CHAPTER 3

The Bourgain—Gamburd machine

The Bourgain—Gamburd machine, as it is now commonly called, is a general prin-
ciple, devised by J. Bourgain and A. Gamburd [1] in 2008 to prove that certain
families of Cayley graphs are expanders. At present it is perhaps the most versatile
and effective way of doing that, being also, if this makes any sense, more elementary
when compared to the previously known general approaches, which were based on
rather deep results involving e.g. Kazhdan property (T), or the weaker Lubotzky
property (7), Selberg Trace formula, etc.!

In this chapter we prove Bourgain and Gamburd Theorem, which we will apply in

the next chapter to families of Cayley graphs in groups SLs(q).

3.1. The Balog-Szemerédi-Gowers lemma

The Balog-Szemeredi-Gowers Lemma is a fundamental tool in additive combina-
torics, later extended by Tao to the non-commutative setting. As such, it entirely
belongs to the matter of Chapter 1. We postponed it here because its proof (for
which we follow Tao’s approach in [35]) proceeds through a graph-theoretical ver-
sion, which is somehow easier to visualize and manipulate, and because, for our
purposes, the Balog-Szemerédi-Gowers Lemma, which has lots of other important
applications in combinatorics, is instrumental in the proof of the Bourgain-Gamburd

Theorem.

Before starting, let us fix the following convention, which will be in force for the
rest of these notes. If a(I), B(I) are positive real numbers, that depend on a certain
set of variables I, we write

a(l) < B(I)
if there is an absolute constant C' > 0 (that is, C' does not depend on any of the
variables) such that «(I) < CB(I) for every assignation of the variables I. Of
course, o(I) > B(I) means B(I) < a(I).

As said, we begin with graphs. When saying that ' = (A U B, E) is a bipartite
graph, we tacitly mean that A U B is a partition of the vertex set by non-empty

A and B, such that every edge intersects both non-trivially. Also, for every vertex

IThese methods are at any rate still very important, and deserve attention; however they are

out of the scope of this course.
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54 3. THE BOURGAIN-GAMBURD MACHINE

x € V of a graph T = (V, E), we denote by N(z) = Nr(z) its neighborhood, that
is N(z) ={y € V |z ~ y}; clearly |N(z)| = dr(z).

LEMMA 3.1 (Balog-Szemerédi-Gowers: two-step walks). Let I' = (AU B, E) be a

finite bipartite graph and k > 1 such that |E| > |A||B|/k. Let ¢ > 0. Then there
exists a subset X C A such that

o x>k
{(a,a) € X x X ||N(a) N N(a')| > 2%2|B|}’ > (1-¢)|X|2.

(the second item says that at least (1 — €)|X|? of the pairs (a,a’) € X? are such
that there are more than 5z=|B| walks of length 2 from a to a').

PROOF. The idea is to search for such X C A among the neighborhoods N (b)
of the elements of B.
We say that a pair (a,a’) € Ax Ais bad if [N(a) "N (a')| < 57z |B|, and for Y C A
we denote by B(Y) the set of all bad pairs (a,a’) with a,a’ € Y.
Suppose, by contradiction, that for no b € B the set X = N(b) satisfies the prop-
erties in the statement, and let

By = {b € B||IN(b)| < ﬂ}.

V2k
Finally, let Q = {(a,a’,b) € Ax A X B | (a,a’) € B(N(b))}. Then
Q1= > IN(@NN(@) <[5(4) 2k2|B| < 2k2|A| |BJ.
(a,a)eB(A)

On the other hand
Q> Y BING)I> Y eN®B)IP=e > IN®)
bEB\Bo bEB\Bo bEB\BO

Therefore

(3.1) S NG < |A2|k‘23|.

be B\ By

Now, by the Cauchy-Schwarz inequality,

2 2
Y INO)PP > é(z |N(b)\)2 - ||EB|| > W/{#_

beB beB
Hence,
IAI IBI AIQIB\ IAI2
(32) > INOP = - INO) 5 [ Bol.
bGB\BO beBy

Comparing with (3.1), we get
[AP%IB] _ |APIB| _ |AP|Bol
2k? k2 2k2
whence the contradiction |By| > | B]. [
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LEMMA 3.2 (Balog-Szemerédi-Gowers: three-step walks). LetT'= (AU B, E) be a
finite bipartite graph and k > 1 such that |E| > |A||B|/k. Then there exist subsets
A’ C A, B' C B such that

o |4 = c|Al/k?, |B'| = | BI/k?;

o for every a € A', b € B’, there are at least d|A||B|/k” walks of length

three from a to b;

where ¢ and d are absolute constants..

