Illinois Journal of Mathematics Volume 47, Number 1/2, Spring/Summer 2003, Pages 571–580 S 0019-2082

PARTITIONS AND OTHER COVERINGS OF FINITE GROUPS

GUIDO ZAPPA

I have a great memory of Reinhold Baer. I admired his high scientific values and his deep human qualities. He visited Italy many times, giving courses of lectures and seminars. He very kindly invited me to Germany to give lectures. Consequently, I am very glad that with this paper I may pay homage to his memory.

This paper is a survey of the theory of partitions of finite groups to which Baer made many contributions of the greatest importance. We will also consider other coverings connected with partitions, but we will not examine geometric applications of partitions. All groups are assumed to be finite.

1. Some basic definitions

Let G be a group. A set Π = {H_1, . . . , H_n} of subgroups H_i (i = 1, . . . , n) is said to be a partition of G if every element x ∈ G, x ≠ 1, belongs to one and only one subgroup H_i ∈ Π. If n = 1, the partition is said to be trivial.

Let S be a subgroup of G. A set Π = {H_1, . . . , H_n} of subgroups of G is said to be a strict S-partition of G if S ≤ H_i (i = 1, . . . , n) and every element of G \ S belongs to one and only one of the subgroups H_i (i = 1, . . . , n). If n = 1 the strict S-partition is said to be trivial. If Π = {H_1, . . . , H_n} is a partition (S-partition) of G, the subgroups H_i (i = 1, . . . , n) are said to be the components of Π.

2. A paper by G. A. Miller

The first paper concerning partitions of groups was published in 1906 by G. A. Miller [20]. He proved that any abelian group G having a non trivial partition Π is an elementary abelian p-group of order ≥ p^2. Moreover, if |G| = p^m and |H_i| = p^a for every H_i ∈ Π, then a divides m. Conversely, if G is an elementary abelian group of order p^m and a divides m, then G has a partition Π = {H_1, . . . , H_r} with |H_i| = p^a, i = 1, . . . , r. Miller also proved that if Π is a non trivial partition of a non abelian p-group G, then all elements

Received August 28, 2002.

2000 Mathematics Subject Classification. 20D50.

© 2003 University of Illinois 571

572 GUIDO ZAPPA

of G having order > p belong to the same component of Π. Moreover, if all the components of a non trivial partition of a group G have the same order, then no element of G has order p^2, p being a prime.

3. Covering by centralizers

Starting in 1907, M. Cipolla [8] gave an interesting covering of a non abelian group. Let G be such a group and Z its center. Cipolla called “sottogruppo fondamentale” (fundamental subgroup) a subgroup of G which is the centralizer of some element of G \ Z. The center of a fundamental subgroup is called the “normocentro” (normocenter). The set of all fundamental subgroups and the set of all normocenters of G are coverings of G.

G has at least three fundamental subgroups (and three normocenters); moreover, it has exactly three fundamental subgroups (normocenters) if and only if G/Z is the Klein group of order 4. In 1926, G. Scorza [28] proved that a group G is covered by exactly three proper subgroups if and only if it contains a normal subgroup N such that G/N is the Klein group.

Let H be the set of all fundamental subgroups of G and K the set of its normocenters. H and K are partially ordered sets with respect to inclusion and they have the same length. Cipolla called the length of H (and of K) the “rango” (rank) of G. A group G has rank 1 if and only if K is a strict Z-partition.

4. J. W. Young and the primitive partition

In 1927 J. W. Young [31] published a paper concerning the construction of a particular partition in (finite or infinite) groups. We consider only the finite case.

Let G be a non trivial group and s an element of G, s ≠ 1. We define the sets H_0, K_0, H_1, K_1, . . . , H_i, K_i, . . . in the following way: H_0 = ⟨s⟩, K_0 = {x ∈ G | x^t ∈ H_0, x^t ≠ 1 for some t}, H_1 = ⟨K_0⟩, K_1 = {x ∈ G | x^t ∈ H_1, x^t ≠ 1 for some t}, ... .. ...., H_i = ⟨K_{i−1}⟩, K_i = {x ∈ G | x^t ∈ H_i, x^t ≠ 1 for some t}, ... .. .... If G is finite, H_n = K_n for some integer n. Put H_n = L(s).

