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A b s t r a c t - - W e  consider an "incremental" mathematical model of Immune Thrombocytopenic 
Purpura (ITP), an auto-immune disease, which is suitably simple to be of practical use in the clinical 
management of this pathology. Moreover, the model provides a possible way to solve some open 
problems in this specific field. @ 2005 Elsevier Ltd. All rights reserved. 

K e y w o r d s - - M a t h e m a t i c a l  modeling, Biomathematics, Medical applications, Immune thrombo- 
cytopenic purpura (ITP). 

1. I N T R O D U C T I O N  

The integr i ty  of blood vessels is t aken  in charge by platelets,  which are a fract ion of the blood 

itself. Thei r  n u m b e r  usual ly  ranges between 150 - 400 • 103#1-1. W h e n  their  level is less t han  

the lowest one, we speak abou t  thrombocytopenia which, in case of a very low level, may  be also 

cause of death,  because of bleeding. Immune (or idiopathic) thrombocytopenic purpura ( ITP)  

is one of the most  common causes of t h r o m b o c y t o p e n i a  encounte red  in the  medical  practice. 

Its incidence is of approximate ly  one case per 10,000 in the general  popula t ion ,  and  it accounts  

for 0.16% of hospital  admissions [1]. This  pathology may  be very complex, and  its diagnosis 

remains  one of exclusion [1 3]. Two ma in  forms of I T P  are usual ly  encountered:  the acute form, 

which often resolves spon taneous ly  after six months  or less in dura t ion ,  and  the chronic form, 

which is the most  challenging one, from the point  of view of the clinical managemen t .  Moreover, 
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a rare form (cyclical thrombocytopenia) is also known, in which the level of platelets displays 
heavy oscillations [4,5]. Our concern will be the first two forms, in particular the chronic one. 

The clinical management of ITP has various lines of therapy [1,3,4,6]: the first one is essentially 
based on high-dose steroids, intravenous immune globulin, and spleneetomy (i.e., the surgical 
removal of the spleen). Such treatments may have many side-effects and/or  be very invasive, 
in particular splenectomy. Concerning the latter, there is, at the moment, no way of predicting 
its effectiveness [6]. As a mat ter  of fact, though different practices have been proposed in the 
literature [7-11], nevertheless, their conclusions are often controversial and in conflict each other 
(see, for example, [9,11]). In any case, most of the arguments used are of statistical nature, based 
on the follow-up of splenectomized patients (see, e.g., [10,12,131). 

The main problem with chronic ITP is that its pathogenesis has not been fully elucidated, and 
its management is primarily empirical [3,14]. In this context, mathematical  modeling may be 
of help to understand the possible involved mechanisms (see, e.g., [15-24]). Unfortunately, very 
few models are suitably simple to be of practical use in the clinical management of ITP: to our 
knowledge, only in [19] a model is proposed to be used for transfusion management (and, by the 
way, its derivation is partially incorrect). 

We observe that, in the clinical management, it would be useful to rank a thrombocytopenia, 

depending on: 

(I) the production of platelets, which might be impaired, 

(2) the destruction of platelets, which might be increased, 

(3) the site of platelet destruction. 

Concerning the first issue, often evidenced in the medical literature [25-28], it is well known 

that an impaired production can cause thrombocytopenia: as an example, this happens in various 

clinical settings, such as leukemia, myelodisplasia, as well as in some cases of ITP. The production 

of platclets is in the bone marrow, and we shall refer to BMP as the "bone marrow production" 

of platelets. 

The previous aspect is complementary to the second problem, since the level of platelets is 

nothing but the difference between the produced ones and the destroyed ones. In order to 

measure platelet destruction, it is customary to look for their mean life: hereafter, MPL will 

denote the "mean platelet life". 

Finally, in case of augmented destruction, the site where platelets are destroyed could be useful, 

for example, to predict the effectiveness of splenectomy. 

