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Abstract

We conjecture that the order complex of an open interval in the subgroup lattice of a finite
has the homotopy type of a wedge of spheres and prove that if(H,G) is a minimal counterexampl
to this conjecture then eitherG is almost simple orG = HN , whereN is the unique minimal norma
subgroup ofG, N is non-Abelian andH ∩ N = 1.
 2003 Elsevier Inc. All rights reserved.

1. Introduction

The question of whether for each finite latticeL there exist a finite groupG and a sub-
groupH of G such thatL is isomorphic to the lattice[H,G] of subgroups ofG which
containH is open. This question has its roots in universal algebra. Indeed, the ques
whether every lattice is isomorphic to the lattice of congruences of a finite algebra (s
example, [BuSa] for the appropriate definitions) is also open, and in the paper [Pa
P.P. Pálfy and P. Pudlák it is shown that these two questions have the same answer

There has been significant progress towards proving that these questions have a n
answer. Beginning already in [PaPu], attention was focused on lattices of height tw
a positive integern, let Mn be the lattice consisting of a minimum element0̂, a maximum
element1̂ andn other elements, no two of which are related. It is believed that the s
n such that there exist finiteG,H with [H,G] isomorphic toMn is quite sparse. Effort
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to prove this is the case culminated in the paper [BaLu] of R. Baddeley and A. Luc
where the problem is reduced to the examination of almost simple groups.

Here we introduce a conjecture which says that in addition to the (conject
quantitative restrictions on intervals in subgroup lattices of finite groups described
previous paragraph, there are qualitative restrictions on the topology of the order co
of such an interval. Recall that for a finite partially ordered set (poset)P, theorder complex
∆P is the abstract simplicial complex whosek-dimensional faces are chainsx0 < x1 <

· · · < xk from P. Any such complex has a geometric realization in some Euclidean s
and any two such realizations are homeomorphic. Thus to every partially orderedP
there is associated a topological space (which will also be denoted by∆P). It is known
(see [Qu]) that ifP has a unique maximum element or a unique minimum element the∆P
is contractible. Note that every finite latticeL has both a unique maximum element an
unique minimum element. It is standard practice in topological combinatorics to repL
by the posetL obtained fromL by removing the minimum and maximum elements bef
examining the order complex. So, it is natural in this context to examine the order co
of the open interval(H,G) of proper subgroups of a finite groupG which properly contain
the subgroupH . We can now state our main conjecture, along with two weaker vers
which might be easier to prove.

Conjecture 1.1. LetG be a finite group and letH <G. Then

(A) The complex∆(H,G) has the homotopy type of a wedge of spheres.
(B) If ∆(H,G) is not connected then some connected component of∆(H,G) is

contractible.
(C) Let B3 be the poset obtained from the lattice of subsets of{1,2,3} by removing the

minimum element∅ and the maximum element{1,2,3}. Let 2B3 be the partially
ordered set obtained by taking two disjoint copies ofB3. Then (H,G) is not
isomorphic to2B3.

Before continuing, we make the following remarks.

(1) If a complexΓ which is not connected has the homotopy type of a wedge of sph
then every connected component ofΓ is contractible (in which caseΓ is homotopy
equivalent to a wedge of 0-dimensional spheres). Therefore Conjecture (A) im
Conjecture (B). Also, each connected component of∆2B3 has the homotopy type o
a circle, so Conjecture (B) implies Conjecture (C).

(2) If one adds a minimum element and a maximum element to2B3, a lattice is obtained
so Conjecture (C) is not empty of content. Moreover,2B3 is the smallest poset wit
this property whose order complex does not have the homotopy type of a wed
spheres.

(3) We include Conjectures (B),(C) with the hope that they (at least (C)) will be eas
prove than (A). We hope that (C) will actually be easier than the conjecture that
Mn is not isomorphic to any interval[H,G]. Note that the results in [BaLu] app
only whenn > 50 and that the three smallestn for which it is not known thatMn is
isomorphic to some interval[H,G] are 16,23 and 35.
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(4) It is shown in the paper [KrTh] of C. Kratzer and J. Thévenaz that ifG is solvable then
∆(H,G) has the homotopy type of a wedge of spheres, so in any counterexam
(A) one hasG nonsolvable.