The set of all distinct subgroups L(s) for s ∈ G, s ≠ 1, is a partition Π_0 of G, the primitive partition. Let Π be a different partition of G. Then every component of Π_0 is contained in some component of Π. If L(s) = G for some s ∈ G, s ≠ 1, G has only the trivial partition.

PARTITIONS AND OTHER COVERINGS OF FINITE GROUPS 573

Young gave also some theorems concerning partitions of a (finite or infinite) abelian group. In the case of a finite abelian group G he proved again the following result of Miller [20]: a finite abelian group has a non trivial partition if and only if it is a p-group of exponent p and order > p.

5. Kontorovich and completely decomposable groups

In the years 1939 and 1940 P. Kontorovich published two papers ([18], [19]) concerning partitions of groups. Following Kontorovich, a group G is said to be completely decomposable if it has a partition Π such that every component of Π is cyclic. A cyclic subgroup H of a group G is said to be maximal-cyclic if it is not contained in some cyclic subgroup K ≠ H.

A group G necessarily satisfies one of the following conditions: (1) the center of G is not cyclic;

(2) the center of G is ≠ 1 and maximal cyclic;

(3) the center of G is cyclic, ≠ 1, but it is not maximal cyclic; (4) the center of G is 1.

Kontorovich in [18] proved that in cases (1) and (2), G is completely decomposable if and only if it is a p-group of exponent p. In case (3) G is completely decomposable if and only if the center of G has order p and is contained in a maximal-cyclic normal subgroup; in case (4) G is completely decomposable if and only if every proper subgroup of G is completely decomposable.

In [19] Kontorovich gave a condition for the direct product of two completely decomposable groups to be completely decomposable. He also studied groups which are not completely decomposable but such that every proper subgroup is completely decomposable.

In 1950 M. Suzuki [29] proved that a non simple, non-solvable group is completely decomposable if and only if it is isomorphic with a projective general linear group PGL(q), q = p^h, p odd.

6. Baer and the classification of groups with non trivial partitions

Until 1960 the results concerning partitions of groups were partial and almost fragmentary. The paper [2] of Reinhold Baer, published in 1961, introduced new ideas which made it possible to obtain complete classifications of partitions. This paper, of almost forty pages, was dedicated to Richard Brauer.

Following Baer, a partition Π of the group G is said to be normal if a^{−1}Xa ∈ Π for every X ∈ Π and a ∈ G. The primitive partition is normal. If a group has a non trivial partition, it also has a normal non trivial partition.

A normal non trivial partition Π of a group G is said to be a Frobenius partition if there exists a component X ∈ Π such that N_G(X) = X. If a ∈ G \ X, then a^{−1}Xa ∈ Π, so (a^{−1}Xa) ∩ X = 1 and G is a Frobenius group. The components of Π which are not conjugate to X are contained

574 GUIDO ZAPPA

in the Frobenius kernel K of G. The set consisting of K and the subgroups conjugate to X is a non trivial partition of G, the minimal Frobenius partition. Baer proved that a group G can have at most one minimal Frobenius partition.

A non trivial partition Π of a group G is said to be elementary if G has a normal subgroup K such that all cyclic subgroups which are not contained in K have order p prime and are components of Π. All normal non trivial partitions of a p-group of exponent > p are elementary.

A non trivial partition K of a group G is said to be non-simple if there exists a proper normal subgroup N of G such that for every component X ∈ Π, either X ≤ N or X ∩ N = 1. Let G be a group and Π a normal non trivial partition. Suppose Π is not a Frobenius partition and is non-simple. Then G has a normal subgroup K of index p (p a prime) in G which is generated by all elements of G having order ≠ p. So Π is elementary.

A non trivial partition K of a group G is said to be a Hall partition if every component of Π is a Hall subgroup of G. Baer proved the following theorem. Let Π be a non trivial, normal Hall partition of a group G. Then either G is a Frobenius group or G is simple, non abelian and the components of Π are exactly the maximal nilpotent subgroups of G.

In 1961 Baer published another paper [3] in which he proved the following proposition. Let the group G have a normal, simple non trivial partition Π. Suppose that the Fitting subgroup F (G) of G is non trivial. Then G is isomorphic with S_4 and the components of Π are the cyclic subgroups of G which are not contained in F (G).