A useful clinical test to measure the above parameters is the study of thrombokinetic by 

means of platelets labeled with suitable radionuclides (formerly, 51Cr and, more recently, 1111n 

[20,22,26-33]). In this test, labeled platelets are reinfused in the patient, and their level in the 

blood is measured at prescribed time intervals. Moreover, on the third day, a scan of the body is 

done by using a v-camera, allowing to measure the sites where the radioisotope is accumulated. 

Nevertheless, it is not completely clear how to "read" the measured data: though some standard- 

ization guidelines have been given [34,35], the underlying mechanisms have not yet been made 

completely clear. 

In this paper, we propose an "incremental" model of the physiopathology of ITP which has 

the intent to provide a practical tool to be used in the interpretation of the results of the throE- 

bokinetic via the use of radionuclides. Moreover, at least in theory, the model provides a way to 

predict the effectiveness of splenectomy in the management of ITP, which we hope to translate 

into a clinical practice, in the near future. 

The paper is then organized as follows. In Section 2, we describe the basic model and its 

subsequent developments, which are introduced in order to take into account a number of aspects 

linked to the thrombokinetic. In Section 3, we then show some possible utilizations of the model, 

along with some practical examples of application. Finally, Section 4 contains some concluding 

remarks. 
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2 .  T H E  M A T H E M A T I C A L  M O D E L  

To begin with, let us start with the simplest mathematical model which describes the kinetic of 

platelets, to be "increased", as soon as it will become inadequate to describe the observed data. 
If we denote by, 

• p( t )  the level of platelets at time t, 

• ")' the rate of platelet destruction, 

• g( t )  the production of platelets at time t (i.e., g = BMP), 

then we may, at first, state that 
d 

~ p  : - ~ p  + g (1) 

In particular, with the only exclusion of cyclic thrombocytopenia where the level of platelets may 

heavily oscillate, we may assume that  g is constant and that p is at steady state. That  is, the 
derivative of p vanishes and the equilibrium value of platelets is 

: 9_. (2) 

Moreover, it is not dimcult to realize that 

1 
MPL = - ,  (3) 

which implies that 

p = B M P .  MPL. (4) 

It is then evident that,  since we can actually measure p, we can recover either BMP or MPL, once 

one of them is known. In order to estimate % it is customary to mark with a suitable radionuclide 
(111In, is the one currently used) a number of platelets of the patient. Then, the labeled platelets 

are reinfused and the level of radioactivity is measured at certain time intervals after reinfusion. 

If we denote by re( t )  a measure of the level of labeled platelets (i.e., the radioactivity of blood 
samples of prescribed volume), then 

d 
- - m  = - (~ + ~) m,  
dt 

m (0) = m o ,  

where n = 0.245d -1 is the constant of decay of 111In and m0 is the initial amount of radioactivity 

infused through the labeled platelets. Since the constant n is known, we can correct  the measures 

of the radioactivity of the samples, in order to take into account the nuclear decay: that  is, if we 
measure a given sample at time t after reinfusion, we have to multiply the obtained level by e '~t. 

In such a way, we can consider, in place of the previous equation, the following (corrected for the 

decay) one, 
d 

- - m  = --")'m, 
dt (5) 

( 0 )  = "~o.  

R E M A R K  1. Hereafter, we shall assume that  all measurements of radioactivity have been cor- 

rected for the nuclear decay. In such a way, we can neglect the constant s in the equations. 

Since the solution of equation (5) is m0e - ' t ,  we should have an exponential decay in the level 

of marked platelets. Nevertheless, it is known (see, for example [29]) that  at least two "speeds" 

of decay can be observed in experimental data. As a matter of fact, in Figure 1 we have the 

data 1 relative to a patient (hereafter, P a t i e n t  A) ,  where two speeds can be recognized: an initial 

1On the vertical axis, the unit is cpm, namely counts per minute,  which is the number  of "),-decays measured in 
one minute. This  is the most  commonly  used measure of radioactivity. 
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Figure 1. Patient A,/~1 = 193.103 p/t~l .  

"faster" one and a subsequent "slower" one. The reason for this, is due to the presence of the so 
called "ezchangeable" splenic pool: in individuals with a normal sized spleen, this pool contains 
approximately 1/3 of platelets, which are in dynamic equilibrimn with the circulating ones [36]. 

