STABILIZERS FOR NONDEGENERATE MATRICES OF
BOUNDARY FORMAT AND STEINER BUNDLES

CARLA DIONISI

ABSTRACT. In this paper nondegenerate multidimensional matrices
of boundary format in Vp ® --- ® V,, are investigated by their link
with Steiner vector bundles on product of projective spaces. In
particular it is proved that for any nondegenerate matrix A there
exists an explicit action of SL(2) on Vo ® --- ® V;, and, describing
the behaviour of its stabilizer in SL(Vp) x --- x SL(V,), we prove
that Stab’(A) C SL(2) and that the equality holds if and only if
A belongs to a unique SL(Vp) X -+ x SL(Vj,)-orbit containing the

identity matrices, according to [AO].

1. INTRODUCTION

Let V; be a complex vector space of dimension k; +1 for j =0,...,p
with kg = max;{k;}. Gelfand, Kapranov and Zelevinsky in [GKZ] proved
that the dual variety of the Segre product P(Vp) x---x P(V},) is a hyper-
surface in (Po+D-(ko+1)-1)" if and only if kg < 327, k;. The defining
equation of this hypersurface is called the hyperdeterminant of format
(ko+1) x---x (kp+1) and is denoted by Det. Moreover the hyperdeter-
minant is a homogeneous polynomial function on V' ® --- ® V' so that
the condition DetA # 0 is meaningful for a (p + 1)-dimensional matrix
AecP(Vy®:-®V,) of format (kg +1) x -+ x (kp + 1). The hyperdeter-

minant is an invariant for the natural action of SL(Vp) x « -+ x SL(V})
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on P(Vh®---®V),), and, in particular, if DetA # 0 then A is semistable
for this action.

We denote by Stab(A) C SL(Vy) x---xSL(V,) the stabilizer subgroup
of A and by Stab(A)° its connected component containing the identity.
The stabilizer are well known for p < 1, so that in this paper we assume
P> 2.

It easy to check (see [WZ], [DO]) that the degenerate matrices fill an
irreducible variety of codimension kg — Y% _; k; + 1 and if ko < > P k;
then all matrices are degenerate. We will assume from now on that A is
of boundary format i.e. that kg = > -_; k;. (A self-contained approach
to hyperdeterminant of boundary format matrices can be found in [DO]).

The main result of this paper is the following;:

1.1. Theorem. Let Ac P(Vy ®--- ®V,) be a boundary format matriz
with DetA # 0.

Then there exists a 2-dimensional vector space U such that SL(U) acts
over V; ~ S*¥U and according to this action on Vo @ -+ ® Vp we have
Stab(A)? C SL(U). Moreover Stab(A)® = SL(2) if and only if A is an
identity (defined in 2.3).

1.2. Remark. We emphasize that SL(Vj) x...x SL(V,) is a "big” group,
so it is quite surprising that the stabilizer found lies always in the 3-
dimensional group SL(U) without any dependence on p and on dimV;.

The maximal stabilizer is obtained by the "most symmetric” class of
matrices corresponding to the identity matrices. Under the identifica-

tions V; = S¥U the identity is given by the natural map
SMU®...® SkU - U

which is defined under the assumption kg = ) k;. This explains again

why the condition of boundary format is so important.
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Ancona and Ottaviani in [AO] prove theorem 1.1 statement for p = 2
. We generalize their proof using the correspondence between nonde-
generate boundary format matrices and vector bundles on a product of
projective spaces.
Indeed, for any fixed j # 0, a (p+1)-dimensional matrix A € Vp®---®V},
of format (ko +1) X --- x (k, +1) defines a sheaf morphism f 4 on the

—

product X =Pk x ... x Pki x ... x Pk»

v fa@
(1) Ox®‘/0 —)Ox(l,...,l)@)v}';
it is easy to prove the following

1.3. Proposition. ([AO],[D]) If a matriz A is of boundary format, then
DetA # 0 if and only if for all 7 # 0 the morphism fA(j) 1§ surjective
(so Sz(j) = Kerfa9 is a vector bundle of rank ko — k;).

