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The Kantorovich-Rubinstein-Wasserstein distance
(X, d) metric space.

Po(X) = {u € 2(X): /Xdz(xo,x) du(x) < 0o V¥xg € x}.

Set

W2 (1, v) := min {\//XXX aA?(x,y)dn: m e (u, 1/)} :

Let us show, first, that W5 is a distance. A “formal” proof using
transport maps is

WE (1, v) ~ /X o (x, T(x)) du(x),  WE(v,0) ~ /X (y. 5(y)) du(y)

with Tyu = v, S;v = 0. Then (So T)yu = o and I
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Wa(p,0) < [|d(So T, ld)llsz,
< 1 d(So T, T)llzquy + 1d(T, 1)l 12(,)
= Hd(sv ld)HLZ(V) + Hd(Ta /d)HLZ(,u)

~ Wa(v,o) + Wa(u,v).

To make this rigorous, one can use the result min(K) = inf(M).
Alternatively, the theory of disintegration of measures provides
a (non canonical) “composition map” between plans, mapping

in the right way I'(i, v) x I'(v, o) into '(u, 0): the decompositions

dr(x,y) = dmy(x)dv(y),  dr'(y,z) = dm(z)dv(y)

yield a plan d(7’ o m)(x, 2) := [ d(my x 7,)(x, 2) dv(y) € T (p, 0).




(Z2(X), Wa) inherits many properties from X:
e it is complete if X is complete;

e it is compact if X is compact;

e it is a length space if X is a length space;

e it is a Positively Curved (PC) space if X is PC.

Furthermore, X canonically and isometrically embeds into
P5(X) via the map x +— dx.




Convergence in Z»(X)
Theorem 1. (X, d) complete. Then (u,) C P2(X) converges to
w € Po(X) iff

un & and lim /d (X, X0) dpun(x /dzxxo)du( ).

We prove just one implication, from W, convergence to weak Cp
convergence. By a monotone approximation argument, suffices
to consider ¢ € Lip,(X); then, with m, € T'o(1, pn), we have

/X bdun = o(y) dmn(x, y)

XxX

= ¢(X) dT('n(X,y) + O(WZ(:UIN M))
XxX

- /X¢du+O(W2(un,/~L))

because [ d(x,y)drn < Wa(un, ). O [0
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Geodesics in Z»(H)
Theorem 2. X = H Hilbert. If 7 € To(u,v), zt(x,y) =
(1 —t)x + ty, then

(+) pt == (20)gm, te[0,1]

is a constant speed geodesic from p to v. Conversely, any
constant speed geodesic from ., to v has this representation for
some unique .

A\\\
L5

ut geodesic
)
B pt = (Zt)gm, ™ € Tolpo, p1)-
Figure: Geodesic from (64 + 05)/2

to (6c +6p)/2, t =1/4,t=1/2




Remarks. (1) When = is induced by a transport T, (*) reduces
to a linear interpolation between Id and T:

pe=((1=0d+1T),u tefo].

(2) T — Id can be thought as the “initial velocity” of the geodesic,
and we will see how the concept of velocity in #»(H) can be
made rigorous.

(2) Notice that the “conventional” interpolations

fit := (1 — H)po + tu

are unnatural in this context, since they have an infinite length.
The same is true for the OTT distances Wp, p > 1.

(4) Similar results hold for length spaces, even when geodesics
are not unique: mass is moved with constant speed along a
family of geodesics induced by 7 (which should be thought as a
measure in the space of constant speed geodesics, rather than
a measure in X x X).




Proof. Let us prove that u; defined in (*) are a constant speed
geodesic, namely Wa(u¢, pus) = |t — s|Wa(uo, p11). By the triangle
inequality it suffices to show that

Wa(us, put) < (t = S)Wa(po, 1)  0<s<t<1.

This follows by considering s := ((1—8)x+sy, (1— t)x+z‘y)ti €
(s, pt), so that

W2(us, j1t) < /]Z—W| drst = (t—8) /]X y|? dr
= (t—9)*WE(no,m1)- O




Remark. The proof of the converse implication depends on the
fact that geodesics are “very regular from the inside”, namely
Fo(pet, 1) @and To(ut, o), t € (0, 1), are singletons, induced by
transport maps Ty, Ty, with Lipschitz constants less than 1/t
and 1/(1 — t) respectively. In addition

m = (To, T1)spt,

where 7 is precisely the plan inducing the geodesic.