The total  amount  of pooled platelets is larger in case of splenomegaly, i.e., when the size of 

the spleen is increased. However, hereafter we shall assume a "normal sized" splenic pool, since 
splenomegaly is not very frequent in ITP. 

The above argument  implies that  we need a two-compar tment  model to adequately describe 
the thrombokinetic: i.e., the splenic compar tment  and its complementary one. Let then denote 
by: 

• Pl (t) the amount  of platelets outside the spleen (Compar tment  1), 
• p2(t) the amount  of platelets in the splenic pool (Compar tment  2), 
• 71 the rate of platelet destruction in the first compartment ,  
• 72 the rate of platelet destruction in the splenic pool, 

• A12 the rate of exchange between the first compar tment  and the splenic pool, 
• A21 the rate of exchange between the splenic pool and the first compartment .  

One then obtains the following set of equations: 

d 
~-~pl = --  ("/1 Jc A12) P l  -- A21P2 d- g, 

d 
~-~P2 = A12P1 - ("/2 -1-A21)P2, 

(6) 

where, as usual, 9 = BMP, which acts only in the first compar tment .  By assuming, as made 
above, 9 constant,  and taking into account that  the t ransformation matrix,  
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A = ( - ( 7 2  -~-/~12) /\22 ) 
~, /~12 -- (72 -}- /~21) ' (7) 

is the opposite of an M-matrix,  one then obtains that  a positive and asymptotically stable 
equilibrium (pl,/52) T exists [37]. By considering that,  because of the previous arguments, 152 is 
approximately twice/52, from the second equation in (6) it then follows that  the following equality 
(approximately) holds, 

72 -4- A22 
~ 1 2 -  ~ (s) 

By substituting (8) into the first equation in (6), one then obtains, 

/51 - -  g ( 9 )  
71 -~ 72/2 

Consequently, considering that/51 ~ (2/3)/3 - (2/3)052 +/52), from (2) it then follows that  the 
total number of platelets is 

g 

P - (272 + 7 2 ) / a  

That  is, from (1) we can interpret (23' 1 q- 72)/3 as the "cumulative" destruction rate of plate- 
lets, % in the whole body. From (3) we then obtain that  

3 
MPL - - - ,  (10) 

2"/1 + ~2 

provides us with an estimate of the mean platelet life. 

Let consider now the kinetic of label platelets. In particular, let: 

• rnl(t) be the level of labeled platelets in the first compartment,  
• m2(t) be the level of labded platelets in the splenic pool, 
• rn0 be the amount of labeled platelets reinfused. 

Then, in place of (6) we have, 

d 
~Tml = - (71 + A22) m2 + A21m2, 

d 
~71gt2 = A227rt2 -- (72 -[- A21) ~7~,2, 

"~2 (o) = m0, 

-~2 (o) = o. 

(11) 

The above-modified model is now adequate to explain the behavior of the data  in Figure 1, since 
the two observed "speeds" of decay are due to the two negative eigenvalues of the transformation 
matrix (7). As an example, for the data  in Figure 1 we obtain, 

al ~ -136.19d-1,  a2 ~ -0 .12d-1-  (12) 

In the next section, we shall see how to recover useful clinical information from such estimates, 
which can be easily obtained from the experimental data. 

Equation (11) can be joined with an additional one, which provides a model for the radioactivity 
measured in the spleen. In fact, by considering that,  

• the labeled platelets destroyed in the spleen remain there for a certain amount of time 
(presumably, of the order of several hours or even a few days), before they are removed 
by macrophages, 

• rn2 and rn2 are actually the levels of radioactivity of the labeled platelets in the two 
compartments,  
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Figure  2. Pa t i en t  B, spleen act iv i ty  curve,  five m i n u t e s  f rames.  

then, by setting r( t )  the radioactivity of the spleen at time t after reinfusion, one has that,  at 
least initially, 

~0 t r (t) = (t) + 72 (s) as. 