PROOF. Let A; be the set of all elements in A whose degree is at least |B|/2k,
and let E be the set of all edges that have an extreme in A;. Then

| B| |A||B]  |A||B|
, > > Bl - Z2l14] - ol S e |
(33)  JABI2 B 2 1Bl - 5 (4] - Ay 2 5 - S
hence |A1||B| > |E1| > |A||B|/2k, and so
A [ A B
> — > .
|A1| e Qk and |E1| = 2k

Applying Lemma 3.1, for € > 0 to be later specified, to the subgraph induced by
Ay U B, we find Ay C A; with
Al A

|Ag| > 2ok > NS
such that if W is the set of all pairs (a,a’) € Ay x As that are not connected by
more than gZz|B| walks of length 2, then |W| < ] Az .
Let A’ be the set of all a € Ay such that the number of vertices a’ € Ay with
(a,a’) € W is at most /e|As]; then,

(|1 42] = |A)Ve|A2| < W] < €] Aof?

and so
(34) Al = (1= Ve)| Al
Let E5 = 0As be the set of all edges joining As to B. Since every element of Aj

has degree at least |B|/2k, we have
4:]1B] _ 1418
2k T 82k3
Finally, let B’ the subset of all vertices in B that are adjacent to at least |As|/4k
elements of As; by (3.5), arguing as for (3.3), we have
/< 1Bl
(3.6) B>
Let a € A’ and b € B’. Then, denoting by () is the number of elements a’ of Ay
such that o’ is adjacent to b and (a,a’) € W, we have that the number of distinct
walks of length 3 connecting b to a is at least g=|B|y(b). Since, by construction,

A
1(e) > 22 e,

(3.5) |Ea| >
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we have that the number of distinct walks of length 3 connecting b to a is at least

e (1 1 €
(57 = VE)142lBI = (5 - V&) =5 AIIBI.
5 (35 — VE)142Bl = (5 — VE) g 1AIIB
Choosing, for instance ¢ = (8k)~2 we obtain the desired bound for this number.
The bounds for |A’| and |B’| follow at once from (3.4) and(3.6). [ |

We come now to the group theoretical version of the Balog-Szemerédi-Gowers

Lemma. Then, it is time for the following definition.
DEFINITION 3.3. Let A, B be finite non-empty subsets of a group. The (multiplica-
tive) energy of the pair (A, B) is

E(A,B) = |[{(a,b,d’,b') € Ax Bx Ax B |ab=d'b'}|.

It is convenient to observe immediately that for any pair A, B of subsets of a finite

group G one has
(3.7) E(A,B) = |14 % 15|

Energy thus counts the number of ”coincidences” in the product-set AB; it is then
intuitive that large energy should correspond to small product. This is true only

in one sense: let us prove the following elementary fact.

LEMMA 3.4. Let A, B be finite non-empty subsets of a group. Then
| Al B|?
|AB]|
ProoF. For x € AB, write r(x) = |{(a,b) € A x B | ab = z}|. Then, by the
Cauchy-Schwarz inequality,

1 2 |Ax B]? |A]?IBJ?
E(A,B) = r(z)? > —— r(z))” = = .
x;}g ( |AB| (m;:B (%)) |AB| |AB|

< E(A,B) < |APP?| B2,

For the upper bound, observe that we have, for any « € AB,

(3.8) r(z) < min{|A[,|B|} < V|A[|B],
hence
E(A,B)= > r(z)? <+A[B] Y r(x) =+/A|BJ|A x B| = |A]**|B[*/2.
TEAB zEAB
| ]

Therefore (letting A = B for easy), if |AA| < k|A]| is small we have, by the left
inequality, that E(A, A) > |A|3/k is large. The converse is not quite true. Consider,
for instance, a set which is the union of two parts of comparable sizes, one of which
in charge of producing most of a big set-product, the other with small double and
large enough energy; as an explicit example, you may take PUQ = A C Z, with
P={0,1,...,n—1} and Q = {n,n?,...,n"}; then |A + A| and E(A, A) are both
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large (with respect to |A| = 2n, or to |A x A| = 4n? for the energy) being of size,
respectively, n? and n3. The Balog-Szemerédi-Gowers Lemma shows that what is
going on in this example is in fact a general feature: if the energy E(A, B) is large

then there are big portions of A and of B whose set-product is small.

