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Abstract 

Bruguano, L. and D. Trigiante, Stability properties of some boundary value methods, Applied Numerical 
Mathematics 13 (1993) 291-304. 

The boundary value methods (BVMs) are a class of numerical methods for solving initial value problems for 
ODES. So far they did not have a broad diffusion, essentially for the following two reasons: their stability 
properties were not clearly understood and, moreover, they were considered too expensive. 

In this paper we shall analyze the stability properties of three particular BVMs when used for solving linear 
systems of ODES. 

An efficient implementation of these methods will be described in a companion paper [6]. 

1. Introduction 

Let us consider the problem of solving the initial value problem (IVP): 

y’(t) =Ly(t) +b($ Y@,) =y,, t E [to, q, (1) 

where y(t), b(t): [to, T] + R” and L E Rmx” is a constant matrix. Moreover, we shall assume 
that all the eigenvalues of L have negative real part and b(t) is a smooth and uniformly 
bounded function. If a discrete two-step method is used to discretize (l), then a second-order 
difference equation is obtained which needs an additional condition. Usually, the additional 
condition is chosen by looking for an approximation of y(t, + hi). This approach originates a 
discrete IVP. An alternative approach is to consider an approximation of y(T) as additional 
condition. In this case the continuous IVP is approximated by means of a discrete boundary 
value problem (BVP). 

A three-point BVM [2-4,8,13,14] is obtained by fixing a partitioning of the interval [to, T], 
to < t, < t, < . . . < t, = T, such that ti = t,_l + hi, i = 1,. . . , k. The problem (1) is then dis- 
cretized by using a two-step method (main method), while in the last step it is discretized by 
using an implicit one-step method (last-point method). 
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The idea of solving a given IVP by means of a suitable BVP is not a recent one, since it goes 
back to Miller [15] and Olver [16] for discrete problems. For continuous problems it was 
suggested by Fox and Mitchell [lo] and Fisher and Usmani [9]. More recently, the approach was 
used by Carasso [7] and Greenspan [ll] for PDEs, and by Cash [8], Axelsson and Verwer [3] for 
ODES. 

The application of a three-point BVM originates a linear system such as: 

Ay =c. 

The matrix A is block tridiagonal, 
/ 
+; h,, h,) Y(J% 43 h,) 

PG h,>k) +; h,, hx) Y(J% h,, 4) 

(2) 

\ 

A= -.. 

P(k h,l,, hJ 4% h,:,, h,J 

7 (3) 

Y@; hk-1, h) 

\ 

and the vector y is 

Y=(Y1,...,YkjT, 

p”(L; h,J &C h/J / 

where yi is the approximation to y(t,>. The functions (Y, p, y, &, and p^ in (31, which are 
polynomials in L of degree at most 1, as well as the structure of the vector c, depend on both 
the main and last-point methods chosen. In the simpler case where b is time-independent and 
a constant stepsize h is used, one obtains 

c = (2hb - /3( L; h)y,, 2hb,. . . ,2hb, hb)T. 

Examples of polynomials CX, p, y, 6, and p^ are given by 

l Main methods.* 

Mid-point Simpson 

a(L; h) = -2hL, a(L; h) = -+hL, 

p(L; h) = -I, p(L; h) = -I- :hL, 

Y(L; h) =I, y(L; h) =I- ;hL, 

l Last-point methods: 

Implicit Euler Trapezoidal rule 

&(L’h) =I-hL, &(L; h) =I- +hL, 

&L; h) = -I, &L; h) = -I- +hL. 

For the variable step case see [l]. 

Adams 

cz(L; h) =I- +hL, 

p(L; h) = -I- &hL, 

y(L; h) = &hL; 

The stability properties of three-point BVMs are well known only when a constant stepsize h 
is used [14], and partially known when h varies [l]. Nevertheless, these methods are more 
effective when a variable stepsize is used. In fact, a variable stepsize permits both to cover large 
intervals of integration with a relatively small number of steps, and to avoid the large errors 
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due to the presence of a layer. We shall investigate the following case of variable stepsize: 

hi+l=rhi, i=l,..., k-l, (4) 
where r > 1 is a fixed parameter and the initial step h, is given. Concerning h,, a value 

h, < II L II -’ 

is appropriate. When not specified, II * II may be II . II I, or II * II 2, or II . IIm. The results 
obtained for the case (4) can be easily extended to the more general case 

hitI = rihi, ri> 1, i= l,...,k- 1, 

provided that 
Y1 =r2= ... =Yk,, 
rk,+l= ... =rk2, 

rkAfl = * -a =rk, 

where 1 G k, < k, < * * * < k, G k, and s doesn’t depend on k. The stability results will be 
stated in Section 3. 