That  is, the radioactivity of the spleen is given by that  of the labeled platelets in the splenic 
pool, plus that  of the labeled platelets destroyed in the spleen so far. By casting the previous 
equation in differential form, and taking into account (11), one then obtains, 

d 
- -~" = )~1277~1 --  .~21 . t2 .  ~' (0)  = 0. (13 )  
dt 

A simple analysis of the problem (11)-(13), shows that  m]( t  ) and rn2(t) both tend to 0, as t --~ e~: 
in particular with an initial "bump" for rn2. In more detail, from (8) we have a zero derivative 
for rn2(t) when the ratio rnl/rn2 equals that  of/~1//52, i.e., approximately 2. On the other hand, 
r(t) ,  at least initially, seems to reach exponentially a "plateau": a typical example can be seen in 
Figure 2, where five minute fl'ames of the spleen, obtained by means of a 7-camera, are plotted. 
Usually, this behaviour can be observed in the first 30-40 minutes after the reinfusion of the 
labeled platelets. For a more detailed analysis, we refer to Section 3. 

2.1. F u r t h e r  D e v e l o p m e n t  of  t h e  M o d e l  

The previous model, though more accurate than the basic one (1) is, however, not able to 
describe what can be observed in some cases, characterized by a very rapid destruction of platelets. 
This, indeed, actually happens when there is a low level of platelets, but  a normal/high production 
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(BMP): this is exactly the "scenario" of ITP. In such cases, in fact, the data  of blood radioactivity 
exhibit essentially three "speeds" of decay, as shown in Figure 3. 

To explain this fact, we have supposed that  the radionuclide used to label the platelets is 
(slowly) released in the blood, after their destruction, thus becoming available to label new 
platelets. This process is usually not observable in normal subjects, since the process of releasing 
of the marker in the blood and its subsequent recombination with new platelets can be expected 
to be very slow. Nevertheless, it may be actually observed in case of a very rapid destruction of 
the labeled platelets. In more detail, let us denote by, 

• I ( t )  the quantity of the radioactive marker (Indium) available at t ime t (as done before, 
we assume to have corrected data for the nuclear decay), 

• /3 the rate of recombination of the marker with unlabeled platelets, 
• c~ the rate of clearance from blood of the marker (because of some physiological reason, 

e.g., it is absorbed and/or  filtered by some tissue, etc.). 

Then, equations (6),(11) become, 

d 
~-~Pl  = - -  ("~1 ~- A12) P l  q- A21P2 - -  ~ P l  ( l  - -  7~ 1 - -  m 2 )  ~- g ,  

d 
~ p 2  -- A12pl - ('vz + A21)p2, 

d 
~ 7 Y t l  ~ - -  ("}IX -]- "\12) 7Ttl -]- A21FTt2 ~- 3pl (I  - 7yt 1 - Tyt2) , 

d 
~ T Y t 2  = "~127Ttl - -  (')/2 Jc ~21 )  7f~2, 

d 
- - I  = - a I ,  
dt 

(14) 
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with the initial conditions pl(0) = Pl, p2(0) =/)2 ,  ml(0)  = I(0) = too, and m~(0) = 0. Equa- 
tion (13), which remains unchanged, completes the above set of equations. In the previous equa- 

tion, I - m l  - m 2  represents the "free" marker which can recombine with unlabeled platelets (Pl) 
and, obviously, such recombination is proportional to their product.  For simplicity, we have as- 
sumed tha t  recombination happens only in the first compar tment  (i.e., outside the spleen), which 
is the larger one. 

The dynamics of the solution of (14) is more easily understood if we assume, for simplicity, 

that  the equilibrium level of Pl, Pl, is not affected too much by the extract ion of the platelets to 
be labeled. This is, indeed, the case, and, moreover, also the coefficient/5 can be expected to be 
very small. In such a case, the last three equations in (14) essentially decouples from the first 

two, thus giving 

d 
~ m l  = -- (71 + A12) rnl + A21m2 +/3pl  ( I  -- ml  -- m2) ,  

d 
~f t t2  = X12m1 -- (3'2 -F A21) rrt2, 

d ~I = - a I .  

