Unsaturated incompressible flows in adsorbing porous media
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Abstract

We study a free boundary problem modelling the penetration of a liquid through a porous material
in the presence of absorbing granules. The geometry is one-dimensional. The early stage of penetra-
tion is considered, when the flow is unsaturated. Since the hydraulic conductivity depends both on
saturation and on porosity and the latter change due to the absorption, the main coefficient in the
flow equation depends on the free boundary and on the history of the process. Some results have
been obtained in [5] for a simplified version of the model. Here existence and uniqueness are proved
in a class of weighted Holder spaces in a more general situation. A basic tool are the estimates on a
non-standard linear boundary value problem for the heat equation in an initially degenerate domain
[10].

1 Introduction

The penetration of a wetting front in a porous medium is a classical free boundary problem. The oldest
and best known example is the Green-Ampt model for water flow in soils [3]. There is an enormous variety
of situations (chemically reacting media, deformable media, capillarity effects, mass exchange, flows of
mixtures, media with complex structure, pollution, remediation, ground freezing, composite material
manufacturing, coffee brewing, etc.).

Consequently the mathematical literature on that subject is immense and involves many different
techniques. We quote the recent Lecture Notes [2] for a review of some problems of industrial relevance
and a general introduction on the subject.

The problem discussed in this paper concerns the first stage of penetration of a liquid through a porous
material in which hydrophile granules absorb and immobilize the liquid. The physical device we have in
mind is a diaper. The effect of the absorbing granules on the flow is quite relevant, since the granules can
swell up to about sixty times their original volume. During the first stage of penetration the medium is
unsatured. Due to the presence of capillarity, saturation (i.e. the pore volume fraction occupied by the
liquid) is a function of pressure. Even in one-dimensional setting the problem is complicated because of
many reasons:

(i) The presence of a free boundary (the wetting front)
(ii) porosity is altered by the volume increase of the granules
(iii) the absorption process at a given point starts when such a point is reached by the wetting front.

Since the flow is governed by Darcy’s law and the hydraulic conductivity of the system depends on
porosity, the problem is going to be formulated as a free boundary problem for a parabolic equation in
which the principal term depends on the free boundary and on the local history of the process.

The model was first formulated in [4], and some first results for a simplified version were given in [5].

A more detailed description involving various aspects (geometry, boundary conditions, etc.) can be
found in [6]. An existence and uniqueness theorem for the one-dimensional case with the presence of
an initially penetrated layer has been proved in [11]. The problem of the subsequent appearance of a
saturation front has been studied in [1], proving existence and uniqueness of a classical solution.
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The one-dimensional case in which capillarity is neglected and the flow is saturated has been described
in [6]

Here we show existence and uniqueness of a classical solution for the case in which a saturation zone
has not appeared yet and starting (as in [5]) from an initial situation in which the medium is completely
dry.

A basic tool is the use of estimates of time-weighted Holder norms for the solutions of a non-standard
linear problem for the heat equation, which has been derived in [10] and which provide more information
on the behaviour of the solution for small times. A preliminary sketch of our results was presented in [9].

We remark that the physical structure we are referring to is such that porosity can be defined as a
macroscopic quantity, depending on the size locally attained by the granules (i.e. there are sufficiently
many granules in a representative element of the porous medium to take an average). A completely
different approach has been followed in [7], where granules are considered large on the length scale of the
pores (but still small on the macro-scale) with the following consequences: the domain occupied by the
porous material is variable in time and is the complement of the set of the granules whose centers form
a regular cubic lattice. The porosity at each point of the flow domain must be defined in terms of the
size of the neighboring granules, the absorption rate is not uniform on the surface of a granule and its
swelling rate is the result of an average. Such a problem is clearly three dimensional and existence and
uniqueness of a weak solution has been proved.

On the contrary, in the present approach the sum of porosity and of the volume fraction of the granules
is constant.

2 Statement of the Problem

The quantities defining the structure of the porous medium are the volume fraction occupied by the
granules, V (z,t), and the porous volume fraction (porosity) e(x,t). In this paper we assume that granules
are dispersed in the pores and that granules and pores are of comparable size. The volume increase of
the granules produces a corresponding reduction of porosity

e(z,t) + V(z,t) =0 + W, (2.1)

where ¢, V) are the initial values (i.e. those of the dry medium), taken constant for simplicity.

We suppose that absorption takes place in the wet medium when saturation exceeds a positive thresh-
old Sp, until V' has reached a maximum value Viyax € (Vo, €0 + Vo), so that fully swollen granules leave
some porosity available for the flow.

Absorption occurs according to the law

O Vi~ V(S ~ S0)- (2.2
where f(£) is a smooth function such that f(0) =0, f/(£) >0, f(£) > 0 for £ > 0.

The quantities related to the flow are pressure, p(z,t), and saturation S(z,t) € [0,1]. We suppose
that the medium is initially dry (S = 0) and the penetration occurs when S > Sy (thus Sy represent the
moisture content that adheres to the porous skeleton, for simplicity we take the penetration threshold
equal to the absorption threshold). We are interested in the unsaturated regime, i.e. S < 1, in which by
capillarity saturation is related to pressure: S = S(p), with S(p) smooth, positive, increasing function,
up to p = pg (saturation pressure), beyond which S = 1. Hence we choose the pressure scale such that
So = 5(0) and for simplicity we take S(p) linear in (0,pg), namely

1-S5p
bs

S= S+ p=Sot+cp . 0<p<ps, (2.3)
We remark that (2.3) is not a critical choice, since S(p) can be any C? function with S’(p) strictly positive.
The flow is governed by Darcy’s law for the volumetric velocity ¢
Ip

q= —k‘(S,E)% (2.4)



(gravity is neglected), where k(S,¢) is the hydraulic conductivity, supposed to be strictly positive and
three times continuously differentiable.