In Section 2 we shall recall some results about the conditioning of tridiagonal matrices which 
will be used to obtain the stability results. 

2. Conditioning of tridiagonal matrices 

If the integration steps are chosen according to (4), then matrix (3) can be written as 

A=T,@I-T,@hh,L, (5) 

where 8 denotes the right Kronecker product (see [12]), and the matrices T, and T, both 
depend on the main and last-point methods chosen; moreover the right-hand side in (2) can be 
written as 

c=c,+(D~H)h,c,, (6) 
where 

cl = (-P(L; h,, rhl)yO, O,...,O)T, 
and 

c2= (D-‘T2@I)(b(r,),...,b(t,))= 

is a block vector whose entries depend on the BVM chosen and is always bounded if b(t) is a 
bounded function. Finally, D is the following diagonal matrix: 

D = diag(1, r, r’,.. ., rkpl). 

As an example, 

/ (1 - r-‘) r-* 

-1 . . *. 
Tl = 

‘.: (1 -rep*) r-* 

\ -1 1 

(7) 

(8) 
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and 

’ (1 + r-l) \ 

T, = D 
(1 +r-‘) ’ 

(9) 

\ 1 

define the BVM which utilizes the mid-point method as main method and the implicit Euler 
method as last-point method. 

If the Simpson method is used as main method and the trapezoidal rule as last-point 
method, then T, and D are the matrices defined above and 

T2 = D 

+(l + r-l) fr-’ 
1 

3 

1 

5 f(1 + i-l) fr-’ 
1 1 

-2 2 

Lastly, for the Adams method as main method and the trapezoidal rule as last-point method, 
one obtains: 

(11) 

and 

l(1+3r)(r+l) -1 
\ 

r(2+3r) 

T2 = (6r(r +l))-‘D 

r(2+&) (1+3r)ir+l) -1 

(12) 

\ 3r(r + 1) 3r(r +l) 1 

where D is the same matrix as defined in (7). 
From (5) it is evident that the conditioning of the matrix A is closely related to the 

conditioning of tridiagonal matrices; moreover, as shown in Section 3, the conditioning of the 
matrix A is related to the stability properties of the corresponding BVM. For this reason we 
shall now summarize sufficient conditions stated in [5] for a tridiagonal matrix to be well-condi- 
tioned, according to the following: 

Definition 2.1. A nonsingular matrix is said to be well-conditioned if its condition number is 
bounded by a quantity independent on the size of the matrix. If this quantity depends as a 
polynomial of low degree (1 or 2) on the size of the matrix, then the matrix is said to be weakly 
well-conditioned. 
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For sake of brevity, we shall consider the following real tridiagonal matrix of size k: 

I1 71 
\ 

Pl 1 *. 
7 

rk-l 
(13) 

\ Ok-1 1 ) 

with the assumption that a0 = TV = uk = rk = 0, and a,~~ # 0, i = 1,. . . , k - 1. Concerning the 
invertibility of T, one has: 

Theorem 2.2. Suppose that for all i = 1,. . . , k - 1 one has airi G $, then matrix (13) is invertible. 

Corollary 2.3. Suppose that for all i = 1,. . . , k - 1 one has I ai + 7i I G 1, then matrix (13) is 
invertible. 

Suppose now that the hypotheses of Theorem 2.2 are satisfied. We shall consider the simpler 
case in which the products uiri, i = 1,. . . , k - 1, have constant sign. More complicated cases 
may be treated similarly by using the Shermann-Morrison formula, provided that the number 
of changes of sign of the products uiri is independent of the size k of the matrix T. Therefore, 
two main cases may be considered: 

(1) 0 < U,T~ G i, i = 1,. . . , k - 1; 
(2) u,ri < 0, i = 1,. . . , k - 1. 