(15) 

The lat ter  is again a linear system, whose transformation matr ix  is (compare with (7)) 

- (~1 + x~2 + Zpl) (A21 - /5pl)  Zpl \ 
Ai2 - ('T2 + A21) 0 ) . 
0 0 - a  

Since the t e rm /~Pl could be expected substantially smaller than  the other coefficients, it follows 
tha t  we have essentially the same two "speeds" of decay of the model (11) and, moreover, a 
third one, which behaves like e - ~ t .  The latter is the slowest among the three, and concerns a 
(relatively) small number  of platelets: as an example, for the da ta  in Figure 3, we obtain the 

following estimates,  

a l  ~, -108.47d -1, or2 ~ -1 .55d  -1, Ga ~ -0 .02d  -1. (16) 

However, we observe tha t  tile last speed of decay is related to the absorption of the radioactive 
marker by the tissues, more than to the destruction of the labeled platelets. The above arguments,  
therefore, suggest tha t  the most useful information, from the clinical point of view, is that  
provided by a l  and G2, whereas aa has no practical interest. I t  must  be stressed that  this 
interpretat ion of the da ta  is valid only in case of an accelerate destruction. 

3. A N A L Y S I S  A N D  P R A C T I C A L  U S E  OF T H E  M O D E L  

In this section, we show some possible ways to practically exploit the model (11), which turns 
out to be the most useful, in order to obtain relevant information from the clinical data. 

In more detail, Section 3.1 is devoted to the use of the model for the interpretat ion of the throm- 
bokinetic data; Section 3.2 concerns its use to establish ex-post  the usefulness of splenectomy; 
finally, Section 3.3 is devoted to the use of the model to predic t  the effectiveness of splenectomy 

in the clinical management  of ITP. 
It  must be emphasized tha t  all of the above three problems are relevant in the clinical man- 

agement of ITP,  though they are substantially unsolved, so far. 

3.1. I n t e r p r e t a t i o n  o f  T h r o m b o k i n e t i c  D a t a  

In the previous section, we have seen the two-compartment  model (11)-(13), and its modifica- 
tion (15). As previously said, the latter model was used essentially to explain a third "speed" of 
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decay in the thrombokinetic. Nevertheless, the conclusion is that  the last (and slowest) speed of 
decay is essentiaIly due to recombination of "free" marker in the blood, so that  we can neglect 
it, thus concentrating on the first two speeds only. To manage them, the model (11)-(13) is 
appropriate, so that  our analysis will be devoted to it. We shall confine the analysis here, to the 
equations describing the radioactivity of the platelets, that  is to equations (11) alone: the analysis 
of equation (13), concerning the radioactivity of the spleen, will be carried out in Section 3.3. 

Let us then consider equations (11), which are linear ones. The eigenvalues of the corresponding 
transformation matrix (7) are given by 

- b  :v x / ~  - 4c 
#1/2 = 2 ' (17) 

where 

b = - t r a c e  (A) = / \ 1 2  -7 ")'1 -}- ,~21 -- ~/2, 

c = det (A) = (A12 + "~1) (.~21 ~- '~2) - -  / ~ 1 2 / ~ 2 1  - 

By taking into account (8), one then obtains that  

~1-1- #2 = --b = -- ( 3 ( A 2 1 + ' ) ' 2 ) - t - ' ) ' 1 ) ,  

~1/Z2 

From clinical observations, (see, e.g., [21,33]), it is known that  the reciprocal of A21, that  is, the 
speed of transit of platelets through the splenic pool, is of the order of ten rain. Consequently, 
/~21 is of the order of 102 d -1. On the other hand, it is known that  the mean platelet life is, in 
normal subjects, of the order of ten days. Consequently, from (10) one obtains that  71 (as well 
as 72) is of the order of 10 -1 d -1. As a result, 3'1 turns out to be negligible, with respect to 
A21 : because of the three orders of magnitude of difference, this is still true in pathological cases, 
where % may be increased. From (10) one then concludes that  

