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Abstract. General Linear Methods were introduced in order to encompass a large family of numerical methods for the
solution of ODE-IVPs, ranging from LMF to RK formulae. In so doing, it is possible to obtain methods able to overcome
typical drawbacks of the previous classes of methods. For example, stability limitations of LMF and order reduction for RK
methods. Nevertheless, these goals are usually achieved at the price of a higher computational cost. Consequently, many
efforts have been done in order to derive GLMs with particular features, to be exploited for their efficient implementation.

In recent years, the derivation of GLMs from particular Boundary Value Methods (BVMs), namely the family of General-
ized BDF (GBDF), has been proposed for the numerical solution of stiff ODE-IVPs. Here, this approach is further developed
in order to derive GLMs combining good stability and accuracy properties with the possibility of efficiently solving the
generated discrete problems via the blended implementation of the methods.
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INTRODUCTION

General Linear Methods, in the form introduced by Burrage and Butcher [10], are numerical methods for solving ODE-
IVPs which, in order to advance the integration of one step, require some information from the previous step (external
stages), along with some internal stages to be computed at the current step. Such methods are able to describe, as
extreme cases, both RK methods and LMF (the latter, when used as Initial Value Methods (IVMs)) [11]. A GLM with
r external stages and s internal stages, when applied with stepsize & for the solution of the IVP

Y =fty), o) =y eR", (1)

is usually described as
Y =hAeL)FP + ULy,  yl=nBeL)F"+vVerL)y"", a=12.., 2)

where: A € RS, U € R%*", Be R™, V € R™", Y[”LF[”] € R™ are the vector of the internal stages and the
corresponding values of the function f, respectively; yll € R™ is the vector of the external stages. Many papers
have been devoted, across the years, to the construction and the analysis of GLMs (see, e.g., [12, 13, 14, 15, 16, 17,
18, 19, 20]). Clearly, the simpler the form of the matrix A, the more efficient the implementation of the corresponding
GLM. In this setting, we shall consider implicit GLMs for which A = B,U =V € R"™*" and, therefore, ylhl = y[”],
i.e., the external and the internal stages coincide. Moreover, the order of accuracy of each entry of yl is equal to p
(to be specified later), which is, therefore, the global order of the method. We mention that sometimes GLMs with
approximations having the same order have been also called “peer methods” (see, e.g., [21]). The approach that we
shall consider is the one introduced in [8, Chapter 11, Section 6] and is based on Boundary Value Methods (BVMs). In
more details, the family of BVMs which we shall consider is that of Generalized Backward Differentiation Formulae
(GBDF) [7], which is briefly sketched in the next section, along with their formulation as GLMs. For the efficient
solution of the generated discrete problems, in the last section we shall consider the blended implementation of such
methods. This implementation, introduced in [1] for block implicit methods (see also [2, 3, 4, 6, 8, 9]), naturally
induces an efficient splitting procedure for the solution of the generated discrete problems. The linear analysis of
convergence for this splitting is done according to [5].



GENERALIZED BACKWARD DIFFERENTIATION FORMULAE (GBDF)
AND GENERAL LINEAR METHODS

Let us consider the particular class of k-step LMF having the polynomial o(z) in its simplest form,
o(z) =7,
where j € {0,1,...,k}, with the coefficients of the corresponding polynomial p(z) = Zf'(:() ;7" uniquely defined by
imposing that the method has the maximum possible order p = k. When j = k, one obtains the well-known family of
BDF which, however, provides 0-stable methods only up to kK = 6 and A-stable methods up to k = 2. Nevertheless,
when
J=v=[(k+2)/2],

and the formula is used as a BVM with (v, k — v)-boundary conditions, i.e., by fixing the first v values and the final
k — v values of the discrete solution, then the methods turns out to be stable for all values of k [7, 8]. By the way, when
k = 1,2, one obtains the usual first two BDF. In view of the implementation of GBDF as GLMs, one may assume to

know the initial values of the discrete solution. On the other hand, the final k — v values can be retrieved implicitly by
using a suitable set of additional final methods [8], consisting of LMF having the following characteristic polynomials:

o)=7, pR=Ya"7  j=vil.. .k

with the coefficients {ai(j ) } uniquely defined by imposing the order p = k conditions. If we assume, for sake of
simplicity, that a constant stepsize / is used, then by introducing the vectors

Ynew:(yrz+17~~~a)’n+r)Ta fnew:(fn+la---7fn+r)T7 yOld:(yn*FFlv"'ay")Ta

and the r x r matrices A; and A, such that
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the discrete problem, at a given point #, = nh, can be cast in matrix form as

(AZ & Im)Ynew = hfnew - (Al & [m)yold~

This corresponds to a GLM (2) with coinciding internal and external stages, and A = A, 1, U=-A; 1A1 (indeed,
matrix A, turns out to be nonsingular). Such methods were called Block BVMs with Memory (B, VMj3s) in [8]. In the
GLM notation, the abscissae defining this GLM are ¢c; =i,i = 1,2,...,r. However, in order to guarantee the L-stability
of the corresponding method, it is sometimes required to change them into the following set of abscissae (as suggested
in [8]):