Before coming to the proof of the group-theoretical version of Lemma 3.2, we ob-
serve a few elementary facts about convolution of characteristic functions. The first

we leave as an exercise.
EXERCISE 29. Let A be a finite subset of a group. Prove that
E(A,A Y =E(A™ A).

Now, if A, B are two non-empty subsets of a finite group G then the function 1 4x1p

takes non-zero values only on the elements of AB, and for every a € A, b € B,
(1A * 13)(ab)

is a positive integer that counts the number of distinct solutions (z,y) € A x B of
xy = ab (i.e. the quantity r(ab) in the proof of Lemma 3.4). In particular, it follows
that for every g € G we have

(1a*1p)(9)* = > (ax1g)y),
(a,b)€AX B,ab=g
and so
(3.9)  E(AB)=|[lax1p|>=> (Qa*1p)(9)*= > (lax1p)(ab).
geG (a,b)€EAXB

Also, as observed in (3.8), for every (a,b) € A x B one has
(3.10) (1a *15)(ad) < |A]?|B|M2.
We are now ready for the proof.

THEOREM 3.5 (Balog-Szemerédi-Gowers lemma: energy form). Let A, B be finite
subsets of a group G such that, for some k > 1,

E(A,B) = |AP?|BI*/2 [k.
Then there exist subsets A’ C A, B' C B, with |A’| > c|A|/k3, |B’| > c|B|/k3, such
that

‘A/BI| < CklO‘A|1/2|B|1/2,
where ¢ and C are absolute constants. Moreover, |A’A'~Y| < C?k?9|A.

PROOF. Let E be the set of all pairs (a,b) € A x B such that
(14 % 13)(ab) > |A|Y?|B|Y/? /2.

Now, by hypothesis, using (3.9) and (3.10),

|A|1/2‘B‘1/2
= 2

\A|3/2|B|3/2
> -
2k -

|EIIAIY2|B|'? + |Ax B P

E(A,B)
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whence

|E| > |A]|B|/2k.
We now consider the bipartite graph I' = (AU B, E), where A and B are abstractly
viewed and their union is taken disjoint, while the pairs from E are considered as

indirected.
By applying Lemma 3.2 to I', we find subsets A’ of A and B’ of B such that

ayz 450 > AL
with the property that for every a € A" and b € B’, the number of walks of length
three connecting a to b is at least d|A||B|/k”. This property, interpreted in the
graph I' means that there exist at least d|A||B|/k” distinct pairs (z,y) € A x B
such that

(a,9), (z,y), (z,b) € E.
Now, (14*1p)(zy) = (1g-1%14-1)((zy)~'). Since ab = (ay)(zy)~*(zb), the above
condition implies that, for every (a,b) € A’ x B’, there are at least
AAB] (JAMABIYS AP B
k7 2k 8k10
distinct 6-tuples (ay, by, az, be,as,bz) € (A x B)3 such that ab = a1b; (asbz) tasbs.
Therefore, setting C = 8d~1,

Sklo

A'B| <|AP|BP s
B < APIB g

— Ck10|A|1/2|B|1/2.
The last claim follows from Ruzsa triangle inequality (Lemma 1.10). In fact, by
that inequality,
|B||A/A/—1‘ < |A/B/||B/—1A/—1| _ |A/B/|2 < Czk20|A||B‘,
and the proof is completed. [ |

Another variation finally connects large energy to approximate groups.

COROLLARY 3.6 (B.S.G.; approximate subgroup form). Let A be a finite subset of
a group G, and suppose that, for some k > 2,

E(A, A) > |A]P/E.
Then there exist a k%-approzimate subgroup Q of G with
k™Al < 1QI < kYAl
and an element g € G such that
[ANQgl > EP|A,

where d and D are absolute constants.
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PROOF. Let A be as in the assumptions. By Theorem 3.5, there exists A; C A
such that |A;| > ck~3|A] and |A; A7 | < ¢®k?°| A|. Then, by exercise 29 and Lemma
34,

E(ATY A) = E(A, AT > @.
) ) = k20
By another application of Theorem 3.5, we therefore find a subset X of A; with
|X| > ¢ 2k9M| 4|, such that

IX1X| < kOW A | < kOW)A4].
Now, observe that, since X C A;
IXX 7Y <AL ALY < 2E20)Al

We may then apply Proposition 1.42 to deduce that there exist an absolute constant
d and a k%-approximate subgroup @Q of G, with

k70Al < QI < k9|4,

such that X is contained in at most O(k?) translates of @ (we have here exploited
the fact that, since k > 2, k'°82¢ > ( for any absolute constant C). In particular,

there exists y € GG, and an absolute constant D such that
|X NQyl > k™ %X| > kP|A],
thus finishing the proof. ]

EXERCISE 30. [Tao [35]] Let A be a non-empty finite symmetric subsets of a group
G, and k > 1. Suppose that there exist a k-approximate subgroup H of G with
|H| < k|A|, and a g € H such that |[ANgH| > |A|/k. Prove that E(A, A) > k=] A|3.