Mass balance is expressed by
A ]

e 2 2.
o Tor T ox (2:5)
which together with (2.4) leads to a parabolic p.d.e. for pressure
dp Oe 0 op|
ECOat(lS)atax{k(S,é‘)ax} —0, O<x< S(t)7 (26)

with S expressed by (2.3), and ¢ still to be determined.
We can obtain an expression for € by formal integration of (2.2) and using (2.1). Introducing the

monotone function v
dy

CI)(V) B Vo f(Vmax - y)

(2.7)

and its inverse ¥, from (2.2) we obtain

V(z,t) = W(/@;)(S(xﬁ) - So)dT> = W(/@;) cop(z, T)dT)7 t>6(x), (2.8)

where 6(z) is the time at which the wetting front reaches the location z. Finally

e(z,t) =g+ Vo— T (/@(”) Cop({L‘ﬂ')dT). (2.9)

Thus in the governing p.d.e. (2.6), the main coefficient k(.5S,¢) contains a causal functional of p and
keeps track of the wetting front motion through the function 6(z).
We complete the statement of the problem with the boundary conditions. At the inflow surface the
natural condition is to prescribe the volumetric velocity go(t)
dp
—k(S,e)— =qo(t 2.10
(5.922| =l (210)
(note that S, e are not known). On the wetting front z = s(t), s = 6!, S coincides with the threshold
So, implying

p(s(t), 1)) =0, (2.11)
while the penetration speed § is nothing but the molecular velocity, i.e.
Ip
5(t) = —pp—=— 2.12
8(t) = —py- ) (2.12)

ko
——  ko=k .
S0€0 s O (50,60)

The most realistic physical assumption on s(0) is that, as we said, the medium is not penetrated for
t = 0 so that

with p =

s(0) =0, (2.13)

which is source of considerable mathematical difficulties.
We take the compatibility condition
p(0,0) =0, (2.14)

and we look for classical solutions with enough regularity, so that the differential equation (2.6) is satisfied
in the closure of the domain. In such a case we have some additional information: differentiating (2.11)

0
we find 88—5 + a—f =0 on = = s(t) and in particular
0 /
8—1; = —5(0)pl = up2, forz =0, t =0, (2.15)



dp

with pj = 32 at the origin, namely
T
1
Po = _FOQO(O)- (2.16)
From (2.15) and (2.6) we derive
32p Co ok 9
@(070) = I?O(EOM - ﬁ(soﬁo))po : (2.17)

3 Statement of the Result

We first transform the problem into one with a fixed domain. We define [y the initial slope of the

q0(0)

Soeo

a smooth monotone function 7(§) such that n(¢) =0 for £ < iy, n(§) =1 for £ > Is.
The variable transformation

boundary, Iy = , and we take two positive numbers [, [y such that 0 < Iy < ls < lp. We introduce

=z +n(3)o(t) (3.1)
o(t) = s(t) —so(t), so(t) =lot (3.2)
maps the interval 0 < z < s(t) into the interval 0 < z < sq(¢) for each ¢ > 0.
Setting
bt = (o), Y(nt) =2+ (3.3)
and calculating %—i =1+ n’(?)@, we note that olt) — 0 as t — 0 by construction (provided $(t) is

continuous for ¢t = 0, as we are supposing). Therefore 85'7}2/ > 0 for ¢ in a sufficiently small interval. Hence
(3.1) is a 1-1 mapping in that interval.

We remark that we are interested in establishing existence locally in time, since for already penetrated
media the results of [11] apply.

We denote by p, S, &, k the transformed functions (p(z,t) = p(Y (2, 1),1), etc.). Equations (2.6), (2.10),
(2.11), (2.12) take the form

(9 0p G o5y 10k op\ _
COe(@t_821+gf _(1_S)(8t)_1+%’6z 1+%8z =0 (3.4)
~Jp
5 = a0 (35)
P(so(t),t) =0 (3.6)
do ap ,
wora ) .
where from (2.9) we easily see that & = —U'(I(z,t))cop(z, t).
Next, we note that if we introduce
r(z,t) = p(z,t) — potb(z,t) (3.8)
and
7(t) = r(so(t),t) = —pyo(t), (3.9)
owing to (3.6), we may rewrite (3.4), (3.5), (3.7) as
or ko 0% [0p 1 , oy kS% 1 ok 0p o
| = — _— z — ———(1- = 0.
ot (1+ %’)2 022 (82 1+ %’ po) (coe ot (1+ %)2) (1+ %)2 0z 0z (1-5)e =0
0z
(3.10)



A

0z lz=0 qO( )’
LA = ppe
p6 dt 0z z=s0(t) o

In writing (3.12), we have used the fact that n’'(§) = 0 near £ =l
The next step in our transformation is to introduce the new unknown

u(x,t) = r(z,t) — ro(z,t)

87‘0 87“0 6 To
9z Ot 022

with rg(z,t) chosen in such a way that rg, —
for z =0, t =0 (see (2.15)-(2.17)).
To be specific we take
ro(2,t) = phz + upt + boz? + byzt + byt?
with

Co ak ’

by = D —(gop — 65(50750))p02
_ ok ’

by = —ky ' (Co%(soﬁo)ﬂpog + q’(O))7
3

by = pj <§blﬂ - 2M2p650>a

(with go(t) continuously differentiable).
In such a way (3.10)-(3.12) become

2
coeogt Ifog Z = Flu] + fo(z,1),
—ko% W <(i€ - ko)% + 72785;) » + qo()
_ida+u8u 1 dro —M% g
pp dt 0z|,_ so(t) po dt 0z 2=so(t)
where
a(t) = u(so(t),t) , 7o(t) =ro(so(t),?)
and

~[Ou Org k 0%u  0%r
a2+ 20) (i b )P, Y
ot ot (1+7¢)2 0z 0z

0z
p 1 ) ) k..
(azHapr)(COE%( %)2)

0z L+ 92

o (1 Okop ok 0.0\ _ =
+a-9a+ PR O, ool G2) = 3 Al
(1+az) )

87“0 627“0 ok 67‘0
fo(Z,t) = —(COEOE — ko 822 — %(5’0,60)00(7)2),

p=u+r0+po¥,
o(t) = —Z% (at) +7o(t)) = _pl;) (a(t) + (bold + bilo + b2)e?) .