J
ci=i, i=1,....0—1, Com1j=L—1+ Z ¢, j=1,...,r—¢+1, with §e€(0,1] st ¢ =2
m=1
Clearly, when ¢ =r we have a uniform mesh, whereas for ¢ < r the last r—¢+1 points are spaced with geometrically
decreasing stepsizes. In such a case, the points corresponding to the abscissae cy,...,cy_1,c, are equally spaced and
are the ones needed for the subsequent integration step. This implies that corresponding r — ¢ zero columns must be
appropriately inserted in matrix A; in (3). Consequently, such a GLM based on GBDF is uniquely determined by
the triple of integers (k,r,£) (clearly, the order of the corresponding method is p = k). By choosing appropriately the
values of (r,£), it is possible to guarantee the L-stability of such methods for all practical values of k. However, it turns
out that, for each value of k, the couples (r, ) are not unique. Consequently, an additional criterion will be considered,
in the next section, in order to speed-up the iterative solution of the corresponding discrete problems, via the blended
implementation of the methods.



BLENDED GENERAL LINEAR METHODS

In the previous section, we devised a procedure for obtaining a whole class of implicit GLMs based on GBDEF,
containing L-stable methods of arbitrarily high order. We now consider the problem of efficiently solving the generated
discrete problems which, at a given time step, assumes the form (see (2)), y — (A ® I,,)f = 1, where 1 is a known
vector and A is a nonsingular matrix. In order to describe the blended implementation of such method (see, e.g.,
(1,2,3,4,5,6]), the given GLM is conveniently applied to the usual test equation, y’ = Ay, Re(A) < 0, for which the
discrete problem reduces to a linear system of dimension r:

(I—-qA)y=n, q="hi. 4)

Such linear system is clearly equivalent to

YA ' —qhy=yA"'n=n,, (5)

with y > 0 a free parameter. By introducing the weight function 6(q) = (1 —yq)~'I, we obtain an equivalent discrete
problem by combining, with weights 6(g) and I — 0(q), respectively, the linear systems (4)-(5):

M(q)y = (6(q)(I—qA) +y(I—6(q))(A~" —ql))y = 6(q)n +y(I— 6(q))n, = n(q). (6)

Equation (6) defines the blended GLM corresponding to the original GLM (4). In view of the fact that M(q) = I, for
q~0,and M(q) =~ —vql, for |q| > 1, the following blended iteration for solving the discrete problem (6) is naturally
induced:

N(@)y"™ = (1 - yql)y"™) = (N(q) —M())y? +n(q),  i=0,1,.... (7)

By considering that N(¢)~' = 6(g), it is quite straightforward to realize that, in the case of problem (1), the
corresponding blended iteration requires only the factorization of one matrix of the size of the continuous problem,
since, in this case, 0 =1® (I,, — YhJ), with J the Jacobian evaluated at the last known point. We observe that (see
[5]) the iteration matrix corresponding to the blended iteration (7) turns out to be given by

q
(1-79)?

Such matrix is zero at ¢ = 0 and at oo and its spectral radius, p(g), is such that

Z(q)=1—N(q)"'M(q) = AN A=), (8)

Peo
~
~ 2

plg)~pg, q=0,  p(q) . lgl>1,  p*=maxp(ix),

where p, P, and p* are the nonstiff amplification factor, the stiff convergence factor, and the maximum amplification
factor, respectively, which, according to [5], are evaluation parameters for the blended iteration (7). In particular, if
p* <1, the iteration is L-convergent and, then, appropriate for L-stable methods [5]. Moreover, it turns out that

p=p(AlA-1)?),  P-=7v7h. P =015

and the value of the free positive parameter ¥ is chosen in order to minimize p*. In Table 1, the relevant figures are
reported for selected GLMs based on GBDF, each characterized by the corresponding triple (k,r,£). As it can be seen,
the blended iteration corresponding to each method turns out to be L-convergent. Moreover, the value of the parameter
Y (with the only exception of that corresponding to k = 4) turns out to coincide with the value, ¥* = min,cq(a) |,
suggested in [2] for a class of Blended Implicit Methods (see also [5]). At last, as an example, we list the matrices A
and U which define the third order GLM corresponding to the triple (3,2,2),

1 (2 -4 1 (-5 28
A23<36 6>’ U23<—4 27>’

and those defining the fourth order GLM corresponding to the triple (4,4,3),

0.85795933248329 —0.22588594615620  0.09292560797716 —0.02384741384935
1.14013555838905 0.75295315385401 —0.30975202659054  0.07949137949784
1.16454145194449  0.91413597782316  0.27338586108581 —0.07015876367984 |’
1.16304178987375 0.90057211551936  0.50490826434742  0.09507592794253
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TABLE 1. Parameters of the blended itera-
tion associated with GLMs, based on GBDF,
characterized by the triple (k,r,£).

*

| k| r[ ] v| P| P P

3 21210721023 | 044 | 0.16

4 4131062 038|099 | 031

6 5141061057 | 156 | 047

8 6|5 1] 058|064 | 1921 0.55

10 7161055 066 | 219 | 0.60

12 91710531073 | 264 | 0.70

14 | 10 | 8 | 0.51 | 0.74 | 2.80 | 0.72

16 | 11 | 9| 050 | 0.73 | 294 | 0.73
0.07149661104027 —0.44184164162566 0 1.37034503058538
U | 009501129653242  —0.52719452791448 0 1.43218323138206
o 0.09704512099537 —0.53021970356702 0 1.43317458257165
0.09692014915615 —0.53024220062923 0 1.43332205147308
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