+b, tE [to, T], 

Y&J =yo, 

Cauchy problem 

(1.1) 

is presented in [4] (A E Wxm>. In this paper we shall see, in more detail, the implementation 
of a particular BVM method on a parallel computer. The chosen method utilizes the midpomt 
method and the implicit Euler method to handle the right boundary condition. If we use 
constant stepsize 

T-t, 
h=- 

N ’ 

and denote by yi the approximation of y(t, + ih), i = 1,. . . , N, the discrete problem corre- 
sponding to (1.1) is easily shown to be: 

GY =f, (1.2) 
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where Y =[Y,, Ye,..., yNIT, f= [ y, + 2hb, 2hb,. . . ,2hb, hblT, and the matrix G is the follow- 
ing block tridiagonal one: 

/ 
22 I 

\ 

-I 2d *. 
G= . : I ) a=-hA. (1.3) 

A 

\ -I I +A / NmxNm 

We shall assume that the eigenvalues of A lie in the left half of the complex plane. In order to 
define an iterative method for solving the linear system (1.21, we need to have information 
about the spectrum (T(G) of the matrix G. Let us consider the following approximation of G 
(which differs in the last block on the last row): 

d=ZNo2~+H@I, 

where 

H= 

1 
-1 . . 

1 

\ 

-1 I NxN 

If 44 = LQli,l ,__., m, then the eigenvalues of G are given by: 

pij = -2hh, + 2i COST 
N+l’ 

i= l,...,m, j= l,...,N. 

It follows that a(d) lies in the right half of the complex plane. Moreover, a(G) and a(G) are 
very similar: the difference of the last block of the last row makes the smallest eigenvalues in 
o(G) shift slightly to the right, moving away from the origin, while the largest eigenvalues are 
slightly shifted towards 1 (see Fig. 1, where the eigenvalues of G and those of G are reported, 
for a given A). This implies a slightly better conditioning for the matrix G. The linear system 

Fig. 1. Eigenvalues of G denoted by (X > and C? denoted by (0). 
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(1.2) is solved by using an iterative method which takes advantage of this particular distribution 
of the eigenvalues of G. Nevertheless, in order to improve the convergence we need to cluster 
the spectrum of the iteration matrix. This is done by means of the following steps: 

(1) first, we perform one step of block odd-even cyclic reduction on the matrix G; therefore 
we obtain a problem of halved size (let us suppose N = 2K): 

G R Yeven fW,rl~ (1.4) 

where Y,,,, = [y2, y4,. . . , yKIT, f,,,, = [fi7 .f4,. . . , fKlT7 and 
/ 

G,= 

\ 

4A^2+21 -I 
\ 

-I 42* + 21 

. . . . 
- . 7 

42’ + 21 -I 

-I 2&?+r, +I, 

(2) then, we scale G, by the block diagonal, obtaining the matrix GR, whose eigenvalues are 
clustered around 1. 

In order to examine the eigenvalue distribution of 6, we shall consider the following 
. . 

approximation: 

G,=ZN~~-H~(4A1*+2Z)~l, 

where 

I 1 
\ 

1 *. 
fi= . *1 . 

\ 1 NxN 

It follows that if Ai E a(A), then the eigenvalues of 6, (which approximate the eigenvalues of 
C$ R) are given by: 

?Jij = 1 - 
cos( jn/( N + 1)) 

1 +2(hhi)2 > i=l ,*..,m, j=l >.**> N. (l-5) 

In order to have fast convergence, we should have: 

a((&) c&Q), 6 2 1, (1.6) 

where B,,,(l) is the op en ball with center in 1 and radius 6-l: the larger the value of 6, the 
faster is the convergence. 

From (1.5) and for x = - fihh, it follows that (1.6) will be satisfied if 

1 

11 +x2j2 

or, equivalently, 

(a2 + p’)’ 

< 6-2, 

+ 2(cy2 - p’) - (a* - 1) > 0, 
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Fig. 2. Case 6 = 1. 

where (Y and p are the real and the imaginary part of X, respectively. For 6 = 1, this means that 
x must lie outside the two ovals shown in Fig. 2 (in the right half plane). For 6 > 1, x must lie 
outside a region like that shown in Fig. 3. This region becomes wider as 6 increases. From 
these pictures, we find that I x I = Ifihh I should be quite large, even for reasonably small 
values of 6. For example, when the eigenvalues of the matrix A are all large, the convergence 
of many iterative methods becomes fast (even the residual method is incredibly fast). But when 
matrix A has both large and small eigenvalues, it is difficult to meet the above requirement 
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Fig. 3. Case 6 = 3. 
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(i.e. if the problem is stiff), because a large integration step will produce large local errors in 
the initial layer. It follows that in order to obtain both an accurate solution and fast 
convergence we must use a variable stepsize. The stepsize is then increased as indicated in 
[4-61. We start with a small stepsize, h, = ]I A I] -l. Then, we increase it in an exponential 
manner as 

hi = yiho, (1.7) 

where 1 < y. With this choice, the iterative method used converges in a reasonably small 
number of steps, as we shall see later. 

In [4] it was shown that because of the low order of the implicit Euler method, the error due 
to the last point may be large, even if this error doesn’t have a disastrous backpropagation. This 
effect may be still reduced if we integrate problem (1.1) to steady state. It follows that the time 
interval over which we must integrate is as large as 

This interval may be quite large and, if the problem is stiff, h, must be quite small. 
Nevertheless, from (1.7) it follows that we can choose h to be large enough to cover the interval 
of integration with a reasonably small number of steps. 