7. Baer, Kegel and Suzuki complete the classification of partitions

In the same year 1961, O. Kegel, who was at that time a young student of Baer, completed the results of his teacher concerning partitions of groups with non trivial Fitting subgroup. In [13] he proved that a group G having a non trivial partition with all components subnormal is a p-group. He also proved that the following conditions for a non p-group G with a non trivial partition Π are equivalent:

(1) the center of G is ≠ 1;

(2) every component of Π is contained in a proper normal subgroup of G; (3) Π is normal non simple, F (G) is a component of Π, |G/F (G)| = p prime, p divides |F (G)|.

Finally, Kegel proved that if G is a group with F (G) ≠ 1 having a non trivial partition, then one of the following conditions is satisfied:

(1) G is a p-group;

(2) G is a Frobenius group;

(3) F (G) ∈ Π, |G/F (G)| = p, p being a prime dividing |F (G)|; (4) G is isomorphic to S_4.

PARTITIONS AND OTHER COVERINGS OF FINITE GROUPS 575

The papers of Baer and Kegel described above provide a classification of groups G with F (G) ≠ 1 having non trivial partitions. In 1961 Baer published a paper [4], dedicated to F. K. Schmidt, concerning partitions of groups G with F (G) = 1. Let G be a non simple group having only one minimal normal subgroup S. Suppose S is simple and non abelian. If G has a non trivial partition [G : S] = 2, the Sylow subgroups of G of odd order are abelian, and the 2-Sylow subgroups of G are non Dedekind.

The complete classification of groups with trivial Fitting subgroup having a non trivial partition is due to M. Suzuki. In a paper [30] from 1961 he proved the following theorem. Let G be a non solvable group and Π a normal non trivial partition of G. Suppose that G is not a Frobenius group. Then the components of Π are nilpotent. The greatest part of the paper is occupied by the proof of the following proposition. Let G be a non solvable group and Π a normal non trivial partition of G. If all components of G are nilpotent, then |G| is even. Of course Suzuki does not use the result of Thompson and Feit concerning the solubility of groups of odd order; this result was known but not yet published. Instead Suzuki used character theory. He obtained the following main theorem. Let G be a non solvable group and Π a normal non trivial partition of G. Suppose that all components of G are nilpotent. If the centralizer of an involution of G is not nilpotent, then G is isomorphic with PGL(2, p^h), p odd. If this centralizer is nilpotent, then G is isomorphic with either PSL(2, p^h) or the Suzuki group G(q).

In the same year 1961, O. Kegel and G. Wall [15] proved a theorem exploiting the results of the paper [4] of Baer. Let G be a non simple group with F (G) = 1, having a non trivial partition. Then G is isomorphic with PGL(2, q), where q = p^h, p prime, q ≥ 5. This result is contained in that of Suzuki in [30], but was obtained independently and without using character theory.

Let G be a group and p a prime. We recall that the subgroup generated by all the elements of G whose order is not p is called the Hughes subgroup and denoted by H_p(G). The group G is said to be a group of Hughes-Thompson type if it is not a p-group and H_p(G) ≠ G for some prime p. In such a group we have, by a theorem of Hughes and Thompson [11], [G : H_p(G)] = p, and, by a theorem of Kegel [14], H_p(G) is nilpotent.

On the basis of the results of Baer, Kegel and Suzuki, which we have described, a group G has a non trivial partition if and only if it satisfies one of the following conditions:

(1) G is a p-group with H_p(G) ≠ G and |G| > p; (2) G is a Frobenius group;

(3) G is a group of Hughes-Thompson type;

(4) G is isomorphic with PGL(2, p^h), p being an odd prime; (5) G is isomorphic with PSL(2, p^h), p being a prime; (6) G is isomorphic with a Suzuki group G(q), q = 2^h, h > 1.

576 GUIDO ZAPPA

In 1963 Baer published a paper [5] concerning partitions of abelian groups. Its interest is mainly geometric.

8. Classification of strict S-partitions

In 1964 G. Zappa [32] reduced the problem of determining the strict Spartitions to the analogous problem for partitions.