0

take the corresponding values of p, —

(3.11)

(3.12)

(3.13)

dp 8p 9%p
9z’ 0t’ 922

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)
(3.25)



It follows from the definition of ro that f,(0,0) = 0.
Taking into account (3.16), (3.17), we rewrite (3.19), (3.20) in the final form

ou
—koa— = go(t) + Glu], (3.26)
z z=0
1 du ou
_ 4 u— =0, 3.27
R 2=s0(t) (327
with
- 37‘0 ’ 87’0
go(t) = (ko 5% + k5 (S0, €0)coro 5% ‘ :O-HJ(f)
= cokis(So,€0) (Mpz)QbﬂfQ + bappt® + b1b2t3> +4q(t) — q(0) — ¢'(0)t, (3.28)
Oro N N Jro - ou
G[u] = Cok{g(So,Eo)'LLi +(k— ko — kfg(So,Eo)(S — S()) —_— + (/C — ko)f (329)
0z |,_, ( ) 0z |,_, 0z|,_,
We also note that for 7g(¢) in (3.21) we have the expressions
7:()(1?) = (bolg + bilg + b2)t2 = (,U,Qpé)Qbo — Mp6b1 + bg)tQ, (330)
1 d'Fo 8’/“0 ’
v, 79 =0. 31
a0 (3.31)

Thus, the final formulation of the problem consists of equations (3.18), (3.26), (3.27) and (3.25).
At this point we introduce the functional spaces to be used in the rest of the paper.
By J: we denote the interval (0, s(¢)).

o C'(Jy), 1€ ([I],[1] +1),1>0, is the standard Hélder space with norm
]

dju(:zt) )
Ieleriy =3 sup |5 |+ 1l (3:32)
e C(0,T), similar space with norm
Jul > aup [0 ) (3.33)
! = - , .
ct(0,T) i ie(0.1) dti (0,T)
We remind that in (3.32), (3.33)
U 4l
o _ B [l}—z’d u(zy) u(xz)‘ 534
[U]Jt Ilyszli%‘]f |x1 x2| d.’L' dx ( ' )
and 7] ( U )
O _ [l]_l‘d u(ty)  du(ts ’
U = sup |t1 —12 3.35
[ ](O,T) t17t26(O,T)| 1 ‘ dt dt ( )
o CY2(Qor), Qor = {x € J;, t € (0,T)}, with norm
& ru(z,t) (1,1/2)
Ilone = 30 e[St | + il 530
where
1/2) B o2y, 1)
(1.1/2) _ 0} —l/2+[z]/2)6 u(z,t+h) u(z,
[ulg) sup[u];’ +sup sup h 5072 51172 (3.37)

T<t Qor he(0,T—t)

(this definition requires $(t) > 0, that we are assuming).



Finally we introduce the weighted Holder spaces C’l’l/z(QOT), C’I(O, T), C’gl/z(QOT), C’é (0,7)

o CM/2(Qqr) has the norm

11/2 _
Hu||éz,z/z(QOT) = sup [u]gh//z)r—i—supt Hu(z,t)|. (3.38)
7€(0,T) ’ Qor
e C'(0,T) has the norm
1 _
lullro.ry = [Wl{gr + sup t™u(®)]- (3:39)
te(0,T)
ALL2
o Cj (Qor), B > 0, has the norm
_ B, 1(:1/2) —l+3
Ul A1, = sup 77 |u +supt u(z,t)|, 3.40
| ”Cfsl/z(QOT) TE(OI,)T) o e QOE fute. ) (3.40)
° Alﬁ(O,T) has the norm
l _
luller oy = sup T[]y )+ sup 172 P lu(t)]. (3.41)
o 7€(0,T) t€(0,7)

Clearly, for 8 = 0 the spaces C',g coincide with the corresponding spaces C.
At this point, we may state the results we are going to prove in the rest of the paper.

Theorem 1 Let k(S,¢) be a C? function in [So, 1] X [emin, €0] and strictly positive (k >k > 0). Suppose

that qo € C3/211/2(0,T) for some ay € (0,1) and strictly positive (qo > G > 0). Then problem (3.18),
A 0 A 0

(3.25), (3.26), (3.27) has one unique solution u € C?t*1+2/2(Qq 1) such that —l; e C¥2(Qop), gu

0 0z
2 ~
G ta2(Qgp), % e CU2(Qor), % e CUHI2(0.T), for any o € (0,a1) and T sufficiently

small. Moreover, the solution satisfies the inequality

S

ou 0%u Ju
Hu||(j~2+a,1+a/2(QOT) + ||%||él+a,1/2+a/2(gw) + ||@||C’avﬂ/2(QOT) + ||a“éa,a/2(gw)

ot
+ HEHCA(HM/Z(O’T) < C(”folléﬂﬂa/?(QOT) + ||90||é(1+a)/2(0,T))- (3.42)

As a consequence we deduce the following properties for the pressure:

Pz, 1) = r0(2 1) +pgn(§)a(t) oz, t), (3.43)

(i) the derivatives %, % belong to C*/2(Qor),

9%p
(i) 8—]; is bounded (although it has no limit for ¢ | 0)
z

In terms of the original variables we can say that the functions

o o\ ap

pl.t), o= <1 + 67:) 02|,y 10y
p _9p 00 () Ov\T'0p

ot ot ot 02/ Py




all belong to C**/2(Qqr), and that

9%p QYN TI[0%  0pOPy (. o\
axz—(“az> [azz‘azazz<1+az) }

z=Y ~1(z,t)

ok /
also belongs to C**/2(Qqr) and has the limit coky ' [ao,u - 8—(50,50)}1902 (see (2.16)) as t | 0.

The final conclusion about the regularity of the solution in the original variables is that
pe CPreltal2(uy s e O30, 7). (3.44)
Such a solution is unique, as we shall see.

Theorem 2 The original problem (2.6), (2.10)-(2.14) has one unique solution satisfying (3.44).

4 The basic steps in the Proof of Theorem 1

Let us introduce the space (f§+a’1+a/2 (Qor) of the functions w defined on Qg r and such that
A [ @ 8 A @ @
w e Cé+ A+ /2(QOT) , 571;} c C’Ef (14 )/2(QOT),
8211) Ao /2 ow Ao, /2
—eCy Q —ec(Cy Q
622 € B ( OT) ) at € Jé] ( OT))
dw

o c CA’EHO‘)/Q(O,T),

with the usual meaning of w. The norm in é§+a’1+a‘2(QOT) is the sum of the norms of the functions
listed above in their respective weighted Holder spaces. It will be denoted by Naiq glw]. When 8 = 0
we will use the symbol Nayq[w].