2. Iterative method for the solution of unsymmetric linear systems 

The conjugate gradient (CG) method is one of the most efficient iterative methods for 
solving large, sparse linear systems, with a symmetric positive-definite coefficient matrix, 
especially when used with a suitable preconditioning technique. However, in the present case 
the matrix of our problem is not symmetric. It follows that the algorithm is not applicable. 

During the last years many generalizations of the CG method for solving unsymmetric 
problems have been proposed [l-3,8,9,11-13] (see [lo] for a survey). 

For our problem, the most efficient method proved to be CGSTAB, which we shall briefly 
describe in a form we think is simpler than the original formulation given in [12]. Let h = b be 
the problem to be solved, where A is a square, nonsingular and unsymmetric matrix, then we 
consider first the following scheme where the directions are defined similarly to the corre- 
sponding ones in the conjugate gradient method: 

t-0 = b -Ax,; p-1 =o; qo=io such that i:r, # 0; 
for j = 0, 1, 2,. . . 

Pjzrj+PjPj-1 

rj+l = rj - (yjApj 

xj+l = xi + ffjpj 

qj+l =qj-Tj+lA’qj 
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The aj and pj are determined by imposing the following orthogonal&y conditions: 

qj’Ap,=O forj<i, 

4,rri = 0 for j < i, 

it follows then that 

The vj will be determined later. 
CGSTAB is derived from this scheme by considering that one can avoid to construct the 

sequence qj. In fact one has: 

qj = (I - qjAT) . . . (I - r],AT)q, 

and 

qTApj=qzA fJ (Z-VkA)Pj* 
k=l 

We may consider instead of rj and pi the sequences, 

Fj = fi (I- qkA)rj, 
k=l 

which can be obtained iteratively by 

~j= (‘-TjA)(Yj~1 -(Yj~1A~j-1), 

fij=?j+pj(Z-qjA)fij_l. 

In the CGSTAB algorithm Fj is considered to be the residual and the nj are determined by 
minimizing II fj II 2. From the orthogonality properties it follows that the resulting algorithm, 
reported below, ends in a finite number of steps: 

r0 = b --Ax, (x0 given) 
F0 such that fzbTyO # 0 

p-1=0 
u-1 = 0 

p-1 = 1 
(Y-1 = 1 

To=1 
j=O 
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while (exit condition not satisfied) do 
pi = ?zrj 

Pj = (Pj/Pj- l)(aj-l/Tj) 

Pj=rj+pj(Pj-*-77juj~1) 

vj = Apj 
ffj = r’o’vj 
aj = pj/aj 
sj = rj - ajvj 
tj = Asj 

Tjtl = s,pjp,pj 

xj+l = xi + ajpj + qjt lSj 

rj+l =sj-vj+ltj 

j=j+l 
end do 

3. Numerical results 

The numerical tests reported next are relative to the following stiff problem: 

y’(t) =A,+), t E [O, T,], 

Y@,) =y,, 

where 

A,= 

- 1800 900 
1 -2 1 

1 -2 1 
. . . * . . 

1 -2 1 
1000 - 2000 

\ 

I I 

(3.1) 

(3 4 

The BVM method previously described (which utilizes CGSTAB for solving the linear system 
(1.4)), implemented on a network of 32 transputers, is compared with the scalar code LSODE. 
Both the algorithms have been implemented in Fortran; the parallel code utilizes the Express 
communication library [7]. The endpoint T, has been chosen large enough to reach the 
stationary solution. In all cases, the interval of integration is covered by N = 64 steps, so that 

Table 1 

m Speed-up LSODE fails 

10 4.4 II0 

25 8.8 no 
50 8.4 no 
75 24.4 Yes 

100 21.1 Yes 
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Re 

Fig. 4. Eigenvalue distribution of the matrix A (m = 100). 

each processor handles only one block of the reduced problem (1.4). The step of cyclic 
reduction described in Section 1 is completely parallel, as well as the operations of the iterative 
method. Therefore, the code is extremely efficient, even if the used topology of interconnection 
among the processors is a simple linear array. The parameters used for LSODE are mf = 21, 
rtol = 1 E-3, and atol = 1 E-7. 

In Table 1, the speed-ups on problem (3.1) of the parallel method with respect to LSODE, 
for m = 10, 25, 50, 75, 100, are reported. The cases where LSODE did not terminate properly 
and ended before time T, was reached (the parallel method always worked) are also indicated. 
In Fig. 4 the distribution of the eigenvalues of matrix (3.2) is reported for m = 100. For 
m = 10, 25, 50 both methods work properly: in Fig. 5 the numerical solution computed by the 
parallel method ( x >, by LSODE (01, and-with a large expense of computer time!-by the 

Fig. 5. Computed solution for m = 50: LSODE (o), parallel BVM ( x ), matrix exponential (-1. 
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T 

Fig. 6. Computed solution for m = 100: LSODE (01, parallel BVM ( X >, matrix exponential (-1. 

matrix exponential (solid line) are reported for one of the components for the problem with 
m = 50. For m = 75, 100 the parallel method works properly (the only slight error is in 
correspondence with the last points), while LSODE fails, as is shown in Fig. 6 for one of the 
components for the case m = 100. 

From these results, we can conclude that parallel implementation of BVM methods seems to 
be very reliable and efficient for solving large systems of linear ODES that must be integrated 
over a large time interval. 
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