In the first case the following result holds: 

Theorem 2.4. Suppose that for all i = 1,. . . , k - 1 one has 0 < airi < $ and, moreover, the 
following set of conditions is satisfied for i = 1,. . . , k: 

I~il+l~i-J <I, 

IqI+b_J <I, 
then matrix (13) is nonsingular and well-conditioned. If the inequalities are not strict, then matrix 
(13) is at least weakly well-conditioned. 

In the case uiri < 0, the following result holds: 

Theorem 2.5. Suppose that for all i = 1, . . . , k - 1 one has uiri < 0 and, moreover, one of the 
following sets of conditions is satisfied for i = 1,. . . , k: 

(1) 
i 

I”iI-lT~-~l <l, 
I Ti I - I @,_I I < 1, 

(2) 
i 

lTi-~l-lu~l <l> 
IO;-1 I-lTil <l, 

then matrix (13) is nonsingular and well-conditioned. If the inequalities are not strict, then matrix 
(13) is at least weakly well-conditioned. 
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We observe that when the oi and the 7i have constant sign along each diagonal, the 
following simpler result holds: 

Corollary 2.6. Suppose that for all i = 1,. . . , k - 1 one has airi < a, ui and ri have constant sign 
along each diagonal, and, moreover, the following set of conditions is satisfied for i = 1, . . . , k: 

i 

lai+Tj-lI <l> 

l’i+oi_l I <l, 

then matrix (13) is nonsingular and well-conditioned. If the inequalities are not strict, then matrix 
(13) is at least weakly well-conditioned. 

For proofs see [5]. 

Remark 2.7. The above results can be summarized as follows: if the conditions of Theorem 2.2 
(or Corollary 2.3) are satisfied, then there is a set of row conditions and a set of column 
conditions to be satisfied for matrix (13) to be well-conditioned. 

3. Stability results 

Concerning the stability properties of BVMs, it is natural to require that the numerical 
solution is always bounded when the continuous solution is bounded for t 2 t,. Therefore, 
when the eigenvalues of L have negative real part, we shall require that I] y I] must be bounded 
by a quantity which is independent of the number of time-steps k. (In the following, we shall 
say only “bounded” without the repetition of “with respect to k”.) Since from (2) and (6) it 
follows that the numerical solution of problem (l), when the variable stepsizes (4) are used, is 
given by 

y =A-$ +A-’ (D @J)h,c,, 

the above requirement is equivalent to having, for fixed values of the parameters r and h,, both 
I] K1(D 8 I) 1) and ]I A-’ I] bounded. 

It turns out that ]I A-‘(D @ I) ]I bounded implies that ]I A-’ I] is bounded as well, since (see 
(7)) I]D-1]1 = 1. M oreover, II K1(D 81) I] ’ b is ounded if the matrix (D-’ @ I)A is well-condi- 
tioned, according to Definition 2.1, since ]](D-’ @ I)A ]I is bounded from below, as it is stated 
in the following lemma. 

Lemma 3.1. If the eigenvalues of matrix L have negative real part, then the BWs given by 
(5)~(12) are such that ll(D-’ @I I)A II is bounded from below by a positive quantity independent 
of k, for all r > 1. 

Proof. We shall give a formal proof only for the norm ]I * II 2; the proof for the norms ]I * II 1 and 
II. Ilm is similar. Let A be an eigenvalue of the matrix L, and let v be the corresponding 
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eigenvector, (1 u 11 2 = 1. If e, is the first unit vector of the canonical base of IWk, it follows that, 
denoting by 4 = -h,h (Re(q) is then positive): 

IIP’ @ ZP II2 2 ll(0-’ @Z)A(e, @ 4 112 

= (I(DPIT, + qD-‘T,)e, @ u 112 

= II(D-‘T, + q~-‘&)e, JIz 

>la, +a,qI >O, 

where (see (8)~(1211, 

a, = 

and 

a2 = 

1 -r-2, for the mid-point method, 

1 - r-2, for the Simpson method, 

1, for the Adams method, 

1 + r-l, for the mid-point method, 

$(l + r-i), for the Simpson method, 0 

6(1+ 34/r, for the Adams method. 