EXERCISE 31. [Commensurable sets] Let ¢t > 1. Two finite subsets A, B of a group
G, are said to be t-commensurable if max{|A|,|B|} <t|AN B].

(i) Let A, B, C be finite subsets of a group. Prove that if A, B are t;-commensurable
and B, C are to-commensurable, then A, C' are t;t;-commensurable.

(ii) Consider the following properties of a finite subset A of a group.

(1) A is a k-approximate subgroup;

(2) |A%] < K|A[;

(3) E(A,A) > |AP/k.
Prove that these properties are roughly equivalent in the following sense. For any
two, (x) and (f), of these three properties, if a finite subset A of a group G satisfies
(%) with parameter k, then there exits a finite subset B of G, satisfying () with
respect to a parameter f(k), such that A is ¢t(k)-commensurable with a By for some
y € G, where t(k), f(k) are polynomial functions of k only.
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3.2. Representations

In this section we are going to use some basic results of the representation theory
of finite groups over the field of complex numbers. We do not have time to give
any proofs of these fundamental but reasonably standard facts, so those who are

not familiar with representations are invited to take them for granted.

Let 1 < d € N. A d-dimensional C-representation of a group G is a homomorphism
m: G — GL(V), where V is a d-dimensional C-vector space, and GL(V) is the
group of all invertible linear maps of V in itself (in matrix form = : G — GL4(C)).
The representation 7 is trivial if m(g) is the identity map for every g € G, while, on
the opposite side, 7 is faithful if kerm = {1}. The principal representation of G is
the trivial representation on the one-dimensional space C.

A representation w : G — GL(V) is irreducible if {0} and V are the only subspaces
left invariant by 7(G). If G is finite, it can be proved that every C-representation
m: G — GL(V) may be decomposed as a sum of irreducible representations. This
mean that there is a decomposition V = Vi ®...®V,, of V into the sum of subspaces
V; that are invariant by 7(G), such that the restrictions

i+ G — GL(V;)
x = 7(x))y,
are irreducible representations of GG. In this case we write # =11 ® ... B m,.
There is a natural definition of equivalence of C-representations of given group, that
we do not bother to recall; if G is finite, the number of distinct irreducible repre-
sentations of G up to equivalence coincides with the number of distinct conjugacy

classes of G.

If G is finite, one has the regular representation p = pq, which is the permutation
representation (i.e. a representation in which the map associated to any z € G is a
permutation of the vectors of a fixed base) arising from right multiplication in G,
and that in our setting may be conveniently described by letting V = ¢2(G). Thus,
for every f € ?(G) and g,z € G,

(3.11) (p(g)(F)(x) = flzg™).

Let S be a symmetrical subset of G, and write A, = > ¢ p(z). Then, if A = A(T")
is the adjacency operator of the Cayley graph I' = I'[G; S] and f € (?(G),

(3.12) Af(9) =) _fw) =) Flgz) = _(pla™))(9) = A,f(9).
y~g z€S zes
for every g € G. Hence A = A,,.
Now, a fundamental result in the representation theory of a finite group says that
the regular representation pg is the sum of all irreducible representations of G

(up to equivalence) each appearing with multiplicity equal to its dimension. In our
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notation

(313) p:do’fro@dl’ﬂ'l@...@dc’frc

where mg, 7, ..., T is a set of distinct representatives of the equivalence classes of
irreducible representations of G and, for every i = 0,...,¢, dym; = T, B ... B W

(d; = dim(m;) summands). In connection with (3.12) we then in particular have a

proof of the following observation.

PROPOSITION 3.7. Let S be a symmetrical subset of a finite group G. Then the
eigenvalues of the adjacency operator A(T') on £2(G) of the Cayley graph T = T'[G; S]

are the eigenvalues of the operators

Ar(S) = 7()
zeS
when 7 varies in the set of all irreducible representations of G. Moreover, if i is an
eigenvalue of Ar, then u occurs in the spectrum of A(T') with multiplicity at least
dim(7).