This ultimately depends on the monotonicity of the support

of 7. In the simpler case when 7 is induced by a transport
T, (1 — t)ld + tT mapping uo to ¢ is @ monotone operator
larger than (1 — t)/d, hence its inverse is a monotone operator
mapping u; to po with Lipschitz constant less than 1/(1 — t).

We can now consider the subspace

PIR") = {pe Zo(R"): p< L}

S

and analyze its closure with respect to geodesic interpolation. [
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Theorem 3. Let u = p.2" € ZE(R"), v € P»(R") and let T be
the optimal map. Then u; < " for all t € [0,1) and its density
pt Is given by

_ P —1 n
pt = v T, o Tt onR"\ TX).

Here T; = (1 — t)Id + tT and X is the set where T is not
differentiable.

Proof. The formula for the density follows by the change of

variables formula. The proof of absolute continuity of x; is easy:

ZLNA)=0= 2" (T, (A) =0= u(T71(A) =0 = < 2"

Here the first implication depends on the Lipschitz property of
T, ', and the second one by the fact that . < 2"
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Geodesics and Hamilton-Jacobi equations
Let u : [0,1] — Z(R") and let us look at the optimal
Kantorovich potential ¢, 1 in the optimal transport problem
from pp < £ 10 .
Since Ti(x) = (1 — t)x + tT(x) and T(x) = x — Vp1(x) we get

Vei(x) = x — Ti(x) = tVeq(x),
hence we may take ¢ = tpy and iy = (tp1)¢, namely

_yl2
uily) = inf{ XX o),

By the Hopf-Lax formula, we recognize that ¢; = tu;, where u;
solves

1
(HJ) otut + E|VU{|2 =0

and starts from —pq at t = 0.



Geodesics and Hamilton-Jacobi equations

Since Tt‘1(y) =y — V(y) is the optimal transport map from
ut 1o po, 171V = Vuy can also be thought as the “velocity” of
the curve pt, and indeed (i, Vu;) solve the continuity equation

3; +V. ((Vut)ut) =0.

This picture remains true in more general contexts, where
an Eulerian description of geodesics can be achieved by a
continuity equation with a gradient velocity field, coupled with
an Hamilton-Jacobi equation:

{ Gue+ V- (Vu)ue) =0

Oy + %’VU{F =0.




A more general class of interpolating curves
Given pg, 1 € P»(R") and o € ZZ(R") we define the
interpolating curve with base o as follows:

e = ((1 — Ty + tT1)ﬁJ,
where T;, i = 0,1, are the optimal maps from o to y;.

(6]

Figure: Interpolating curve with base o



A more general class of interpolating curves

In general, for my € Ng(o, po), ™1 € No(o, 1), we find
ne PHxHxH) with mg= (my,m2)sm, m = (m1,73)4m
and set
pe=((1—t)xo + txs)ﬂa.
An explicit, not canonical, formula for 7 is
dn(x1, X2,X3) = d((m0)x, * (71)x ) (X2, X3)do(x1),
where
dmo(X1, X2) = d(mo)x, (X2)do(x1), dmi(X1,X3) = d(m1)x, (X3)do(X1).

&

scuota
NORMALE
SUPERIORE
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Convex functionals in Z»(H)

We start from the simplest example, the potential energy:

V(1) :—/Vdu.

We assume V bounded from below, although for some
applications this is too restrictive.

Lemma 4. V is A\-convex iff V is A\-convex along geodesics. If
this happens, thenV is \-convex along all interpolating curves.
Proof. One implication is trivial (just consider Dirac masses).
To prove the other one, notice that y; = ((1 —t)/+ tT)WO yields

Vi) = [ V(= 01+ HT) diio < (1 = DV (so) + V(1)

- %t(1 —t)/|T—ld|2du0.




The proof of the final statement about convexity along all
interpolating curves is analogous:

Vi) = [ VIO = DTo+ tTi) dor < (1= V(o) + V)
— %t(1 — t)/yTo — T do.
Here we take into account that A > 0 and that

/ To— i do > WE(yi0 1),

because (7o, T1)s0 € (o, p1)-




Interaction energy

Now we consider the interaction energy
/W(x1,..., )du x -+ x du.

Lemma 5. Let W : H* — R U {+o0} be A convex, with A\ > 0.
Then W is k\-convex.

The proof is entirely similar to the proof of Lemma 4.