We shall now examine in more detail the conditioning of the matrix (D-’ @ Z)A; this will be 
done firstly in the simpler case when problem (1) is a scalar equation. The obtained results will 
be then extended to systems. 

3.1. Stability and row-scaling 

We now apply the BVMs 

y’=hy, A <o. 

given by (5) to the scalar problem 

By posing q = -h, A > 0, matrix (5) becomes 

T= T, +qT,=:L%, 

where fi is diagonal with positive diagonal entries, and 

f= 

1 7"l \ 

,. 
Ul 1 . . 

_ 
7k&1 

A 
\ ak-l 1 

(14) 

The first k - 1 rows of the matrix f depend on the main method used, while the last row 
depends on the chosen last-point method. Nevertheless, by considering the entries on the last 
row as a perturbation of those that would be obtained from_ the main method, by using the 
Sherman-Morrison formula one has that the conditioning of T depends essentially on the main 
method (see also [l]>. Concerning the matrix T the following result holds: 
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Theorem 3.2. If T1 and T2 are the tridiagonal matrices which define the BVMs given by (5)~(121, 
then f is invertible and well-conditioned Vr > 1. 

Proof. If we neglect the perturbations on the entries on the last row of T1 and D-‘T,, then 
these matrices are Toeplitz matrices. Denoting by 

’ 1 r(1) \ 

&) 

T1=a . . * 
&) 

and 

I 1 42) 
($2) 

D-‘T,=p 
p) 

\ oC2) 1 

, 

one easily obtains that the off-diagonal entries of f are given by 

Gi = 
cy&) + 4Pr’aC2) 

qi = 
(y7(r) + qpri-1r(2) 

cu+q%’ ’ cu+q@-‘-’ ’ 

where the quantities (Y, p, a(‘), J2), r(l), and T(~) depend on the main method used, according 
to Table 1. 

One realizes that gi and Fi, and the products ~ii;i change their signs at most once. Moreover, 
the row conditions 

I~j_l+~iI Cl, i=l,..., k, 

are always satisfied. From Remark 2.7, in order to have 9 well-conditioned one needs to 

Table 1 
Parameters for the various methods 

Mid-point Simpson Adams 

a 1 - C2 

1+ r-l 

-1 

l-F2 
0 

rm2 
l-r-’ 

l-F2 1 

+(l+ r-‘1 

-1 

l-F2 
1 

2(1+ r-l) 

rP2 
l-re2 

1+3r 

6r 

-1 

r(2+3r) 

(1+3r)(r +l) 

0 

42) 0 
r-l 

2(1+ r-l) 

-1 

(1+3r)(r +l) 
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impose an additional set of column conditions (according to the results of Theorem 2.4, 
Theorem 2.5, or Corollary 2.6) and the conditions 

Gji < f, i= l,...,k- 1. 

We omit, for brevity, a formal proof for the mid-point method, which is straightforward. 
For all methods the off-diagonal elements on the ith column of T are the components of the 

vector: 

/ a 
@(l) ’ 4Pr’ \ 

I LY + q/3r’ (Y + q/3ri 
(p) 

= 
cl 

+ 

&) qpr’-* 
a + qpr’-* 

p) 
I \ a + qpr’-* 

I *m \ / 
ff 

= ~ a+q@’ 
4Pr’ 

(9) 

a + q/3ri -7(l) 
+- a+q/?r’ 

\ a + qpr’-* 
a + qPr’ -T(*) 

I , ar* + qPr’ 

a 4Pr’ =: .ul + 
a + qpr’ 

.V*. 
a + qPr’ 

For the Simpson method we observe that the vector <Gi, 7^i_l)T is a convex combination of the 
two vectors ul and u2, which are inside the convex region 

z=((o,7)TER*: la+71 <l) 

‘dr > 1, whence the second condition in Corollary 2.6 is satisfied. 
Concerning the invertibility and the first condition in Corollary 2.6, we have: 

ff 

c+ 

i I a + q@r’ 
*m \ 

= 
qi ff + 

, a +qPr’-’ 
Tm 

I 

sPr’ 
a + qpr’ 

&*) 

q/3+’ 

a + qPr’-’ 
p) 

/ u(l) \ I 

CY 
a + q@-’ 

4Pr’ 
&) 

= 
a + qPr’ -5-(l) 

+ 

a + qPr’-’ 
a + q/3ri 

a + qPr’ 

, ar + qPr’ 
7(*) 

I 

ff 4Pr’ =: 
a + qPr’ w1+ 

a + qPr’ 
wz. 