The basic idea of the existence proof is to look for a solution as a fixed point of a mapping of a closed

set in Cé+a’1+a/2(QoT) into itself, defined as follows.
Consider the linear problem

ow 9w
CQEOE — kog = f(Z,t), (41)
ow
Y M - 4.2
kooe| =00, (4.2
1 dw ow
ot TP | =M 3

which, as we shall see, has one and only one solution (up to a constant) for f € C’g’a/2(QOT), g,h €

C’é1+a)/2(0’ T) satisfying the inequality

Notogli] < e{ g oy + I9legorsam + Wilegrorso, ) (.4)

Such a problem defines the linear mapping w = L[f, g, h] and problem (3.18), (3.25), (3.26), (3.27) can
be reformulated in the form

w=L[Flu] + fo, Glu] + g0,0| = M[ (4.5)

for u in a suitable ball of C2te1+e/2(Q ).

We will prove that for sufficiently small T' the operator M is contractive in the topology of Na .
First we deal briefly with problem (4.1)-(4.3)



5 Some results on the linear problem (4.1)-(4.3)

Theorem 3 Problem (4.1)-(4.3) (with w(0,0) = 0) with data f € C'g’a/2(QOT), g,h € C’él+a)/2(O,T)

with B € [0,1 + o] has one unique solution in the space é§+a’1+a/2(Qo,T), where we have the estimate

(4.4).

Proof. First of all we recall that (4.4) is an a-priori estimate. For 3 = 0 its derivation has been
performed in [10]. The extension to 8 < 1+ « needs only slight changes (see [9]).

Since the problem is linear the estimate above implies uniqueness. Now we turn our attention to the
question of existence. Suppose for the moment that f is a smooth function and let us differentiate (4.1)

w
formally with respect to z, setting W = —. Since

0z
~ ko OW 1
(B 1y
z=lpt

@ = (1 al + aﬂ
dt B Oaz ot Co€o 0z Co€o

we obtain for W the following problem

z=lpt

oW PW  of

606()? — k’ow = a, (51)

—koW(0,t) = g(1), (5.2)
1 ko OW

—— (o — pt W+] =h(t) + lot,t). 5.3
UL B U P (O (5:3)

Existence for (5.1)-(5.3) can be stabilished using e.g. the techniques of [8]. Hence we can define
lot

w(z, t) = — W (&, t) d& + w(t) (5.4)

where the function w(t) plays the role of w(t). Indeed if we choose

Loy =h— W, wo) =0, (5.5)
Do

we immediately realize that w(z,t) satisfies (4.1)-(4.3). At this point, taken a sequence {f,} of smooth

functions converging to f in C’g’a/ %(Qor), with the help of (4.4) we conclude that the corresponding

sequence {wy,} converges in é;+a’1+a/2(QoT) to the solution w of (4.1)-(4.3).

a

In order to get the estimates we need on the operator M|u] in (4.5) we must establish some inequality
concerning the quantities Fu], G[u].
6 Estimating Flu], G[u]
Definition 1 We denote by U o(8,T) the set of the functions u(z,t) having the following properties:
(i) Nayalu] <9,
(ii) o(t) defined by (3.5) is such that o(t)/t* is bounded
(i11) T is small enough (as a function of §) so that $(t) > o for some y9 > 0 and t € (0,T).

5
We recall that Flu] = Z F;[u] is defined by (3.22) and GJu] is defined by (3.29).

i=1



Lemma 1 For any u in the set Usyo(0,T) there exists a positive constant ¢ depending on 6 and on the
data, such that

| Tl o2y < T (6.1)

L ; @, (6.2)

||G[U]Hél/2+a/2(07T) <, y=min(l — «,
The proof requires the following inequality, where we introduce the simpler notation

{Fostor = sup |£(z8)] + sup 72715/
Qor r<T ,

PI‘OpOSitiOD 1 If fl (S éa’a/z(QoT), f2 S Ca’a/Q(QOT), then f1f2 € éa,a/Z(QOT)’ and

[f1f2llgoarzor) < Cllfill goarziqpm{f2taor- (6.3)

Proof. Indeed,

(a,0/2) (a,0/2)
[ f1f2llgoare(or) < SEIT)<QS:/1?T |1z D) f2la), +QST1/1£>T oz O il )

+ sup [f1(z,8)[[ f2(z, 8)| < el f1]

0T

Cm,u/2(QOT){f2}O£,QOT'
O

Proof of Lemma 1. On the basis of the same arguments explained after (3.3), we may choose the time
interval [0, 7] and the function n(£) so that

‘81/) < 1 (6.4)

0z

which we will assume henceforth. In what follows we will denote by ¢ constants depending on the data.
Also, we introduce the slightly simpler notation
1f llaor = Il aarz o)

The estimate

Pl < <l = ollagir ({5 )nn + () nn ), (65)

is an elementary application of Proposition 1.
The inequality

oY 0*u 0?r
Ialullo i < (1= Kol + 152 . ur ) (G5 Vot + (G2 n0n (6.6)
follows again from Proposition 1 and applying (6.4) in the identity
. . oy 0y
i Je o~k 25" (3,
o Ny ., 0y 7
1+ = == 1+ ==
a2 ae Ty 0

Likewise we obtain

82¢
||F3[u1||a,aw<c(||roz Pollestor + 112 s + 1120 ||aQOT)({ Josur + (20 }Q) (6.7)

just recalling (3.24).

10



Now we observe that all the norms {-}4 o, in (6.5), (6.6), (6.7) are bounded. Therefore we work on

ou
the first factors on the r.h.s. We start by estimating Ha , using the obvious inequality
z

a,Qor
au (Oé) —a 82u 827.L
|:aZ:| ; S Ctl S}]lp |@(Z,t)‘ S Ct”@HayQO,t? (68)
and also
ou ou
sup  sup  hTZ|—(z,t+h)— (2t ‘ <
Q. /2, hE(0,7—1) 32( ) 3,2( )

0z

1
) T+a

< ( sup sup h-Ute)/2
Q72,7 he(0,7—t)

du du TE
32( t+h)_$(2 t)D 2+a(sup

Qs /2.-

<cT||%

(6.9)
z Clta,(140)/2(Qq,)

where last inequality is obtained thanks to Young’s inequality. As a consequence of (6.8), (6.9) we get

5.0, = (5 )
62: 14+a,Q0r

0z
w aTO ;7 ~ . . . .
2 9, Po k — ko, € — ¢ appearing in (6.5)-(6.7), we use the inequality
z z

Haz

a,Qot a,Qot

As to the functions

9¢
a(za t)‘ + sup

n¢|mnmw<<ﬂﬂ-a(sup
Qor

Qor

%“:(z, t)D (6.10)