In the particular case p = 2 the (dual) vector bundle S4™) lives on

the projective space P",n = ko and it is a Steiner bundle as defined in
[DK] (this case has been investigate in [AO]). We shall call to S4 with
the name Steiner also for p > 3.
The main new technique introduced in this paper is the use of jumping
hyperplanes for bundles on the product of p — 1 projective spaces. For
p > 2 there are two natural ways to introduce them that, by above
correspondence, translate into two different conditions on the associated
matrix and that we call weak and strong (see definition 3.1 and 3.7).
They coincide when p = 2.

Moreover, weak and strong jumping hyperplanes are invariants of the
action of SL(Vp) x ... x SL(V,) on matrices. By investigating these in-
variants we derive the proof of theorem 1.1 and also we obtain a charac-
terization of a particular class of bundles called Schwarzenberger bundles
(see [Sch] for the original definition in the case p = 2). Schwarzenberger
bundles correspond exactly to such matrices A which verify the equality
Stab’(A) = SL(2) in theorem 1.1, called identity matrices.
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2. MULTIDIMENSIONAL MATRICES OF BOUNDARY FORMAT AND
GEOMETRIC INVARIANT THEORY

In this section we recall some results proved in [AO] about multi-
dimensional matrices from the point of view of Mumford’s Geometric

Invariant Theory.

2.1. Definition. [AO] A (p+1)-dimensional matrix of boundary format
A € Vy®---®V) is called triangulable if one of the following equivalent

conditions holds:

(i) there exist bases in V; such that a;, . ;, = 0 for ig > Y b_; is;

(ii) there exist a vector space U of dimension 2, a subgroup C* C
SL(U) and isomorphisms V; =~ S% U such that if p® --- @V, =
D,.cz Wn is the decomposition into direct sum of eigenspaces of

induced representation, then we have A € @, -, Wn

2.2. Definition. [AO] A (p + 1)-dimensional matrix of boundary for-
mat A € Vp ® -+ ®V, is called diagonalizable if one of the following

equivalent conditions holds:

(i) there exist bases in Vj such that a;, .., = 0 for io # Y}, is;
(ii) there exist a vector space U of dimension 2, a subgroup C* C
SL(U) and isomorphisms V; ~ S% U such that A is a fixed point

of the induced action of C*

2.3. Definition. [AO] A (p+1)-dimensional matrix of boundary format
A€ Vh®---®YV, is an identity if one of the following equivalent

conditions holds:
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(i) there exist bases in V; such that

0 for ig#Y0 |i
1 for ip=3" i,
(ii) there exist a vector space U of dimension 2 and isomorphisms V; ~

SkiU such that A belongs to the unique one dimensional SL(U)-
invariant subspace of S¥U ® --. @ Sk U

Qijgy..gip —

All identity matrices fill up a distinguished SL(Vy) x- - - x SL(V},)-orbit
nPWV®...0V)).

2.4. Theorem. [AO] Let A € P(Vu®...®V),) of boundary format such
that DetA # 0. Then

A is triangulable <= A is not stable for the action of SL(Vy)x...xSL(V})

2.5. Theorem. [AO] Let A € P(Vu®...®V),) of boundary format such
that DetA # 0. Then

A is diagonalizable <= C* C Stab(A)

3. JUMPING HYPERPLANES AND STABILIZERS

Let p = 2 and S := S! be the Steiner bundle on P(V%3) defined by a
matrix A € V5 @ V1 ® V, boundary format, an hyperplane h € P(Vy) is
an unstable hyperplane of S if hO(S|*h) # 0 (see [AO]).

In particular, H°(S*(¢)) identifies to the space of (kg + 1) x 1-column
vectors v with entries in S$'V, such that Av = 0, and a hyperplane A is
unstable for S if and only if there are nonzero vectors vy of size (ko+1)x1
and vy of size (k1 + 1) x 1 both with constant coefficients such that

(2) A’U() = ’Ulh;

the tensor H = vy ® v is called an unstable (or jumping) hyperplane

for the matrix A.
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For p > 3 there are at least two ways to define a jumping hyperplane.

We will call them weak and strong jumping hyperplanes.

3.1. Definition. H{ = vy ®v; € Vy ® V; is a (j)-weak jumping hy-

perplane for A if 3 vy, w1, ..., wy, basis of V such that
ko

(3) A:’U0®’Uj®h+2’wi®...
i=1

whereheV1®---®‘7]'®---®V}7isanhyperplaneforIP’kl X oo x PRI x
---X]P’k”CP(V1®---®{/}®---®VP).