The hypothesis GiFi < i will be obviously satisfied, from Corollary 2.3, if both wl and w2 are 
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inside the “strip” Z defined above. The point w2 is inside this region; the 
provided that 

same will hold for wi 

IT(‘) + 
a + qpr’ 

cy + qfir’-’ 
T(l) < 1. 

By means of simple calculations, one shows that this last condition is satisfied V’r > 1. 
The proof for the Adams method is obtainable by similar arguments. 0 

Remark 3.3. From Theorem 3.2 it follows that also the matrix D-‘T is well-conditioned, since 
(see (71, (141, and Table 1) ~(D-ifi) < 1 + a(qp)-‘. 

3.1.1. Complex eigenvalues 
In the case of A complex, the previous result cannot be extended straightforwardly. In order 

to analyze the stability properties for complex eigenvalues, we apply the BVM to the problem 

Then, matrix (5) will be given by 

Tc = T, 8 I - T2 @ h,C, 

which is a block tridiagonal matrix. For such matrix the following result holds: 

Theorem 3.4. If T, and T2 are the tridiagonal matrices which define the BVMs given by (5)~(12), 
then the block tridiagonal matrix Tc is invertible and, if scaled on the rows by the inverse of the 
main diagonal, well-conditioned Vr > 1, provided that I 8 I is “sufficiently” small. 

Proof. By posing q = -h, p, we have: 

Tc = (T, + qTz) @I - h,8Tz 8 
i-‘: :) 

= ((T, + qT,) @ +‘, 
where 

F=I@l 

Considering that: 
(1) 

(2) 

then, 

(T, + qT,) = 
n 

6T satisfies the conditions of Theorem 3.2 and therefore ? is well-condi- 
tioned (D @ I is the main diagonal of Tc), 
CT,+ qT2)-‘h1t9T2 = h,&lD(D-‘T,) and 
l T-‘D is bounded, as seen in Remark 3.3, 
l (D-‘T,) is bounded (see (91, (10) and (1211, 
if 

- (T1 + qT2)-lh10T2 @ 

h,Wq < 1, 
where 17 = 11 f-‘D 11 11 D-‘T, 11, by Banach’s lemma it follows that 

’ llFP’ II < 
l-hII+’ 

0 

(15) 
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Let us analyze inequality (15) in more detail, in order to obtain an effective bound on I 8 I. 

By using the same notation as in Theorem 3.4, we define the function 

f(4, y, k) = JI(D_‘T, +VTJll. 

We know that 

. for q > 0, K(D-‘T, +qD-‘7’2) <g(q, 1-1, since the matrix is well-conditioned (see Remark 
3.3); then, from Lemma 3.1, since q > 0, it follows that 

f(s, r, k) = 

K(D-$ + qD+T,) g(q, 4 

11 D-T, + qDPT2 11 G a, + a,q ’ 

for some positive constants a, and a2, which depend only on r; 
l for q = 0, one has 

f(0, r, k) = llT,‘Dll =IIDD-‘T[‘DII 

=:IlD~;‘lI ~II~,‘IlIIDll, 

and II D II = rkel (see (7)); moreover, one verifies that f, = D ‘T,D either satisfies the 
hypotheses of Theorem 3.4, or is diagonally dominant both by rows and by columns, and 
therefore is well-conditioned; it follows that f(0, r, k) < h(r)rk-‘; 

0 forq>>O,f(q,r,k)=q~‘IIT~‘DII, and II T; ‘D II G Z(r), since D- ‘T2 is diagonally domi- 
nant both by rows and by columns; therefore it is well-conditioned. 

The above considerations allow to state that 

f(q, r, k) G 
II~D-1T2)-1 II 

q + Il(D_‘T2)-lII =:b(q, r, k). 