For instance, the derivatives of & are computed as follows. Recalling (2.9) and (3.1)-(3.3), we have

E(z,t) =¢e0 + Vo — ¥(I(2,1)) (6.11)
where .
I(z,t) = / cop(X (z,t,7), 7)dT, X(z,t,7) =Y 1 (Y(2,1),7) (6.12)
0(Y (2,1))
o that RE oI e ol
é é
— =—U(I(z1) 5 = =V (I(z1t) 5 1
S WU, T v (6.13)
with .
oI Op X
— = X(z,t —(z,t,7)d .14
5= ), B X et (6.14)
o1 ' Op X
— = — (X (2,1t —(z,t,7)d p(z,1). 1
5 = [ BT G e (e (6.15)
Since .
ﬁYfl( ) = <1 + aw) (6.16)
O 0] ey
we have o -
1 ‘¥ “r
87X: —|—az7 BiX: ot A:aj (6.17)
0z 1+ A4 ot 1+A 0z =X (ot7), t=T
Again we recall (3.24) and that u is taken in Usy (0, T) so that we can conclude that
Z 1F3 (]| a0 < €T (6.18)



which is a first step in the proof of (6.1). We continue our analysis considering Fy[u], F5[u], which we can
rewrite in the form

—

R Oe ~ ~
Fulu] = (1= So)(1 = p/ps)(5;) = =(1 = So)(1 = B/ps)W'(I(2, 1))cop(, 1), (6.19)
1 Ok, . 020p Ok o . Ok oo\
F = —_— —
= — s S5 5 o+ eo 55,8 - Te(snne) ) (F2)
a ) 8ro Ou \ oy OV D282 4+ (52 Ok 4 . 0P,
From (6.19) we obtain immediately
dp
IFillosar < clillosor (14 {52} ) (6.21)
a,Qor
We remark that the presence of % in || F5[u]|| and the necessity of using (6.10) requires the boundedness
N 0% 9% . : .
of the derivatives of 92 9201 With the same symbols as in (6.12) we write
0%e oI |
@,7\11 (I)(8z> \I/(I)@ (6.22)
0?2 oI 81 Lo 02
oo~V Daa Y Do (6.23)
where
0?1 op X , o
O = 2x 00 ZE e o)1+ 2 )
t
+co/ (Azz(X7 X2+ p. (X, T)XZZ(Z,t,T))dT, (6.24)
0(Y (2,t))
O’ op Op 0X o O
9200~ 3, (z,t) — &(X,O(Y))%(z,t,é)(}f))& (Y)E(Z,t)
t
+eco / (5== (X, 7) X2 X + 52 (X, 7) Xt ), (6.25)
(Y(2,1))
0% 0%y oy
92X W(Z»t) W(X (1 + B*(Z»t))Q
({922 (Z7t77—) = %w - = aw 5 (626)
0%y 0%
92X m('zvt) Oz a2 (X T)’(/}t (Z t)
8zat(z,t,7') = Zaw - o0 : (6.27)
i o9y 3
1+ 8Z(X,T) 1+ 6Z(X7T))
In the expression above
*  u(z\ot) v  ,(z\o nfz\ &
Gz (t> % gaor " <t> 7 (t)t?’ (6:28)

are bounded functions (see (3.25)).
5

Therefore, proceeding as in the final step for the estimates of Fy, Fy, F5, we obtain for Z 1 F3 [u] | o, 000

i=4
precisely the same estimate as (6.18), thus completing the proof of (6.1).
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Inequality (6.2) is proved by means of a similar technique. Remembering the definition (3.39) of
G|u], we see that the main term can be conveniently rewritten in the form

z 8k Q 87‘0
{k — ko — %(50,50)(5 _ So)] r Z:O
Yok ok A
{/O |:8A9 S=S0+X($—50) - 85(50750)] (S _ SO)dA
c=eg+A(E—g0)
ok or
! /0 e | s=soac3-s0) - go)d/\}a 2=0

e=eg+A(é—eq)

Owing to the assumptions made on k(S,¢), we see that, for u taken in the usual set,

sup £717|Glu]| < ¢ sup ¢ (Ju(0,8)] + [p(0, )2 + 5(0,1) — |
(0,T7) (0,T)

He00 -l ) <er'

and

(re)/2 ) 02 Ok
< oT(1-)/2 au 5 g ar
clul] <2 sup (1580014 150,01+ 150,01+ sup (50,0

(0,T) (0,T) (0,T)
. oy AFe)/2
+ sup [k(0,t) — kol {] < cr(1He)/2 (6.29)
0.1) 92} 0.y
Therefore (6.2) is proved.
g
Our next aim is to prove the following estimates.

Lemma 2 For uy,ug in the set Usa1(0,T) the inequalities
HFk[uﬂ — Fk[u2]||a7Q0T S CT./\/Q_HX[Ul — UQ], k‘ = 1, 2,4 (630)
[Fk[wn] = Filuo]lla0or < T2 Nigalur — ug], k= 3,5 (6.31)
1G] = Glualllgasmziory < T 2Nopafur, us) (6.32)

( ) )

hold true for a suitable constant ¢ depending on the data.

The proof of this lemma is quite long and it requires comparisons between the pairs (o1, 02), (01,02),
W,Ys), (X1, X2), (11, 1), with obvious definition of the symbols. We prefer to split it in several propo-
sitions, In all of them wy,us are assumed in the set Us4o (S, T).

Proposition 2

Y1(2,1) = Ya(z,8)] < |on(t) — o2(t)] < tsup |61(7) — &2(7)] (6.33)
0.t

Y, aYs oY; 0Ys ) .

o dhz o¥y oky| B '
92 0z ot~ ot | = o |61(7) = 62(7), (6.34)
01 Oy ()

‘ g - g oo < C[O’l - 0'2](0’ )" (635)

Proof. Since
Yi—-Yo=v1 -9 = n(j) (01— 02) (6.36)

13



(6.33) is elementary. Differentiations with respect to z and ¢ yield

%_%_%_%_ i Z\01L 02
0z 0z Oz oz t t

o Oy Oy /<Z>zol—02

+7’(§)(0’1 — d’g), 0<z<lpt

ot ot ot ot t)t ¢

from which (6.34) follows immediately. Also (6.35) can be easily deduced from (6.37).