Internal energy

Now we come to the most important example, the internal
energy:

®(p) = -y Ulp)dx  p=pL" € Z(R")

with U(0) = 0, satisfying Mc Cann’s displacement convexity
condition

(Mcp) s+— s"U(s™") convex and nonincreasing.
Main examples. U(z) = z%, a > 1 (s"U(s™") = s"(1—a)y;

Uz)=z/(a—1),a>1-1/n (s"U(s™") = t"("=2) /(1 — a);
U(z)=2zInz (s"U(s™") = —nlIns).




Convexity of internal energy

Theorem 6. If (Mcy) holds, then ¢ is convex along all
interpolating curves.

Proof. Let Ty, Ty be optimal transport maps from o to g, f1
respectively, T; := (1 — t)To + tT1. The proof relies on the
following two facts:

o T; fulfils the regularity assumptions in the change of variables
formula (differentiability ut-a.e., detV T; # 0 u-a.e.);

e VT; is symmetric, nonnegative and A — [det A] /M is concave
in the space Sym’*" of symmetric and nonnegative operators.




Convexity of internal energy

These two facts imply that p; = pi.£" with

p 1
- T
PU= GavT, Ot

hence

(py) LD / det VTe(x)U uJé?fm ) ox

We conclude noticing that A — det A U(p(x)/det A) is convex,
being the composition of the concave map A — [det A]'/" and
the convex nonincreasing map z — z"U(p(x)/z"). O




Concavity of A — [det A]'/"

By homogeneity, suffices to show
[det (A+ B)]Y/" > [det (A)]"/" + [det (B)]'/".

Up to a rotation we can assume Bj; = \;J; diagonal.

By approximation we can assume \; > 0 for all /. Dividing the
ij-th entries of A and B by ,/\;)\; reduces to the case when
B=1.

A further rotation allows a reduction to the case when A; = 7;;
is diagonal as well. The geometric mean/arithmetic mean
inequality then gives

-\ 1/n 1/n n .
() (A ) et
i=1 1+mn; i=1 1+mn; ne—1+n 1+n




detVT; >0 c-a.e.

Since po < £ we have that det VT, > 0 o-a.e.; concavity then
gives

[det VT]"/" > (1 — t)[det VTo]"/" + t[det VT{]'/" > 0 o-ae.

forall t € (0,1).




Application: the Brunn-Minkowski inequality
A direct proof via optimal transportation of the Brunn-Minkowski
inequality, in the scaled version

Vol /7 <AJ2’B) > %Vol””(A) + %Vol””(B),

can be achieved as follows. First, we know that the energy
E(p) = fp1‘1E dx is concave along Wasserstein geodesics.
Then, set

A fxeA i fxeB
x) = Vol(A) x) = Vol(B)
pAX) {o ixea P70 iixes
and denote by {p:}:c[0,1] the constant speed geodesic between
pa and pg. Then, the conclusion follows by

E(po) = VoIl''"(A),  E(p1) = VoI'/(B),  &(py/2) < Vol'/" (AJ;B) :

The latter inequality is implied by Jensen’s inequality and the &
fact that py » is concentrated on (A + B)/2. e
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Relative Entropy
The previous examples of convex functionals can be combined
and generalized in several ways. Particularly interesting is:

F(p) :_/plnpdx+/Vde.

Then F is A-convex along all interpolating curves iff V is
A-CONnvex.

In view of some extensions to infinite-dimensional spaces it is
convenient to read F and its properties more intrinsically, in
terms of the new reference measure v = e~V.2". Setting

uw=pL" = uy (so that u = pe")

we obtain that F is the Relative Entropy of n with respect to v:

F(p) = /Uln udy=:H(plv).

We adopt the convention H(u|v) = +oo if u < does not hold.



Log-concavity and convexity along geodesics

Log-concavity. v € #(H) is log-concave if
Iny((1 —t)A+tB) > (1 — t)Iny(A) + tin(B) vt e (0,1).

(Borell) v € Z(R"), non degenerate, is log-concave iff
v =eY.2" with V:R"” — RU {+oo} convex.

Then, in [AGS] it is proved that:

~ log-concave = H(:|y) convex in Z>(H).

This opens the possibility to study the gradient flow of H(-|v) by
optimal transportation methods.