MPL ~ t~1+#2 (18) 
#t#2 

Moreover, from (4), and considering that /5  - / S t  +/52 ~ (3/2)/~1, where t51 is the actual level of 
platelets measured, we obtain that  

3 /51 
BMP_--g ~ 2MPL" 

It is evident that  #1 and #2 are nothing but the (first) two "speeds" of decay which can be 
observed in the data of thrombokinetie. Therefore, the estimates al  and a2 in (12),(16) are 
the approximations to #1 and #2 for Patient A and Patient B, respectively. As a consequence, 
for the data in Figures 1 and 3, corresponding to a patient with a normal level of platelets 
(t51 = 193. 10ap/ttl) and to a patient with a serious thromboeytopenia  (Pl = 10 -10  sp /# l ) ,  
respectively, the following clinical information can be obtained: 

Patient A: M P L ~  8.7d, 

Patient B: M P L ~  0.7d, 

BMP ~ 33. 103p#l-ld-1;  

BMP ~ 23. 103p#l-ld -1. 

For both patients, BMP is in the normal range, whereas MPL is in the normal range (8-12d) 
for Patient A, but  it is significantly reduced in Patient B. For the latter patient, there is a clear 
diagnosis of ITP, since there is no evidence of more important  systemic diseases. 
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Let us continue the analysis of equations (11): this will allow us to recover information about  

the labeled platelets in the splenic pool, i.e. m2, by only having measurements  on ml ,  which are 
relatively easy obtainable (blood samples). 

The solution of (11) can be seen to be given by: 

Tn I ( t )  __ ]£2 ~- -~12 ~- ~/1 (?,alt __ ]£1 @ /~12 ~- '~i ett2t,  (19) 
m o  ]£2 --  ]£1 ]£2 --  ]£1 

rYt 2 ( t )  __ (]£1 -~- "~12 d- ~/1) (]£2 d- /~12 -~- ")'1) ( e # l t  _ et t2t)  (20)  
77~0 /~21 (]£2 - -  ]£1) ' 

where ]£1 and ]£2 are given by (17). Fronl the lat ter  equation, one obtains that ,  since c is "small" 
with respect to b 2, then 

0 > #2 >> ]£1, 

which is indeed confirmed by the experimental  da ta  (see, e.g., (12),(16)). The initial transient 
for rnl, at speed ]£I, ends as soon as (see (Ii)) 

(A12 f l  ~/i) m i  ~ A21~Tt2" (21) 

After which, the slower decay at speed ]£2 begins. Let us now consider the behaviour of m2(t), 
which is 0 at t = 0. Obviously, we have an initial (fast) increment, up to the time where 

/~12~nl = ()~21 • "/2) m 2 -  (22) 

From (20) it is not difficult to verify that  this happens exactly at the t ime 

t - t* - log ( - , 1 )  log ( . 2 )  (23) 
]£2 - -  ]£1 

At t = t*, the ratio m 2 / m l  equals that  of Pl/P2, that  is approximately 2 (see (8)). We observe 

that ,  since both  71 and 72 are small with respect to both  A12 and A21, from (21),(22) it follows 

then tha t  t* essentially coincides also with the width of the transient of rnl (actually, slightly 
larger). Coming back to rn2, for t > t*, m2(t) begins to decay: as soon as e mt becomes negligible 
with respect to e u2t, then (see (19),(20)), 

)t12 1 rn2 ~ # 2 + A 1 2 + 7 1  ~ - -  > _  

ml  A2I 121 ~ 2" 

As an example, in Figure 4 there is the plot of rnl and m 2 for an "almost physiological" set of 
parameters  (having normalized rn 0 = 1), which well illustrates the above features. In such a case, 
the value of t* ~ 55 min (in the clinical routine, we have found it essentially ranging between 
20 - 120min, with a median of 77min: see Figure 5, where the histogram concerning 21 cases 
is plotted). We end this section underlying the usefulness of the information on m2 tha t  we can 
recover, through the model (11), from the measurements  on m l :  indeed, direct measurements 
of rn2 are very invasive (splenic biopsy) and potentially dangerous. 