(5) The most potent weapon currently available in topological combinatorics for sho
that every interval in a given posetP has an order complex with the homotopy type
a wedge of spheres is the nonpure shellability theory of A. Björner and M. Wach
[BjWa1,BjWa2]). However, it is shown in [Sh] that for a finite groupG, the complex
∆(1,G) is shellable if and only ifG is solvable. Therefore shellability theory see
unlikely to provide any progress beyond what was already established in [KrTh]

(6) Using the homotopy complementation formula of Björner and J. Walker (see [BjW
and the classification of finite simple groups, one can show that∆(1,G) is not
connected if and only ifG is a semidirect productCV , whereV is elementary Abelian
andC is cyclic of prime order and acts irreducibly onV . In this case every connecte
component of∆(1,G) is contractible, so there is no counterexample to Conjec
(B) of the form[1,G]. Not much is known about the homotopy type of∆(1,G) for an
arbitrary finite groupG.

(7) A conjectured set of combinatorial qualitative restrictions on intervals[H,G] appears
in the paper [Ba] of Baddeley.

In the next section, we will prove the following result.

Theorem 1.2. Let (H,G) be a counterexample to one of the Conjectures1.1(A), (B),
(C) such that|G| is minimal(with respect to the chosen conjecture) and, having fixedG,
[G : H ] is also minimal. Then

(1) G is almost simple, or
(2) G = HN , whereN is the unique minimal normal subgroup ofG, N is non-Abelian

andH ∩N = 1.

Of course our eventual goal is to eliminate pairs(H,G) which satisfy the secon
condition of Theorem 1.2 (but are not almost simple) as possible counterexamples
of Conjectures (A), (B), (C) and then use the classification of simple groups. It shou
noted, though, that in the examination of the latticesMn the elimination of pairs(H,G)

satisfyingH ∩ N = 1 with (non-Abelian)N the unique minimal normal subgroup ofG,
which was the subject of the paper [BaLu], was the toughest part of the reduction
almost simple case. On the other hand, the proof of Theorem 1.2 seems somewha
than the reduction to the case examined in [BaLu] for the latticesMn, which is achieved in
the papers [Kö,Lu] of P. Köhler and Lucchini, respectively.

2. Proving Theorem 1.2

In this section we prove Theorem 1.2. We will give the proof of the theorem with
Conjecture (A) in detail and then explain how to make minor adjustments to the
proof in order to prove the theorem for each of Conjectures (B), (C).
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2.1. Conjecture(A)

Let (H,G) be a counterexample to Conjecture 1.1(A) satisfying the minim
conditions of the theorem. Since, by definition,∆∅ = S−1, we know thatH is not
a maximal subgroup ofG. Also, if C = CoreG(H) then

∆(H,G) ∼= ∆(H/C,G/C)

and the minimality of|G| givesC = 1.
If L is a lattice andx ∈ L thenx⊥ is defined to be the set of lattice theoretic compleme

to x in L. So, forK ∈ [H,G], K⊥ consists of thoseX � G such thatK ∩ X = H and
〈K,X〉 = G. Recall that anantichainin a poset is a set of elements, no two of which
related.

Lemma 2.1. There is noK ∈ (H,G) such thatK⊥ (in [H,G]) is an antichain.

Proof. Assume for contradiction thatK⊥ is an antichain for someK ∈ (H,G). By the
homotopy complementation formula of Björner and Walker (see [BjWal]), we have

∆(H,G) �
∨

X∈K⊥
Σ

(
∆(H,X) ∗∆(X,G)

)
.

(Here� indicates homotopy equivalence,
∨

means wedge,Σ means suspension and∗
means join.) By the minimality of|G| and [G : H ], both ∆(H,X) and∆(X,G) have
the homotopy type of a wedge of spheres for eachX ∈ K⊥. It follows (see, for example
[BjWel, Lemma 2.5]) that∆(H,G) has the homotopy type of a wedge of spheres, giv
the desired contradiction.✷
Lemma 2.2. For eachK ∈ [H,G) we haveCoreG(K) = 1.