Let G be a group and S a subgroup of G. Let N be a normal subgroup of G such that N ≤ S. Then the set H_1, . . . , H_r is a strict S-partition of G if and only if the set H_1/N, H_2/N, . . . , H_r/N is a strict S/N-partition of G/N. So the problem of determining the strict S-partitions of a group G is reduced to the case when S is antinormal in G, that is to say, when no normal subgroup N of G with N ≠ 1 is contained in S.

Zappa [32] proved the following theorem.

Let G be a group and S an antinormal subgroup of G. Let H_1, H_2, . . . , H_r be a set of subgroups of G with S ≤ H_i (i = 1, . . . , r). Then the following conditions are equivalent:

(1) H_1, H_2, . . . , H_r is a non trivial strict S-partition of G; (2) G is a Frobenius group and S a Frobenius complement of G. The Frobenius kernel K is a p-group, H_i = SK_i, where {K_1, . . . K_r} is a non trivial partition of K.

9. Roland Schmidt and the lattice of centralizers

In 1970 Roland Schmidt [24] studied the lattice of centralizers of subsets in a group G. If this lattice has length 2, G is said to be an M-group. It is easy to prove that a group G with center Z is an M-group if and only if it is nonabelian and the centralizer of any element of G \ Z is abelian. Consequently every M-group has rank 1 (see Section 3). Moreover, the set of fundamental subgroups of G is a strict Z-partition. In his paper Schmidt gave a complete classification of M-groups. In every case G/Z is a p-group, a Frobenius group, or is isomorphic with A_4, PGL(2, p^n) or PSL(2, p^n).

10. Isaacs and the equally partioned groups

In the year 1973 I. M. Isaacs published a paper [12] concerning equally partioned groups, that is to say, groups with a non trivial partition Π such that all components of Π have the same order. He improved the result of Miller [20] proving that every equally partioned group is a p-group of exponent p. He also proved the following theorem. Let G be a group and Π a non trivial partition of G such that HK = KH for every H, K ∈ Π. Then G is an elementary abelian p-group.

PARTITIONS AND OTHER COVERINGS OF FINITE GROUPS 577

11. Π−automorphisms of a group with a partition Π

Let G be a group and Π a non trivial partition of G. An automorphism α of G is said to be a Π-automorphism if H^α = H for every H ∈ Π. In 1967 R. H. Schulz [26] proved that every non trivial Π-automorphism α of a group G with a non trivial partition is fix-point-free.

J. André [1] and M. Biliotti [6] proved the following theorem. Let G be a group with a non trivial partition Π. Then a group of non trivial Πautomorphisms of G is necessarily cyclic. M. Biliotti and A. Scarselli [7] in 1979 gave the following result. Let G be a group with a non trivial partition Π and a non trivial Π-automorphism. Then G is a p-group of exponent p, and the class of G is ≤ 2 for p > 3, and ≤ 3 for p = 3. In the same year A. Herzer [9] proved that for p = 3 the class of G is ≤ 2.

On the basis of the results of Biliotti, Scarselli and Herzer, the theorem of G. Zappa (see Section 8) concerning strict S-partitions can be extended in the following way.

Let S be an antinormal subgroup of the group G. Let {H_1, . . . , H_s} be a set of subgroups of G with S ≤ H_i (i = 1, . . . , s). Then the following conditions are equivalent:

(1) {H_1, . . . , H_s} is a non trivial strict S-partition of G; (2) G is a Frobenius group and S is a cyclic Frobenius complement; the Frobenius kernel K is a p-group of exponent p and class ≤ 2, and H_i = SK_i with {K_1, . . . , K_s} a non trivial partition of K.

12. On linear partitions

A non trivial partition Π of a group G is said to be linear if there exists a non empty set ε of subgroups of G such that:

(1) every element of ε is the union of at least 2 elements of Π; (2) every 2 elements of Π lie in a unique element of ε; (3) G is not an element of ε.

In 1986, A. Herzer [10] gave some examples of linear partitions. In the same year, B. H. Schulz [27] proved that every group with a linear partition is an abelian p-group or a Frobenius group.

13. Khukhro and partitions of p-groups

Let G be a p-group. An automorphism α of order p of G is said to be a splitting automorphism if for every x ∈ G, xx^αx^{α2} . . . x^{αp−1} = 1.