If in (3.13) we agree, as customary, that my is the principal representation, then
A, (S) is the multiplication (on the 1-dimensional space C) by k = |S|, which in
fact is the first eigenvalue po of A(T).

NOTE. (Unitary representations) A C-representation m : G — GL(V) of a group G
is unitary if m(G) is contained in the subgroup U (V) of all unitary transformations
of V. This means that for every g € G and all v € V|

(r(9)(v), m(9)(v)) = (v, v).

This concept turns out to be central for infinite (locally compact) groups, and in
fact it plays a fundamental role in the treatment of expansion of Cayley graphs via
Kazhdan property (T) (see section 2.1 in Tao’s book [35]); for finite groups, which
will always be the case in our approach, it however does not make much difference:
in fact, any representation of a finite group on a C-space V may be “made” unitary

(see exercise below).

EXERCISE 32. Let G be a finite group.

(i) Prove that the regular representation p¢ is unitary.
(ii) Let m : G — GL(C™) be any C-representation of G; prove that setting,

for every u,v € C"
(w,0)6 =Y (w(@)u, 7(x)v)
zeG

defines a hermitian product (-, ) on C™ with respect to which 7 is unitary.
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3.3. The Bourgain-Gamburd machine

We begin by a fundamental application of the B.S.G. Lemma connecting behavior
of approximate subgroups of a group to that of convolution power of a probability
distribution on G.

Remember that a probability measure v on a group G is said to be symmetrical if
v(g™!) = v(g) for all g € G.

LEMMA 3.8 (Bourgain-Gamburd “flattening” Lemma). There exists a constant
R > 0 such that for any k > 2, a finite group G, and a symmetric probability

measure v on G, one of the following cases occur
(i) either ||v*v|| < k7Y|v|], or
(ii) there exist a k®-approzimate subgroup Q of G, with
EE/|? < 1QI < K7/ |lvl?
and an element € G such that v(xQ) > k=1,

ProOF. We first assume that v is the probability measure uniformly centered
in a symmetric subset A of G, that is v = |A| 7114, with ) # A = A=! C G. Then,
W][? = 2sea lAI7? = [A]7! and

[l v|* = [A]7*|[La * 1a]]* = [A] T E(4, A).
Suppose that (i) is not the case. We then have
AT E(A, A) = [lv v > k72||v]]* = k72A7,
whence
(A, 4) > k2 AP,
and by Corollary 3.6 we find a @ as in (ii).
We now treat the case of a general v. The idea is to throw away those points
x € G in which v takes extremal values, and consider the uniform distribution on

the remaining set.

Thus, let m = ||v||?, and consider the subsets of G,
B ={x € G|v(z)>5%k*m}
C={re€G|v(r) <m/5°k*}.
We then split v = vy + v_ + vy, where
vy =v-1p
v_=v-1l¢
Vo=v— (Vs +v_),

We have
m m
(3.14) |l =Y via)® < 5212 > i) = 52)2°

zeC zeG
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Also, 1 > Y _pv(z) > |B[5*k*m; hence |B| < 1/5k*m, and by the Cauchy-

Schwarz inequality:

1
(3.15) HV+||? < |B| : ||V-i-||2 < ‘B‘m < 52k2"

By (3.14) and Young inequality (Lemma 2.26) we deduce

m
s P < Bl 12 = | < o,
and the same for ||v_ * v||. Similarly, from (3.15),
m
[l vl < Nl R = [lvllim < 5,

and the same for ||vy * v|].

By the triangle inequality, ||f + gl| < ||| + llgll, we obtain,

m
o ssoll = Qe =l | =l ) o] — 20,
and again, on the other side,
vm
5k
Suppose now ||v * v|| > /m/k. Then from (3.16) we have

(3.16) |[vo * vol| > [|v * v]| — 4

(317) ||I/() * l/0|| > g

Now, let A =G\ (BUC). Observe that A = A~! because v is symmetrical, and
consider the uniform distribution v4 = |A|~114. The support of vy is contained in
A and so, for every = € G,

A~
va(z) >
1P

VO(£)7
where [|vg||co = max,cq vo(z) < 52k*m. Therefore, by (3.17),

4] Al i A2

(3.18) [lva *val| > ‘ [lvo * vol| >

vollZ [oll%, 5k = 55k5m?
Now, 1 >3 ., v(x) > |Alm/52k?, hence
-1 m
|A| 2 52k.2'
Since ||vall = /|A|71, from (3.18) we obtain
1
(3.19) HVA*VA||>58?||VA||-