Proposition 3 Setting Smin(t) = min(s1(¢), s2(t)), and J = (0, Smin(t)), we have
sup |01(z) — O2(x)| < ctsup |o1(7) — 62(7)],
i (0.t)

61 = 02137 < et!= sup o (r) = G2(7),
t

101(Y1) = 02(Y2) |00 < T Sp |61(t) — o2(2)]
0,7

Proof. Let us define
012(z) = 01(x) — O2(x)

and use the identity s(6(z)) = = to write
82(02) — 81(92) = 81(01) — 81(02) = 9121(%)
with

I(z) = /O 51.(05(2) + A1o(2)) dA

having the property
Z(2) = Z()| < clw = y|*[51)g )y, Y ayE ]

(6.37)

(6.38)

(6.39)

(6.40)

(6.41)

thanks to the fact that § is separated from zero uniformly for u in the set Us1 o (0, T). At this point (6.39)

and (6.40) are easy consequences of (6.43), (6.44) and of (6.45).

Coming to the proof of (6.41), we define opin (t) = min(o1(¢), 02(t)) and Yiin(2,t) = 241 (i) Omin (),

having L*° first time derivative, and we note that
0:(Yi(2,1)) = 0:(Ymin (2, 1)) =

1
(}/z - Ymin)/ 9;(5/1 - )‘<Y; - Ymin)) d)\a 1= 17 2.
0

Therefore, we can write

ol(Yl) (}/2 = gl(len ( mln) +
1

T j) = omin) [ G101 = AYs = Vo) 2
0

Py 1
77() — Omin / Y2 - *Ymin))d)\
t 0

From (6.46) and (6.39) we can easily deduce

01(Y1(2,t)) — 02(Ya(2,1))| < ctsup|o1(T) — 52(7)]-

T<t

14
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Similarly, with the help of (6.40) we find

01(Y7) — QQ(YQ)}&’?@ <erle sup 61 — &, (6.48)
’ 0,7

which, together with (6.47), leads to (6.41)
Remark 1 Defining 0y,ax = max(61(Y1),02(Y2)) we see that estimate (6.41) applies also to ||@max —
gi(Y;l)”a,QoTa i= 172

Proposition 4 For arbitrary z,t,7 satisfying the conditions Omax(z,t) < 7 < t < T there hold the
inequalities

Xa(a1t,7) = Xa(a, )| < et supl6(6) — 22(6) (6.49)
0,t
0X1 0Xs 0X1 0Xo . .
=1 — = =1 =2 < — ) )
T (567 = G+ I (5 67) = RG] < esupln(€) = 9a(6) (6.50)

Proof. Since Y;(X;(z,t,7)7) = Y;(2,t), we have
Y1(Xi(z,t,7)7) — Yo(Xa(z,t,7)7) = Yi(2,t) — Ya(z,1).
To be definite, assume that so(7) < s1(7). Then Y7 (Xa2(z,t,7)7) is well defined, and

Y1(X1(z,t,7)7) — Y1(Xa(z,t,7)7) = Ya(Xa(2,t,7)7) — Y1(Xa(2,t, 7)7) + Y1(2,t) — Ya(z, )
=n(X2/7)(02(7) — 01(7)) + n(2/t)(01(t) — 02(2)). (6.51)

The left hand side can be written in the form

1
d
(X1e0t7) = Xl t7) [ 2D o,y dA
0

1
= (Xl(za th) - XQ(Za t77-)/0 (1 + 667,(?(5’7—))|§:X2+)\(X1*X2)d/\ (652)

where the integral is bounded from above and from below by some positive constants. Hence,

|X1(Za tv T) - XZ(Za t7 T)‘ S ct (SUF; |01 (5) - 0—2(5)| (653)
0,t
For the difference 6521 — 86)22 we have the representation formula
TP TR .7 LR
1
)
15 =) (X2 (XY oe(r) L Xa i) = oa(r)
2 1,7 92 2, T

and, as a consequence, the estimate

|o1(t) — o2(t)] | [o1(7) —o2(7)] | [ X1 — X3 |oa(7)]
< C( ; + + )

T T T

ox,
0z

0Xo
(Zat77—) - W(zvtaT)

(6.55)

The same kind of estimate holds for X; — Xo;, so we arrive at (6.50). The proposition is proved.
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Proposition 5 Set X712 = X1 — Xo. If T € (Omax(2,1),t) N (Omax (', ), 1), then

[ X12(2,t,7) — X12(2',,7)| < |2 — 2|* (t‘a\m (t) = o2(t)[ + 77 o1 (7) — 02(7)|), (6.56)
8X1 2 81(1 2/, /o, —a - .
9 _ b < . . .
‘(‘h (2:8,7) = 2= t,7)| S ez = 2|7 sup lo1(§) — 02(8)], (6.57)

If 7 € (Omax(2,1),t) N (Omax (2, t + h),t + h), h € (0,t), then

X120t 4+ b, 7) = Xna(2,t,7)] < h®2 (679201 (1) = 0a(8)] + 7720 (1) = 02(7) )

+clor(t+ h) — oa(t + h) — o1(t) + o2(t)], (6.58)
0X 0X
(2t hT) = 2 (2 4,7)| < hPT sup 61(6) - 62 (6)), (6.59)
0z (7,t+h)
o
Proof. The first inequality can be deduced directly from (6.55), using the following facts: 12 ; 7 <
o2(7)

clz—2|“t " on J/, | X1 — Xa| < ¢ sup |o1(7)—02(7)|, (which is a more precise version of (6.53)),
7€(0,t) T

bounded.

The estimate (6.58) follows from (6.51), (6.52), because the integral factor in (6.52) is not only
bounded but also satisfies the Holder condition with respect to z and ¢ (with the exponent «). To
prove (6.57), we estimate the difference of the function (6.54) at the points z and z’ and note that
fi(zt) = [L+ ¢/ (Xj(2,t,7),7)]7Y, j = 1,2, satisfy the inequality

|fi(z,t) = fi(2/,t)] < er ™z = 2| (6.60)
We also use the formula
X, X, X —Xo [P 0/ Xo 4+ AMX1 — Xo)
ALy (22 Al A2
from which we obtain
H ,(Xl(y,t,f)> ,(Xz(y,t,f)} y==
nN\———) " \————
T T y=2z'
‘Xl,g(z,t,T—XLQ(Z/,LT)‘ |X12(27t,7')|
< c( - + R ) (6.62)
As a result, we arrive at
8X172 8X1,2 « |O'1(t)—0’2(t)| |01(T)—0'2(T)| 1
| 0z (8,7 - oz (& #'7)] < ez = 2] [( t + T )}TT“
lo1(t) —o2(t)] | loi(r) — o2(7)] |loa(7)] |oa(7)|
+ e s + [ X1 ,2(2,t,7)] 2o )} + = | X12(2,t, 7X12(2,t,7)|
<clz = 2% sup |61(&) — 52(¢)] (6.63)

(0,t)

which implies (6.57). Inequality (6.59) is obtained in the same way.