3.2. Result of Splenectomy: Retrospective Analysis 

As we said in the introduction, splenectomy is one of the t rea tments  which is used in the 

clinical management  of ITP. In the next section, we shall deal with the possibility of predicting 
its effectiveness, but now we only mention a possible way of using the proposed mathemat ica l  
model, in order to assess ex-post its effectiveness. Indeed, also this problem is not actually well 
understood, and in the medical li terature it is only possible to find statistics about  the long term 
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Figure 6. Platelets counts pre and post-splenectomy (vertical line). The filled circlcs 
correspond to therapy with intravenous immune globulin. 

follow-up of splenectomized patients [10,12,13]. The analysis of this section will be made on a 
single set of data, but it is clear how it can be generalized. 

To begin with, let us consider the data  plotted in Figure 6, which are the platelet levels of 
the first author,  who underwent splenectomy about  two years ago, because of ITP:  the surgical 
operation took place in correspondence of the vertical dashed line, so tha t  we have the data of 

the previous two weeks and about  one month after splenectomy. Before splenectomy, the baseline 
level of platelets was approximately 5 • 10 ap/#l :  t empora ry  increases of this level were due to 
therapy with intravenous immune globulin (see filled circles in the figure). After splenectomy, 
the level of platelets steadily increased up to about  910 • 10 a p/#l, which was maintained for at 
least two weeks. From this fact, by using (9) we can infer that ,  before splenectomy, 

71 + 722 ~ g 2 5 .103 p/pl' 

whereas, after splenectomy, which is equivalent to set ~/2 = 0, 

g 

910 • 10 ap /# l"  

The transient phase, probably due to the cicatrization of wounds. Consequently, one easily 
obtains that  

72 ~ 36271, 

which means tha t  the destruction rate of platelets in the spleen was 362 times faster than  the 
destruction rate outside it! Therefore, splenectomy has been (fortunately 2) appropriate,  in this 

case. 

Moreover, additional information can be also obtained. In fact, assuming a normal MPL after 
splenectomy (say, lOd), one obtains that, before splenectomy (see (I0)), 

MPL = -3 ~/1 10 d ~-. 2 h. 
2 + (72/2) 

2Comment of the first author. 
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A final scenario of the situation before splenectomy is given by the additional information that ,  
after the "plateau" in Figure 6, the level of platelets reached, after about  one month,  260.103 p / # l :  

indeed, a physiological negative feedback control exists on platelet production, essentially based 
on specific chemical mediators (cytokines) of which the predominant  one is, for platelet produc- 

tion, the thrombopoiet in  [23]. Subsequent levels of platelets, after about  two years, raised from 
this level and came back again to it. Therefore, we can assume tha t  the new level of production 
is due to a modified BMP, that  is, the te rm g in equation (6). As a consequence, we have that  

the ratio between BMP before and after the splenectomy is approximately  given by 

910 
=3 .5 .  

260 

Tha t  is, when platelet destruction was high, the bone marrow increased approximately 3.5 times 
its production of platelets. This result agrees with what  can be found in the medical literature 
(see, e.g., [26]). 

3.3. R e s u l t  o f  S p l e n e c t o m y :  P e r s p e c t i v e  A n a l y s i s  

This aspect is the most interesting and challenging one, since, as previously said in the in- 

troduction, the prediction of the outcome of splenectomy in the management  of I T P  is an open 
problem (see, e.g., [6]). As a mat te r  of fact, splenectomy may be ineffective: in such a ease, it is 
evident tha t  it would have been preferable not to perform it. 

From the mathemat ica l  point of view, assuming stat ionary conditions (as we have always done 
so far), if we were able to have an estimate for 71, from (9) we could then in principle predict the 
new level of platelets after the splenectomy, say p*, as 

p* = g ,  (24) 
71 

that  is, by formally removing the destruction term due to the spleen. Since we have already seen 
in Section 3.1 how to obtain an est imate for 71 ÷ (72/2), we only need a way to have an estimate 

for either 71 or 72. If  we consider the model (11)-(13), we obtain, by summing the first and the 
last equation, 

d d 
~-~ml  + ~-~r = - - 7 1 m l .  