We are now in the case treated at the beginning of the proof, with k; = 58k® instead

of k. Since k; is bounded by a polynomial in k, this concludes the proof. ]

LEMMA 3.9. Let v be a symmetrical probability measure on G and m > 1. Write
M = sup{v®™)(H) | H < G}; then for every n > m,
(@) [l < M/,
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(i) v (Hg) < M2, for every proper subgroup H < G and all g € G.
PRrROOF. Fix g € G and a proper subgroup H of G. Let x € H, then
v (@) = (M M) (@) = Y v @yg) ™ (g7 y T,
ygeHg
and so

vEM(H) > > v (g™ (g y) = v (Hg) ™ (g7 H).
z,yeH

Now, symmetry of v implies v("™) (¢~ 'H) = v(™)(Hg), whence
V™ (Hg) < M2,
Let n > m; then v(™ = p(m) 4 p(n=m) anq

v (Hg) < gleag{l/(m)(Hy)}Hv(”’m)||1 < M2,

thus establishing (ii). To prove (i), we apply (ii) specialized at H = 1;

Hy(n)”Q Z V(n) S ]\41/2||y(n)||1 — M1/2.
geG

The Bourgain-Gamburd machine. Before coming to the proof of the The-
orem of Bourgain and Gamburd, let us remind a few elementary facts from sections
2.4 and 2.5.

Let S be a finite symmetric subset of a group G, with |S| = k, and A the ad-
jacency operator associated to the Cayley graph T'[G,S]; then for every n > 1
(Proposition 2.12) wy, := A} ; coincides with the number of distinct closed walks of
length n starting at 1. If v = vg = |S| !1g is the probability measure uniformly
concentrated at S, and A= k~1A, then by what said in section 2.5,
v (1) = A7, = %

From this and the symmetrical property of v, we get a simple consequence: for
every n > 1,
(320) [P =Y v @) = Y v @ W) = v (1) = 2.

zeG ze€G
Since all diagonal entries of a power of A are equal, we finally have
B trace (AQ”)_

(3:21) A = |G|t

Now for the main result of this chapter. In the form of a general statement, it
was formulated soon after the Bourgain and Gamburd original paper [1], were it
appeared implicitly. We follow the version in Tao [35].
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THEOREM 3.10 (Bourgain-Gamburd). Let S be a symmetric set of generators of
the finite group G, with |S| = k. Suppose there exist constants 0 < k,A <1 < A
satisfying the following properties.

(1) The degree of any non-trivial C-representation of G is at least |G| ".

(2) For every § > 0 there exists c¢(8) such that for every |G| -approzimate
subgroup Q of G, if |G|? <|Q| < |G|*~? then (Q) is a proper subgroup of
G.

(3) There exists an even integer n < Alog |G| such that

sup vV (H) < |G|
H<G
Then the Cayley graph TG, S| is a two-sided a-expander, where o > 0 depends only

on k, A, k, A and the function c(9).

PRrROOF. Let G, S, A\, A be as in the assumptions, and write v = vg.
By (3) there exists m < Alog |G| such that

v (HY) < |G
for every proper subgroup H of G. Lemma 3.9 then yields the following fact.
(o) For every n > 1 Alog|G| one has
(3.22) ™)) < 1G4,
Moreover, for every proper subgroup H < G and every g € G,

(3.23) v (Hg) < |G|7M2.

Now, let 0 < ¢ < )\R*I/S, where R is the constant in Lemma 3.8. For the next

step, we suppose that for some n > 1A log |G| we have
(3:24) ™) > |G
while, at the same time,
1| > 1G]],
Then, by Lemma 3.8 there exists a |G|*®-approximate subgroup @Q with
G175/l < QI < a1 /1™
and an element = € G such that
(3.25) v (Qx) > |G|=F,
Consequently, by (3.22) and (3.24) and the choice of &,

‘G|)\/8 < |Q| < |G|€R+%*)\/2 < |G|17)\/8
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If we choose € such that eR < ¢(\/8), we then have by assumption (2) that H = (Q)
is a proper subgroup of G. Therefore, by comparing (3.25) with (3.23),

(G172 2 v (Ha) > v™(Qa) > |GI7F > |G| 7V°
which is a contradiction. We have thus proved the following fact.

(ee) There exists € > 0, depending only on \ and c(8), with the prperty that, for
every n > %Alog |G|, if

(3.26) ]2 > P

then |lv®m < |G|~ [lp™)]].