O
Proposition 6 The differences Iy — Iy and I, — 15, satisfy the inequalities
11 = Dollasgor < T2 (T sup 104 (6) = o4(0)] + sup s — wallcecan ) (6.64)
(0,T) (0,T)
_ 8U1 (9UQ
I = Dellaaer < T sup |61 = 6] + sup | 20 = S22 casy ) 6.65
|| oz sup (o1 = 62l + oup 152 = G2 e (6.65)
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Proof. Let us prove (6.65). By virtue of Remark 1,

1112 — Lozl a,er < €T sup [61(t) — 62(t)
(0,7)

(6.66)

where K (z,t) = f;mm P(z,t,7)dr and the function

8p1 8X1 8}72 8X2 o 8X1 8X2 6p1
P(Z,t,T) oz (X17 ) 5z - 9z (X27 ) 9z _(82’ 82)6 (Xla )
8AX2 3171 8 D2 8X2 82
pP ( (X17 T) — b - (X1,7)) + W(Xl - Xo) . 922 2(Xa + MX1 — Xo),7)dr (6.67)
satisfies the inequalities
8X1 8X2
|P(z,t,7)] < C(‘Xl(z,t,T) — Xo(z,t,7)| + |W(z’t’T) — W(z,tm)\
apl 8152 . . 8u1 8UQ
_ e < _ - - _ =
+sup| 2 ) = ) < e(3up101(6) = 62()] + sup | ) = (7). (668)
[P(2,t,7) = P2/, t,7)| < ez =2 (77 sup |61() — 62(8)| +
(0,t)
Ouq Ouy (a)
S = G2, (6.69)
and, if 7 € (Opmaz(z,t+h),t+h) N (Omaz(z,1),1), h € (0,t), then
. . 0 0 N
[P(,t+ h,7) = P(a,t,7)| < ch®/2 (72 sup [61() = 62(9)] + [ (v 1) = T (). (6:70)
(0,t) z 0z T
Hence,
K )]+ KGN < o= (sup[1(6) - 62(€) + |52 (17) - 22 lmr). (6T71)
I i 0.0) 82 ’ 62 ’ (Jr) )

t+h Omaa(2,t+h)
h=2|K (2,8 + h) — K(2,1)| < h—a/Q/ \P(2,t,7)dr| +h™ 0/2‘/ \P(z,t + h,7)|d7‘
t

t

ou ou

[ PGt b =Pt nldr et (sup 51 (€ -62(6) 1+ ||—1< )= 22 (e ) (672)
O(z,t,h) (0,t) z

where O(z,t, h) = max(0maz (2, 1), Omaz(z,t + h). These inequalities yield (6.65), and (6.64) is obtained

in the same way. The proposition is proved.

O
Proposition 7 The following inequalities are valid:
é1 — &xllagor < T ( sup Jur(,2) = s, )lowrny + Tsuplon(t) — 62()]),  (6.73)
(0,T) t<T
851 852 1— aul auQ . .
e <cT O‘(su -_— - — +sup|o1(t) — o t), 6.74
15 -5 N o |52 G2 i a0 (674
_ Ok, Ok Ok, Ok
[ +||5g = 7o =
98 0S|, qur Oe 92 || .02
< (s = Pellator + 161 = &2 llaor )
< c(Tl’O‘ sup |61.(t) — Ga(t)] + lur — U2||Q,QDT). (6.75)

t<T
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Proof. The first two inequalities follow from Prop. 6, using Prop. 1. The last inequality is a consequence
of (6.73), (6.74).
O

We now return to the proof of Lemma 2

Proof of Lemma 2. A first series of estimates for the differences F;[u;] — F;[us] is obtained by simply
applying Prop. 1:

A Oup  On 8u
13 fur] — Fafellgor < (161 —Eallosror { o+ T2 heagr + 10~ 22 g, 22— <0} ar ) (6.76)
“ o o 0%u 0%r
| Fafonr] = Fafuzl oo < (bt = hallagir + 1152 = 52 lla0r ){ Gzt + G2 Ferstor
0%u 8 U 31/}
el G = G lator ({h = KoYaaor +{ 2}a ur ) (6.77)
oY o ou oY 0%
| Folus] = Fyfua) lloaor < (||—1 o r 18— 22 ) (18 + 1 o Y0 )
op
({22 — ppdasur + {22 tr ) (o1 — e2lloser
oo PPy o o
| aitl - : ”04 Qor T ”kl k2||06 Qor T ” - 8222 H&-,QOT ”71 - 672”04 QOT) (678)
| Falur] = Falulllacor < e(lfr = B2llasior + 11 = Tollagior {2 Y207 ) (6.79)
ok 6k ok ok
1Fsfur] = Bofusllacor < (I 5g — S lasor + 150 = Fllasor
31/’1 Oy p1 3172 551 552
152 = S lastor + 152 = S llagrr + 15 )- (6.50)
Since
{éj - EO}Q,QOT + {k kO}Oé Qor T { j }04 Qor T {pj }Ot Qor < T, (681)
6pj wj Uj . _
{ Oz pO}(X Qor < {TO - po}a Qor T |p0|{ }a Qor T { }Oé Qor < T, J=12, (682)
0 0 . .
192 = 2y, < T suploa (1) — 62(0)], (6.5
t<T
oy 0v .
1557 = g legr < ellor = Galla oy, (6.54)
0% 0% ol - )
H 3221 - 3222 ||a,QOT < T ||(71 - UQHC'UMX)M(O)T)? (685)
and
ou ou ou ou
150 = G lator < 2 (1552 = G2 llguseror/am
0%u 0%u

i 5221 - 82*22||éa,a/2(QOT)) < T Nayalul, (6.86)

we conclude that the norms || Fy[u1] — Fx[ua]|la.q0r can be estimated by ¢TNogqlur — ug], if k =1,2,4,
and by ¢TV2 Ny our — usl, if k = 3, 5.
a
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Let us finally estimate

s . 87«0 8U1 8’U/1 aU/Q
Glu] = Glus] = (b = k2) (5~ + 5= FERCE

(we took account of the fact that p; — po = w3 — ug for z = 0). We have
t1 7 Glun] — Glug]| < et *(Jur (0,8) — uz(0,1)] 4 161(0, ) — £2(0, 1))

B P
tet™ a|ﬂ(o t) — ;j (0,8)] < ctNoralur — usl,

(1+a)/2 ok ok
Glui] — Glu < cT(1=)/2(gy —IOt—JOt
] - Gl (sup G (0.0) — F2(0.0)
~ A 8u1 87.L2
+sup k1 (0,) — k2(0, )] +Sup|*|S Dl (0,1) = —=(0,9)))
t<T t<T Ot i<r 0z

8u1
0z (

which proves (6.32), thus concluding the proof of Lemma 2.