In 1990 E. I. Khukhro [16] proved that for a p-group G with |G| > p the following conditions are equivalent:

(1) G has a non trivial partition; (2) H_p(G) ≠ G;

578 GUIDO ZAPPA

(3) G = G_1⟨α⟩ with G_1 a subgroup of index p in G, and a an element of G of order p inducing on G_1 a splitting automorphism.

He also proved that there exists a function f(d, p) (d integer ≥ 1, p prime, f(d, p) integer ≥ 1), such that every group having order a power of p and d generators with a non trivial partition has class ≤ f(d, p). He also gave similar bounds for the class of p-groups in which H_p(G) has index ≥ p^2.

14. Other results on partitions of p-groups

In the years 1988–1991, V. Pannone obtained further results on partitions of p-groups. A partition of a p-groups is said to be atomic if all components have order p. Let G be a p-group and let

G = γ_0(G) > γ_1(G) > · · · > γ_m(G) = 1

be its lower central series. Then G is said to be of submaximal class if |γ_i(G) : γ_{i+1}(G)| = p for i = 1, . . . , m − 1; it is said to be of maximal class if it is of submaximal class and |γ_0(G) : γ_1(G)| = p^2.

In the paper [21] published in 1988, Pannone proved that if G is a group of order p^n (p prime) and of maximal class with a non trivial partition Π, there are at least p^n − p^{n−2} − p^{n−3} components of Π of order p. In particular in such a group every equipartition is atomic. The same author proved in [22] that there are exactly three non abelian groups of order p^6 having non atomic non trivial equipartitions. Other interesting results of Pannone are contained in [23].

15. Classification of groups of rank 1

After the classification of M-groups by of R. Schmidt [24], G. Zappa [33] in 1996 characterized the groups of rank 1 which are not M-groups.

Every extraspecial p-group G of order > p^3 has rank 1 and is not a Mgroup. The semidirect product G⟨a⟩, G being an extraspecial p-group of order > p^3 and a an element of order 2 such that a^{−1}ba = b^{−1} for every non central element b ∈ G, is also a group of rank 1 and it is not a M-group. A group G with center Z is a group of rank 1 and is not a M-group if and only if satisfies one of the following conditions:

(A) G = P × K, P being a p-group of rank 1 which is not a M-group and K an abelian p^′-group;

(B) G/Z is a Frobenius group with Frobenius kernel N/Z, Frobenius complement F/Z cyclic, Z(N) = Z and N satisfying condition (A).

References

[1] J. André, Über Parallelstrukturen. I. Grundbegriffe, Math. Z. 76 (1961), 85–102; II.

Translationsstrukturen, ibid., 155–163; III. Zentrale t-Strukturen, ibid., 240–256; IV. T -Strukturen, ibid., 311–333. MR 25#1473, MR 25#1474, MR 25#1475, MR 25#1476

PARTITIONS AND OTHER COVERINGS OF FINITE GROUPS 579

[2] R. Baer, Partitionen endlicher Gruppen, Math. Z. 75 (1960/1961), 333–372. MR 27#1492 [3] , Einfache Partitionen endlicher Gruppen mit nicht-trivialer Fittingscher Untergruppe, Arch. Math. 12 (1961), 81–89. MR 25#115 [4] , Einfache Partitionen nicht-einfacher Gruppen, Math. Z. 77 (1961), 1–37. MR 23#A3780 [5] , Partitionen abelscher Gruppen, Arch. Math. 14 (1963), 73–83. MR 26#6248 [6] M. Biliotti, André structures and translation S-spaces, Geom. Dedicata 10 (1981), 113–128. MR 83m:51004 [7] M. Biliotti and A. Scarselli, On translation structures with nontrivial dilatations, Atti Accad. Naz. Lincei Rend. Cl. Sci. Fis. Mat. Natur. (8) 67 (1979), 75–80. MR 82j:51002 [8] M. Cipolla, Sulla struttura dei gruppi di ordine finito, Rend. Acc. Sci. Fis. Mat. Napoli (3) 15 (1909), 44–54, 113–124; 17 (1911), 220–232; 18 (1917), 29–35.