Now, given m > £Alog |G|, suppose that p(m) ym) o (20m) gatisfy (3.26); then
(3.27) Il & < 1G],

This tells us that there exists n > Alog |G| such that

(3.28) ™2 < |G}L.

Observe that the magnifying factor 2! in (3.27) that leads to inequality (3.28)
depends only on ¢ and A. It follows that a smallest n satisfying (3.28) may be
found so that

(3.29) n < Clog|G]|
where the constant C' depends only on the parameters A, A and ¢(9).

We are now going to use the remark which precedes the statement. Let A be the
adjacency operator of I'[G, S| and p the largest absolute value of an eigenvalue # k
of A. If m is the multiplicity of w, then by Proposition 3.7 and assumption (1),

(3.30) m > |GAE

Let n as in (3.28); by (3.21) we have

B B tr(AQn) 3 muQn e N2n
(G > 1 = |G =g > 161 g > (G
theref
ereiore 4 o -
(5)" <lar.

Hence, by (3.29) (and since u/k < 1),

(%)Clog|G| <16,

which implies
< ke,

Therefore k — p > k(1 — e*"”"/c) > 0, and the proof is complete. [ |
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The three assumptions in the statement of Theorem 3.10 are called, respectively:

(1) Quasirandomness;
(2) Product theorem;
(3) Non-concentration.

As it has been figuratively observed (e.g. by Gowers and others), these properties
conduct, in the reverse order, three stages in the evolution of the distributions
v, Quoting T. Tao [35]: “In the early stage n = o(log|G|) the non-concentration
hypotheses creates some initial spreading of this random walk, in particular ensuring
that the walk “escapes” from cosets of proper subgroups. In the middle stage
n ~ log |G|, the product theorem steadily flattens the distribution of the random
walk, until it is very roughly comparable to the uniform distribution. Finally, in the
late stage n > log |G|, the quasirandomness property can smooth out the random

walk almost completely to obtain the mixing necessary for expansion.”

The term ’flattening’, in Lemma 3.8 and in Tao’s words, expresses the fact that
the decreasing in norm, |[v®™|| < k~1||[v(™)||, means that the evolving distribution
takes non-zero, but progressively smaller, values on larger subsets, thus approaching

a uniform spreading.

3.4. Quasirandom groups

The term quasirandomness, to denominate the first assumption in 3.10, deserves
a bit of attention. When applied to groups this terminology was introduced by
Gowers [13]. We give the most direct definition for finite groups.

DEFINITION 3.11. Let d > 1. A finite group G is said to be d-quasirandom if every

non-trivial irreducible complex representation of G has degree at least d.

Of course, once again, the quantitative bound d is most important in the definition,
and the property is interesting (that is, it makes some difference) when d is large
with respect of |G|. In particular we like d to be around |G|* for a fixed o < 1
while the groups G belong to some infinite family.

In this perspective, condition (1) in Theorem 3.10 may be restated by asking that
G is |G|*-quasirandom.

Next lemma (usually called Gowers’ trick), besides being very handy, shows at an
initial level the utility that a quasirandomness assumption may have. Although the

Lemma works for any subset S, we assume for simplicity that S is symmetric.

LeEMMA 3.12 (Gowers [13], Nikolov and Pyber [26]). Let d > 1, G a finite d-
quasirandom group and S a symmetric subset of G. If d*/3 > |G|/|S|, then S® = G.

PROOF. Write k = |S], let A be the adjacency operator in the Cayley graph
I'[G, S] (there is no harm in assuming 1 ¢ S), and p the largest absolute value
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of an eigenvalue # k of A. Then, by Proposition 3.7 and the d-quasirandomness

assumption,
G?
k|G| = tr(A%) > dp® > ?Iﬁ,
whence
k4
3.31 LR

We complete the indicator function 1g to a zero-sum function g, that is we let

k
g=1s — —1qa.
G

Recalling (2.18), we have
2

k
Agzg*lszls*ls—ﬁlc-

Since g € Z+ (the space of zero-sum elements of £2(G)), we have by the Rayleigh
bound:

k2
(3:32)  |lg* Lsl| = [|1Agll = V/(Ag, Ag) = /(A%g,9) < V/u?[|g]]? < @Hgll-

Now, as g and (k/|G|)1g are orthogonal,

ol = 11l g Ll = & - ’;| <k,
hence,
1:5/2
(3.33) =11l < -

Let « € G, then by Cauchy-Schwarz,

(9715 % 15)(@) = (Y ov 1sy™)) <k Y lg*Ls(ay™)P < Klg 151

yEeS yeSs
and so, from (3.33),
k’3
(3.34) [(g*1s*1g)(z)| < €k
On the other hand,
3
@ _k
gxlgxlg=1" — —.
5 Gl