8u2

TG0, = SO0, < T N o — ),

7 Proof of theorems 1, 2

In Sect. 4 we have sketched the main arguments of the proof of Theorem 3.1. As we said, the existence
proof is equivalent to showing that the operator Mu| acting on the set Usy (5, T) is contractive in the
topology defined by the norm Nsy, for T' small enough and ¢ compatible with the data.

Lemma 3 There exists a positive constant ¢ depending on 6 and on the data such that for u € Us14(5,T)
Nojyo[Mu]] < TV (7.1)

with v as in (6.2) and for uy,uz € Us 1 (6,T)
NogalMlur] — Mlus]] < T2 No g o [ug — us) (7.2)

Proof. Tt is a straightforward consequence of the inequalities in Lemma 1, producing (7.1), and in
Lemma 2, producing (7.2), along with the basic estimate (4.4) for the linear problem (4.1)-(4.3) (see
[10]).

a

Obviously (7.1) allows to select T in such a way that M[u] € Us14(d,T'), once § is given compatibly
with the data, while (7.2) shows how to possibly reduce T in order to make M a contractive mapping.
Thus Theorem 1 is proved.

Proof of Theorem 2. Theorem 1 provides existence and uniqueness of solutions to the system (2.6),
(2.10)-(2.14) which can be derived from solutions of problem (3.18), (3.25)-(3.27).

Let us now suppose that p(z, t) is the solution in the class above and that pa(z,t) is another solution
belonging to C?T1+a2(Q,r).

In Section 3 we remarked that p; € C?T*1+2/2(Q;7), Q;r denoting the domain of definition of p;.

We construct the functions

uj = p; — pyt; — ro € CEFOIT2(Qor)

and we consider the difference uy — uq, satisfying

0060%(”@1 —ug) — ko 682 (u1 —u2) = Flu] — Flua], (7.3)
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g
—koa—(ul — ’LLQ) 0 = G[ul] — G[Ug], (74)
1d 0
Y (01— 2) + po(un — ug) =0 (7.5)

Exploiting the fact that u; — us € Cre H_(’/Q(QOT) we will show that

e the norm || Flu1] — Flug]|la,0r is bounded (7.6)
e the norm ||Gluq] — G[u2]||é((]1/<;a)/2(0’T) is bounded (7.7)

Then, by Theorem 3 we improve our knowledge of u; — ug, concluding that u; — uy actually belongs to

éij;’Ha/Q(QOT)-

On the basis of this information we will show that (7.7) can be improved to
. the norm [|Glu1] — Glus]||ga+a)/2(g 7y is bounded (7.8)

Back to Theorem 3, at this point we deduce that u; — uy € C2t*1+2/2(Quz), implying that uy belongs
to the same space as up, implying uniqueness.

Now we proceed to the proof of (7.6).

The differences F;[u1] — Fi[ug] with ¢ = 1,2 are easily estimated

Oui  Org }

~ ~ aul aUQ
< c(ller—Eallo.cor { F + 51

I3 e] ~ Fy ] GG lealar), 09

6%1 8¢2 82u1 627’0
IFsfi] = Pl < el ~ Rollosr + |52 - 52| )53+ 52}
0%u,  0%u - o
+ef 8221 EP ==, QOT<||k2 Kollav.cor + | 2||a,QOT)~ (7.10)

Ly
Since % < ¢TI~ sup |6(t)] < T'37%/2] these norms are bounded. The boundedness of
a,Qor (O,T)
| Fylu1] — Fylus) and of || Fslui] — Fj [uQ]Ha Qor 18 clear from the above estimates. The difference
%

Fs[uq] — F3[us] contains the second derivatives

2

which are singular in the case 6; € C1/2+%/2(0, T):

(z, t)‘ < ¢t~ (1F)/2 but this singularity is compensated by the factor ¢(z,t) = % (1+ %) — Dby
2 2

022
2

so the norm of the product ¢ J i bounded:

022
0%, oy 92,7 (@012
an 5 < supt” a|qzt|‘ J )| + sup sup |q(z, t)|[a J
z aaQOT (0 T (0 T) Q7/2 T Z QT/‘Z,T

+ sup sup
(0,T) Q7 /2,~

IZ)' a,a
L(z )| la]G P < oo

Other terms in F3[u;] — F3lug] are estimated in a similar way.
Clearly, not only || F[u1] — F2[usg]||a,00r but also the norms || Flui] — Fa[us] ||éo¢.(x/2(QOT) with arbitrary
8

non-negative 8 are bounded.
Let us turn to the proof of (7.7). We have

ur (0, 8) — ua(0, 8)] </ |3“1 - 852 (0, 7)|dr| < ct' o2, (7.11)
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so, repeating the above simple calculation we obtain:

|Glu1] — [U2]||C<1+a>/2(0 ) < sup t” 1=2/2 qup |Glur)(0,t) — Glug](0, )] +
(0,T) (0,T)
+ sup 1°/2(Glur] — Glus]){ 52/
(07T)
8u1 8U2

S (||u1(0, ) - ’ILQ( Hcl+a/2(0 T) + || (O7 ) - E(O, ')||C(1+a)/2(0’T)) < o0

At the second step, we have, instead of (5.1),

Ou ou anOur  Ou
waow—mmt\</W H0.7) = 5 O 7)ldr < et = g2

and, as a consequence,

1GTu] = Gluallgararrzory < ellur = vallgarosrarz gy, < 00,

which completes the proof.
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