The differentiable side of optimal transportation

We start with some heuristics, suggested by Otto, and then we
proceed with some rigorous results.
We start from the continuity equation

d
gtV (Vtpe) =0
suggesting . = —V - (vpu), so that

T, P2(R") ~ {—V (vp) : ve Ly ]Rn)}

with the metric

(-9 (i), - (wn)) = [ (v.wdn

RN




Benamou-Brenier formula

According to this interpretation we might consider the induced
Riemannian distance

W(u,v) = inf{fo1 J \Ve|? duedt © g = py pq = v,
%,U«t + V- (viug) = 0}

Theorem 7. (Benamou—Brenier) Wa (i, v) = Wa(u, v).

We start with the proof of the inequality Ws < Ws. To this aim,
we just estimate the action of the geodesic path in Z2(R").




Lemma 8. f € L?(0,R") implies T;(fo) < Tyo (componentwise)
and its density h satisfies

(*) 1Al 21,0y < 1l 2(0)-

Indeed,

(Ti(fo).9) = (goT.fo) < flizo)llg e Tllezo)
17lliz) 9l 27,0

By Riesz theorem the inequality (*) follows. Returning to the
proof of the inequality, a velocity field v; compatible with p; is
(implicitly) defined by

Vepe = (Te)s ((T — 1) ).




gt/¢dm = ;jt/¢o Ttd,u,:/<V¢(Tt),T—ld>du
= (Vo (T):((T - Id)p)) = / (V. v) dpe.

Lemma 8 gives

1 1
W) < [ wlBggt < [T = Il o = WaGr). O
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Wo > W,

We now give a sketch of proof of the opposite inequality along
the lines of [AGS]. First we provide a lower bound on the action
under suitable regularity assumptions on v;, then we use a
smoothing argument.

Assume that v; is sufficiently regular to have:

1) a flow map X(t, x), i.e. a solution to the ODE 0;X(t, x) =
vi(X(t, x)) with the Cauchy condition X(0, x) = x;

2) the unique solution u; to the continuity equation with velocity
vt, starting from 1o, is X(t, )4 0.

By 1) we have |X(1,x) — x|2 < f01 |v|2( (t,x)) dt and an
integration with respect to pg gives (using X(1,-) as a transport
from pg to pq)

1
W2 (0, 11) //vf| (t.20)duo(t = |




In general we mollify both sides of the continuity equation with
the heat kernel p. to get

d
i Pt V- [(viuat) * pe] = 0.

Defining ff := ¢ * pe and

(Vepit) * pe

€ .__
Vi =
Kt * Pe

we obtain that:

— G+ V- (V) =0

— the convexity of the map (J, t) — t|J/t|?> = |J]?/t (J = VF),
together with Jensen’s inequality, give that the action of the
mollified curve does not increase:

() ‘ﬂW%WS/Mwm
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The inequality (*), together with the local (in space) Lipschitz
condition

||vf|]W1,oo(BH) € L*°(0,1) Ye>0, R>0
can be used to show that the maximal solution to the ODE

X (t, x) = vi(X(t,x)) is defined up to t = 1 for f.£"-a.e. x.
Hence, the previous step gives

W2(fs.2", ff.2") < / /|Vt| ff dx</ /|Vt|2 dpr.

Letting € | 0 the inequality is achieved. [J




Extended Monge-Kantorovich distances
The BB formula opens the possibility to define extended
Monge-Kantorovich distances simply changing the action
functional.
Dolbeault-Nazaret-Savaré recently investigated the distances

1
Wi(po. 2", p1.27) = inf{/ /h(pt)]vt\zdxdt}
0

where the infimum is made among all solutions p; to the
nonlinear continuity equation

d
apt + V- (h(pt)Vt) =0.

Passing to the new velocity v := vh(p)/p we recover a linear
continuity equation with velocity v;, but the action is

1
/0 / pif(o0) 42 it

with f(p) = p/h(p), so it depends on p in a nonlinear way.




Existence of curves with minimal action can be proved if h is
concave, since this results in the joint convexity of (J = vp)

J 2

(0.J) h(p>]h(p)

Monotonicity of E

v

Contractivity

Figure: The action of the (EVl) = Convexity
semigroup does not increase E

Convergence of the wave front tracking method and L'-like &
contractive distances: Bressan, Bressan-Crasta-Piccoli. :




Absolutely continuous curves and metric derivative

Now, we are going to extend the Benamou-Brenier analysis to
all curves t — u; of finite length, not necessarily geodesics.
Up to a reparameterization, | shall assume the curve to be
absolutely continuous.

Definition. (E, d) metric space. We say that x : [0,1] — E is
absolutely continuous if

d(x(s), x(t)) < /stg(f)df WO <s<t<

for some g € L'(0,1).