II II f? rk-l 
This bound has been found to be very sharp numerically. Condition (1.5) is then satisfied if one 
requires: 

hl I8 I b(q, r)l\ D-‘T2)) < 1. 
This condition is implied by 

h 

1 
I e I Il(D-‘T2)-111 

4 

((D-IT (1 < 1 

2 1 ) 

that is, considering that q = h, I p I, 

lOI G 
IPI 

K(D-'T,) * 

Moreover, if we neglect the perturbations on the last row (due to the last-point method) then, 
as seen in Theorem 3.2, matrix D-IT, (see (9), (lo), and (12)) is a Toeplitz matrix and, after 
some calculations, one derives: 

i 

= 1, if the mid-point method is used, 

K(D-‘T,) < 3, if the Simpson method is used, 

=G 3r + 4, if the Adams method is used. 
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3.2. Generalization to systems 

Now we shall generalize the previous results to systems of equations. The following result 
holds: 

Lemma 3.5. If matrix L is normal and all its eigenualues have negative real part, then, for the 
BEMs defined by (5)~(12), the matrix (D-’ 8 I)A is well-conditioned Vr > 1, provided that the 
imaginary part of each complex eigenvalue is “sufficiently” small. 

Proof. Let us consider the real Schur decomposition of L, L = QAQT, where A is a block 
diagonal matrix, with diagonal blocks of size 1 in correspondence to the real eigenvalues of L, 
and of size 2 in correspondence to each complex-conjugate pair of eigenvalues of L. Then, 
instead of the matrix A (see (511, we can consider the matrix 

(I~Q~)A(I~Q)=T,~~--~~~,~=:A,. (16) 

The thesis follows by considering that a permutation matrix Hk,m of order km exists such that 
the permuted matrix Hk,mANH&, is block diagonal, with diagonal blocks which satisfy either 
the hypotheses of Theorem 3.2 or of Theorem 3.4. •I 

The previous result can be extended to a more general matrix L: 

Theorem 3.6. If all the eigenvalues of matrix L have negative real part, then, for the BVMs 
defined by (5)~(121, the matrix (0-l @ I)A is well-conditioned Vr > 1, provided that the 
imaginary part of each complex eigenvalue is “sufficiently” small. 

Proof. Let L = Q<A + N>QT be as before the real Schur decomposition of L, where N is 
strictly upper triangular and nilpotent of order m (the size of the matrix L). Then, instead of 
the matrix A we can consider the matrix (see (16)) 

(I~QT)A(I~Q)=T,~~--T,~h,A-T,~hh,N 

=A,(I~Z-A,‘(T,~h,N)). 

The matrix A, satisfies the hypotheses of Lemma 3.5, and then (D-’ 8 I)A, is well-condi- 
tioned. Moreover, the matrix (I @ I - A;l( T, 8 h,N)) is invertible and well-conditioned since 
Ai1(T2 8 h,N)is nilpotent of order m. In fact, 

A,‘=(T,@I-T#h,A)-‘= (I@I- T;1T2@hlA)-1(T;1 @I) 

i 

km-1 

= iz a,(T;‘T,)‘@k (T,‘@I), 
1 

for some scalars a,, . . . ) a&, _ 1 (see [12, Chapter 91). It follows that: 
km-l 

A,‘(7’,@hh,N) =h, c a,(T;‘7’z)‘f1@A’N 
i=O 

km-l 

=: h, c a,(T[17’z)i+’ @ 6. 
i=O 
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The matrix results to be nilpotent of order m, since the matrices Gj are strictly upper 
triangular. 0 

Remark 3.7. The previous result states that the condition number of the matrix (5) is 
proportional to that of the matrix D defined in (7), that is to r ‘-’ One easily obtains that this . 

quantity is related to the width of the interval of integration divided by the initial step: 

K(A) = o((T- t,)h,‘). 

Remark 3.8. It can be shown that the results of Theorem 3.6 still hold for r = 1, that is when a 
constant integration step is used. 

4. Conclusions 

In this paper the stability properties of three BVMs applied to problem (l), with the variable 
step sizes defined in (41, have been studied when the eigenvalues of the matrix L have negative 
real part. 

It has been shown that the examined methods are stable for every choice of the parameters r 
and hi, provided that every eigenvalue A of L verifies ]Im(A) 1 < 6 ]Re(h) 1, where 6 is a 
constant which depends on the BVM considered. 

The related problem of solving numerically the discrete problem (21, usually by means of an 
iterative solver, is examined in a companion paper [6]. 
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