[9] A. Herzer, Endliche nichtkommutative Gruppen mit Partition Π und fixpunkt freien Π-automorphismus, Arch. Math. (Basel) 34 (1980), 385–392. MR 82b:20032 [10] , Construction of some planar translation spaces, Combinatorics ’86 (Trento, 1986), Ann. Discrete Math., vol. 37, North Holland, Amsterdam, 1988, pp. 209–216. MR 89h:51003 [11] D. Hughes and J. G. Thompson, The H_p-problem and the structure of the H_p-groups, Pacific J. Math. 9 (1963), 1097–1102.

[12] I. M. Isaacs, Equally partioned groups, Pacific J. Math. 49 (1973), 109-116. MR 49#417 [13] O. H. Kegel, Nicht-einfache Partitionen endlicher Gruppen, Arch. Math. 12 (1961), 170–175. MR 25#116 [14] , Die Nilpotenz der H_p-Gruppen, Math. Z. 71 (1960/1961), 373–376. MR 23#A199 [15] O. H. Kegel and G. E. Wall, Zur Struktur endlicher Gruppen mit nicht-trivialer Partition, Arch. Math. 12 (1961), 255–261. MR 25#114 [16] E. I. Khukhro, The structure of finite splittable p-groups, Sibirsk. Mat. Zh. 30 (1989), 208–218 (Russian); translation in Siberian Math. J. 30 (1990), 1010–1019. MR 91d:20023 [17] , Nilpotent groups and their automorphisms, de Gruyter Exposition in Mathematics, vol. 8, Walter de Gruyter & Co., Berlin, 1993. MR 94g:20046 [18] P. Kontorovich, On the representation of a finite group as a direct sum of its subgroups I, Mat. Sb. 5 (1939), 283–286.

[19] , On the representation of a finite group as a direct sum of its subgroups II, Mat. Sb. 7 (1940), 27–33.

[20] G. A. Miller, Groups in which all the operators are contained in a series of subgroups such that any two have only identity in commun, Bull. Amer. Math. Soc. 17 (1906/1907), 446–449.

[21] V. Pannone, On the partitions of finite p-groups, Atti Accad. Naz. Lincei Rend. Cl.

Sci. Fis. Mat. Natur. (8) 82 (1988), 1–5. MR 90e:20017 [22] , On the equipartitions of a finite group, Ann. Mat. Pura Appl. (4) 156 (1990), 323–339. MR 91i:20023 [23] , On the partitions of finite p-groups. II, Atti Accad. Naz. Lincei Cl. Sci. Fis.

Mat. Natur. Rend. Lincei (9) Mat. Appl. 2 (1991), 197–201. MR 92k:20031 [24] R. Schmidt, Zentralisatorverbände endlicher Gruppen, Rend. Sem. Mat. Univ. Padova 44 (1970), 97–131. MR 47#1943 [25] , Subgroup lattices of groups, de Gruyter Expositions in Mathematics, vol. 14, Walter de Gruyter & Co., Berlin, 1994. MR 95m:20028

580 GUIDO ZAPPA

[26] R.-H. Schulz, Über Blockpläne mit transitiver Dilatationsgruppe, Math. Z. 98 (1967), 60–82. MR 36#2051 [27] , On a conjecture of Herzer concerning linear partitions, J. Geom. 26 (1986), 186–190. MR 87k:20045 [28] G. Scorza, I gruppi che possono pensarsi come somma di tre loro sottogruppi, Boll.

Un. Mat. Ital. 5 (1926), 216–218.

[29] M. Suzuki, On the finite groups with a complete partition, J. Math. Soc. Japan 2 (1950), 165–185. MR 13,907b [30] , On a finite group with a partition, Arch. Math. 12 (1961), 241–274. MR 25#113 [31] J. W. Young, On the partition of a group and the resulting classification, Bull. Amer.

Math. Soc. 35 (1927), 453–461.

[32] G. Zappa, Sulle S-partizioni di un gruppo finito, Ann. Mat. Pura Appl. (4) 74 (1966), 1–14. MR 34#5920 [33] , On finite groups whose Cipolla rank is one, Atti Accad. Naz. Lincei Cl. Sci.

Fis. Mat. Natur. Rend. Lincei (9) Mat. Appl. 9 (1998), 81–88. MR 2000d:20020

Dipartimento di Matematica “Ulisse Dini”, Viale Morgagni 67a, 50134 Firenze, Italy