Now, (3.34) tells us that this function never takes, in absolute value, the value
k3/|G|, that is 1593) (z) # 0 for every € G. This finishes the proof because the
support of 1(53) is contained in S3. [
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Representations of SLy(p). We now prove a theorem of Frobenius which
shows quasirandomness of groups of type SLa(p), with p a prime; in fact, it implies
that given € > 0, then for all sufficiently large primes p the group G = SLy(p) is
|G|'/3+¢_quasirandom.

In the proof, we use the well known fact (see Proposition 4.3) that the only proper
non-trivial normal subgroup of SLs(q), for ¢ > 4 a prime power, is the centre
Z = {1,—1} (where 1 is the identity matrix). In fact, Frobenius Theorem holds
for SLy(q) and any prime-power g > 4; the prime case is however enough to our

purposes.

THEOREM 3.13 (Frobenius). Let p > 5 be a prime. Then every non-trivial irre-
ducible C-representation of SLo(p) has degree at least (p — 1)/2.

PROOF. Let G = SLy(p); let V be a C-vector space, with dim V' > 1, and
m : G — GL(V) a non-trivial representation of G on V. Since 7 is not trivial,
K = ker(m) is a proper normal subgroup of G, and so, by what we reminded above,
K=1lorK=2Z. ForgeGandveV we write g-v for n(¢g)(v). Let

(11
yi O 1 bl
<y>=U={<é f)(beZ/pZ}

(the standard unipotent subgroup - see section 4.2) is a cyclic group of order p.

then

Since ZNU = 1, we have ker(7) NU = 1, thus the restriction of 7 to U is injective,
and so it is an embedding of the group U in the group GL(V). Let ¢ # 1 be an
eigenvalue for 7(y) on V; then ¢ € C is a primitive p-th root of unity. Let 0 A v € V
with y - v = (v.

a 0
0 a!

1 a2 2
:v(a): — .
o6 )

Write v, = z(a) - v; then we have

Y- (va) = ya(a) v =z(a) - (5" @ -v) = 2(a) - (¥ -v) = x(a) - ((*'v) = (* va.

Since ( is a primitive p-th root of unity and there are (p — 1)/2 distinct squares

Forl1<a<p-1,letz(a) = ( ) , then x(a) normalizes U in SLy(p), and

in fact (see exercise 35),

modulo p, we conclude that y (that is 7(y)) has at least (p—1)/2 distinct eigenvalues,
whence in particular dim V' > (p — 1)/2. [ |

COROLLARY 3.14. Let p > 5 be a prime, and let S be a symmetric subset of G =
SLo(p) with |S| > 2|G|%/?; then S = G.
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PROOF. Let G and S be as in the assumptions. Then, since |G| = p(p? — 1),
3 1/3 _
GP _[GI* _a+1_p-1
ISE = 28 = 25 = 3
and so, by Theorem 3.13 and Lemma 3.12, S% = G. [

In general, it has been proved (by Landazuri and Seitz) that if G is a finite simple
group of Lie-type then G is |G|*")-quasirandom, where A(r) depends only on the
Lie rank r of the group G.

On the other hand, for every n > 5 the alternating group A, = Alt(n) admits a
non-trivial representation, induced by the natural permutation representation, of
degree n; indeed, it not difficult to see that A,, admits an irreducible (non-trivial)
representation of degree n — 1. Hence the largest d for which A, is d-quasirandom
is n— 1 (this is in fact the exact bound for n > 6, while Aj is only 3-quasirandom).
Therefore, for the class of alternating groups there exists no uniform A such that

G = A, is |G| -quasirandom.

Note. The treatment of the Balog-Szemeredi-Gowers Lemma in the first section
essentially follows that in the text of Tao [35]. Similarly, I have arranged from
[35] the statement and the proof of the Bourgain-Gamburd Theorem (a similar,
but not exactly the same, rendition you may find, for instance, in Breuillard [4]),
although substantial help I received from the consultation of Bourgain-Gamburd
original paper [1], and of Helfgott’s [19] and Breuillard’s [3] surveys.

Tao’s book also includes a chapter that explains expansion check by means of
Kazhdan property (T), and another one about the number theoretical interplay
between the two methods.