3.2. Remark. The expression (3) means, as in the case p = 2, that
HO(Ker fa}))#0.

If 7 = vp ® v; is a (j)-weak jumping hyperplane for A then the map:
Vo® - ®@Vp = (Vo/<uo>) @+ ® (Vj/<vj>) ®--® V)
A A
gives an elementary transformation [Mar82]
3.3. Remark. A';j is again of boundary format
3.4. Proposition. If A'; is defined as above

DetA # 0 = DetA'; #0

Proof. If X :=Pk x ... x Pk x - - x P and h is the hyperplane defined
in (3.1) associated to H, the map S4U) - O, induced by a non zero
section of S4V) is surjective (see [V2] prop.2.1).

Since codimh = 1, then its kernel §'%) is locally free sheaf [Ser65] of
rank kg — k; — 1 on X and it is the Steiner bundle associated to the

matrix AU) as the snake-lemma, applied to the following exact diagram
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show
0
o
|
0 —— Ox(~1,...,-1)@V;V EESIN Ox®Vy —— 84UV —— 0
0o — OX(—l,l...,—l) — OlX —_— Olh — 0
% S
ie. SV =g A () and by proposition (1.3) the result follows. O

3.5. Remark. If W(S4;) is the set of j-weak jumping hyperplanes of A ,
then the exact sequence (dual to the last column of the above diagram)
AV AV
0— Sff) — Sﬁf) - 0x(1,...,1) =0
J
show that W (S4;) C W(SA;,) U {h}

3.6. Remark. An element g € Stab(A) preserves h and it induces g €
SL(Vo/ <g(wo)>) X SL(V1) X - -+ X SL(Vj/ <4(0;)>) % - - X SL(V}) such that
g - A projects to g - A’; and the elementary transformation behaves well

with respect to the action of g.

3.7. Definition. H =1y ®v1 ® -+ ® v, is a strong jumping hyper-
plane for A if Jvg, w1, ..., w, basis of Vj such that

ko
A= @u @ QU+ » wi®...
=1
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3.8. Remark. If H is a strong jumping hyperplane then K is a (j)-weak
jumping hyperplane for all j = 1,...,p; in particular for a strong jump-

ing hyperplane there are many elementary transformations.

3.9. Remark. For p = 2 the notations of strong jumping hyperplane and
of weak jumping hyperplane coincide with each other (see [AO]).

3.10. Ezample. (the identity) Fixed a basis e(J) e,(c) in Vj for all j,
the identity matrix is represented by

I:= Z ez(-(?)®---®e§p).

P
io=i1-+++ip
0<i; <k;

Let to,...,tk, be any distinct complex numbers. Let w be the (ko +

(i-1)

1) x (ko + 1) Vandermonde matrix whose (4, j) entry is ¢, ", so acting

with w over Vj, we have:

ko )
s=0

Then substituting

- Y Ovee..od
do=i1-+++ip
SZO ...ko
ST SRS o (3 i)
s= 11=0 ip=0

Thus, since t; have no restrictions, I has infinitely many strong jump-
ing hyperplane.
We call Schwarzenberger bundle the vector bundle associated to I (in fact

in the case p = 2 it is exactly the same introduced by Schwarzenberger
in [Sch])(see also ([AO])

3.11. Proposition. Let A be a boundary format matriz with DetA # 0.
If A has N > ko + 3 strong jumping hyperplanes then it is an identity.
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Proof. In the case p = 2 the statement is proved in [AO] (theorem
5.13) or in [V2] (theorem 3.1). Chosen Vj and other two vector spaces
among Vi,...,V, (say Vi and V3), one may perform several elementary
transformations with Vy and all the others so that we get A’ € V'y ®
V1 ® Vs boundary format matrix with DetA’ # 0 and N’ > k’y+ 3 strong
jumping hyperplanes, then A’ is an identity.

As in the above example, one can change the hyperplane giving the
elementary transformation, so that for all N strong jumping hyperplanes
we get t1,...,tn distinct complex numbers and corresponding suitable
basis of V7 and V5 :

OB

€y --- €k,
) —)

=) ...6k2

such that the hyperplanes are given by
k1 . ko .
Y&Vt and Y et forj=1,...N
i=0 i=0

Now, changing V; and V5 with the pairs V1,V; (j =1,...p ) we get

ko k1 kp )
A=Y eline-o () i)
5=0 i1=0 ip=0
showing that A is an identity. O

3.12. Proposition. Let A be a boundary format matriz with DetA # 0.
If A has ko+2 strong jumping hyperplanes then it is uniquely determined
by these hyperplanes.