It turns out that, for x absolutely continuous, the minimal g (up
to .Z'-negligible sets) with this property exists and is the metric
derivative:

()] tim SO D)X(0)

for #'-a.e. 1).
lim A or Z'-a.e. te(0,1)




Theorem 9. [AGS] Let p; : [0,1] — P2(H) be absolutely
continuous. Then there exists a unique v; € L?(u; H) such that

(i) the continuity equation %t + V - (viug) = 0 holds;
(i) (el 2y < gl for £7-a.e. t € (0,1).

Conversely, if (vi, ut) fulfil (1) and || vil| 2(,.,) € L'(0,1), then u; is
absolutely continuous as a &?>(H)-valued map and

(11)/ ||Vt||L2(Mr) > |[L;L| f0r$1 -a.e te (0, 1)
We shall call the “optimal” velocity field v; given by Theorem 9

tangent field to y; its L2(p¢) norm gives the rate of change of
W, along the curve.
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The constructive part of Theorem 9 is based on a duality
argument, while the converse part uses a smoothing scheme
very much similar to the one used in the proof of the
Benamou—Brenier formula.

The duality argument provides also the information that v; is in
the L2(u) closure of gradient vector fields (this is not surprising,
since optimal transport maps are gradients); this leads to the
more precise definition

Tan, (Z2(RY)) = (Vo - &€ CR(RM}" ",

Eventually the tangent velocity field v; to u; can be also
characterized in these terms:

1) validity of the continuity equation;

2) v; € Tan, (Z2(RY)) for £'-a.e. t € (0,1).
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Wasserstein gradient
We have an energy £ : #(H) — R U {+o0} and we want to
compute its “Wasserstein” gradient VW &(u).

Rule: replace the classical additive variations y +— p + ev by
“transport” variations

po— pe = (Id 4 ev)zp, v € Tan, Z,(H).
This point of view leads to standard transpositions of the

concept of differential, subdifferential, etc. to the Wasserstein
space. For example:

VE(n) = {f € Tan, (P2(H)) :

E(v) > E(n) +/H<£, T —Id)du Vv e WQ(H)}. &
sk
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Wasserstein gradient

Notice that . coincide up to first order with the solution fi. to

d 1 ! —
(+) Gilie TV - (Vi) =0

because & uic|,_,+V - (vu) = 0. Indeed,

d
de/d)dﬂe

Hence, we may use also (*) in computing (formally) the
Wasserstein gradient. As an example, we compute the
Wasserstein gradient of the internal energy functional.

= —(V-(vp), ¢).

e=0

d
= d6/¢(ld+ev) du
0

€=




vW/U(p) dx = VU (p).

Indeed, if jic = p.£", we have

C?;/U(ﬁe)dx /U’(p (vp) dx—/<VU’(p),V>pdx.

Remark. This derivation works only under some regularity
assumptions on p, too restrictive for some applications. Working
with transport variations, instead, one finds

vW/U(p) dx = VL‘;(").

where Ly(z) = zU'(z) — U(z). Since L};(z) = zU"(z), the two
are equivalent at a smooth level.
Remark. Analogously,

VW/Vdu:VV, VW/Wdu®u:(VW)*
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Transport and log-Sobolev inequalities
The energy inequality

d(x) > O(Xmin) + %d2(x, X)

holds for any A-convex function @ in a length metric space
(E,d): it suffices to consider the map t — ®(~(t)), where
v :[0,1] — E is a constant speed geodesic from X to x.

By applying this to the Relative Entropy functional #(-|v), with
Xmin = 7 = € V.27 and V A-convex, we get the transport
inequality

2
Wz (uy,7) < A/ulnud%

because H(:|7y) is A\-convex.

In the Gaussian case V(x) = |x|?/2 this inequality has
been discovered by Talagrand, and proved by a tensorization
argument.




Transport and log-Sobolev inequalities
Analogously, the energy-energy dissipation inequality

1 2
— ) < —
®(X) = ®(Xmin) < 57|0¢[%(x)
holds for any A-convex function @ in a length metric space

(E, d). Again, we can apply this inequality to [ pIn pdx+ [ pV dx
to obtain

1
/pll’lp—l—deXﬁ 2)\/|V(|np—|— V)|2p dx.

With the change of variables p = hPe™V (i.e. u = H?,
Vinp =2VIn h+VV) we get the logarithmic Sobolev inequality

/hzlnhzdfygi/wmzdv with /h2d7:1,

first discovered by Gross in the Gaussian case. I
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