From this equation, it follows then that ,  by having a suitable set of measurements  for the radioac- 
tivity in the blood, ml ,  and tha t  in the spleen, r, then an est imate for 71 should be obtainable 
somehow. Unfortunately, thc measm'es of ml  and r are obtained by using different equipments. 

As a mat te r  of fact: 

(1) the radioactivity in the blood is obtained by measuring a fixed volume of blood in a 

7-counter, 
(2) the radioactivity of the spleen is measured from the image obtained through a v-camera. 

Therefore, the first measurement  is a relative one, whereas the second measurement  is an absolute 
one. Moreover, also the efficiencies of the two equipments greatly differ. Consequently, it is very 

difficult to directly use these measurements  in order to recover the required information. 
In order to derive an alternative (and practical) "device" for predicting the effectiveness of 

splenectomy, it is then convenient to bet ter  analyze equation (13) alone. After some calculus, 

one obtains that:  

r (t) _ 1 + 71 #2 +/~12 + "/a e m t  + 1 + "/~ #1 Ar )k12 -~- 71 et~2t + . (25) 
?D~0 ~tl - -  P2  /22 --  P l  71 + ( 7 2 / 2 )  

From the arguments in Section 3.1 (see (10),(18)), we obtain that ,  

3 #I#--------Lz ~ 71 + --."/2 (26) 
2 /~1 + #2 2 
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Consequently,  we could est imate 72/2, and then (24), by having an exper imental  est imate of the 
left-hand side in (25) for t sui tably large. 

Nevertheless, this could be not  reliable, due to the fact tha t  equat ion (13) could be no more 

a valid model  for t very large, due to a possible removal of the radionuelide accumula ted  in the 

spleen, after the dest ruct ion of the labeled platelets. A possible way to overcome this problem 

is to observe that ,  at t = t*, it is likely tha t  most  of the labeled platelets are still "alive". 
Consequently,  

r (t*) m2 (t*) 1 

m0 m0 3 
Nevertheless, if 72 >> 71, then we can expect  the limit of (25), as t --~ ~ ,  to  be close to 1, 

whereas, if 72 << ~/], it can be expected to be much closer to O. Consequently,  having measured 

the "initial plateau" for r ( t )  around t = t* (see Figure 2), it could be possible to measure r ( t )  

after some t ime (say hours or one to two days) and compare  the two measurements :  in case they  

differ substantially,  this would mean tha t  72 and 71 have a different magni tude .  

In  more detail, for t sui tably large, the  ratio 

Consequently,  

7" (t) ("/2/2) / (71 "71- ~2/2) 

r (t*) 1/3 

( 72)_  72 5 7 ,+  - T  

Since we have the est imate (26), we can then obtain an est imate (actually, an underestimate) of 
the weight of 72/2 in the cumulative destruction rate 7] + (72/2). Consequently, when the latter 
rate  is high and c~/3 is close to 1, this would give a clear indicat ion for splenectomy. Evidently, 

if ~ / 3  is much smaller t han  1, this would mean tha t  the dest ruct ion in the first compar tmen t  

dominates ,  and, in this case, splenectomy would be useless. 

4. CONCLUSIONS 
In  this paper,  we have proposed a new mathemat ica l  model  for the kinetic of platelets. Such a 

model  is able to  provide a way to obta in  useful clinical parameters  (e.g., M P L  and BMP)  from 

the blood da t a  of th rombokine t ic  via labeled platelets, also providing clear guidelines for their 

' :reading". 

The  proposed mathemat ica l  model  is also able to provide a pract ical  tool  for a retrospective 

analysis to assess the usefulness of splenectomy, in the managemen t  of ITP.  

Last ,  but  not  least, it suggests a possible, practical  way to predict  the ou tcome of splenectomy 

in the managemen t  of ITP,  which is an open problem in the medical  l i terature (and for I T P  

patients) .  We hope to carry out  a corresponding medical exper imenta t ion  in the next future. 
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