Proof. In the case p = 2 the statement is proved in [AO] (theorem 5.3).
Chosen V; and other two vector spaces among V1,...,V, (say V; and
V3), one may perform several elementary transformations with V; and
all the others so that we get A’ € V'i ® V1 ® V5 boundary format matrix
with DetA’ # 0 and N' = K’y + 2 strong jumping hyperplanes, then A’
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is uniquely determined. Now, changing V; and V5 with the pairs Vi and
Vi (j =2,...,p) we detect all the 3-dimensional submatrices of A which

are all uniquely determined, so also A is determined. U

3.13. Remark. In the case p = 2 we know that ky + 2 jumping hyper-
planes give an existence condition for the bundle S4 (it is a logarithmic
bundle, see [AO]) but in the case p > 3 there is not an analog existence

result.
The following proposition is well known.

3.14. Proposition. All nondegenerate matrices of type 2 x k x (k+ 1)
are GL(2) x GL(k) x GL(k + 1) equivalent.

Proof. Let A, A" two such matrices. They define two exact sequences

on P!
0 — O(—k)—0F 1 A 01)k 0
0= O(—k)—0* 1 20(1)% 5 0

and easily we can find the following commutative diagram

0 = O(-k) — Ok A ok - 0

b

0 - O(-k) — o1 A o)k - o

The above proposition can be reformulated as follows:

3.15. Proposition. Every surjective morphism of vector bundles on P!
OEF! - Opa(1)*

is represented by an identity matriz.

Proof of theorem 1.1



CARLA DIONISI 11

Proof. We proceed by induction on ky. If kg = 2 the theorem is true
by proposition 3.15. We may suppose that Stab(A)° has dimension > 1
then by theorem 2.4 the matrix A is triangulable and this implies that
there exists a strong jumping hyperplane K.

We may, also, suppose that the number of jumping hyperplanes is fi-
nite otherwise A is an identity (proposition 3.11), hence K is Stab(A)°-
invariant. Let A} the image of A by the elementary transformation
associated to the weak jumping hyperplane vy ® v1 defined by H (we
choose 5 = 1 to have simpler notations). The matrix A; belongs to
VeoaVi@Vh®: @V, where Vj = Vy/cyy> and V] = Vi /< w1 >, it is
nondegenerate and of boundary format then, by induction, there exists

a 2-dimensional vector space U such that
Vg~ Sh=YU), V/~8H"Y(U) and V;=8%{U) forall i>2

and Stab(A})? C SL(U) (by using essentially the same argument we
could work in GL(Vp) x +++ x GL(V})).

Since A! is obtained from the matrix A after the choice of two direc-
tions, any element which stabilizes A also stabilizes A}, so Stab(A)° C
Stab(A")°. Hence Stab(A)? C SL(U) by the inductive hypothesis.
Now, we want to show that the action is performed according to the iso-
morphisms V; ~ S¥U/. We remark that the above considered elementary
transformation gives the decomposition ¥y = Vj @ C and V; = V] & C.
Since no other morphism of SL(U) in SL(Vy) x SL(V;) x SL(S§%2U) x
<o+ x SL(S*U) can give S¥~1U @ SF~1U ® SU ® ... ® S¥U as an
invariant summand of Vy; ® V; ® S¥2U ® S*»U, then the inclusion

Hom(Vy,V/ @ V2 ®---®V,) C Hom(V, Vi @ V2 ® ... V})
can be identified with the SL(U)-invariant inclusion
S @ SM U SPUR...@ SPU Cc ShU® SFU @ SRU® ... SPU

according to the natural actions; hence also Vj = Sk and V; = SkU.
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In the case Stab(A)? = SL(2), the action of SL(U) satisfies definition
2.3, proving that A is an identity. O

3.16. Remark. Throughout this paper we work only on nondegenerate
matrices. Indeed, in the proofs we apply the induction strategy (hence
the results of [AO]) and the correspondence between matrices and vector
bundles described in proposition 1.3.

The characterization of the stabilizer of degenerate matrices is still an
open problem.

Another interesting problem is the study of the stabilizer of general

multidimensional matrices (and not necessary of boundary format).
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