Proof. We proceed by induction in[H,G), the base caseK = H having been settle
above. LetK ∈ (H,G) and letC = CoreG(K). Assume (for contradiction) thatC > 1. By
inductive hypothesis, we may assume that CoreG(L) = 1 for allL ∈ [H,K). It follows that
HC = K. By Lemma 2.1 there existM1,M2 ∈ K⊥ such thatM1 < M2. For i = 1,2 we
have

K = CH = C(Mi ∩K) = CMi ∩ K,

the last equality holding by the modular law for groups (see [As, 1.14]). There
K � CMi . CertainlyMi � CMi , soG = 〈K,Mi 〉 � CMi andCMi = G. SinceC � K,
we haveKMi = G. Therefore,

|G| = |KMi | = |K||Mi|
|K ∩ Mi | = [K : H ]|Mi|

for i = 1,2. This contradictsM1 <M2. ✷
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Lemma 2.3. The groupG has a unique minimal normal subgroupN . Moreover,HN = G,
N is non-Abelian andCG(N) = 1.

Proof. Let N be any minimal normal subgroup ofG and letM be a maximal subgroup o
G which containsH . As noted above,H �= M. By Lemma 2.2 we haveHN = MN = G

and CoreG(M) = 1, soG acts as a primitive permutation group on the set of cosets oM.
Now

[M : M ∩N] = [G : N] = [H : H ∩ N],

and sinceH < M we have 1� H ∩ N < M ∩ N . It now follows (see [DiMo,
Theorem 4.3B]) thatN is the unique minimal normal subgroup ofG, N is non-Abelian
andCG(N) = 1. ✷

Now we record some facts aboutN andG.

(1) SinceN is non-Abelian and characteristically simple, we have

N = T1 × · · · × Tr,

where there is some non-Abelian simple groupT such thatTi
∼= T for all i ∈ [r] :=

{1, . . . , r}.
(2) The action ofG onN by conjugation determines a homomorphism fromG to Aut(N)

with kernelCG(N)=1. Therefore,G is (isomorphic to) a subgroup of Aut(N), which
is in turn (isomorphic to) the wreath productSr [Aut(T )].

(3) The minimal normal subgroups ofN areT1, . . . , Tr (see [DiMo, Theorem 4.3A(iv)])
so the action ofH on N by conjugation determines an action ofH on {T1, . . . , Tr}.
SinceG = HN andN is a minimal normal subgroup ofG, this action ofH on {Ti} is
transitive.

If A is a group of automorphisms of a groupB which stabilizesC � B, we write
[C,B]A for the sublattice of[C,B] consisting of allA-invariant groups in[C,B].

(4) The mapsφ : [H,G] → [H ∩ N,N]H and ψ : [H ∩ N,N]H → [H,G] defined by
φ(K) = K ∩ N andψ(L) = HL are both order preserving and are inverses to e
other. Therefore, we have

[H,G] ∼= [H ∩N,N]H .

We will work for the most part in[H ∩N,N]H from now on. Fori ∈ [r], letπi :N → Ti

be the natural projection. ForK � N andi ∈ [r] let Ki = πi(K) and letKi = K ∩ Ti .

(5) Let K ∈ [H ∩ N,N]H . ThenKi ✂ Ki for all i ∈ [r]. The transitivity ofH on theTi

givesKi ∼= Kj , Ki
∼= Kj , andKi/Ki

∼= Kj/Kj for all i, j ∈ [r].
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(6) In particular, ifK ∈ [H ∩ N,N]H then for eachi ∈ [r] there is someh ∈ H such that
Ki = (K1)h, and ifh ∈ H mapsTi to Tj then(Ki)h = Kj . Therefore,

K �
r∏

i=1

Ki =
∏

h∈H

(
K1)h ∈ [H ∩N,N]H .

Notation. Let R = H ∩ N .

Lemma 2.4. If r > 1 then there exists someK ∈ [R,N)H such thatKi = Ti for all i ∈ [r].

Proof. Assume the contrary. LetX = NH(T1). For eachK ∈ [R,N)H we haveK1 ∈
[R1, T1)

X . Conversely, ifS ∈ [R1, T1)
X then

K(S) :=
∏

h∈H

Sh ∈ [R,N)H

with K(S)1 = S. Moreover, if L ∈ [R,N)H and L1 = S then L � K(S). Define
φ : (R,N)H → [R1, T1)

X by φ(K) = K1. Then

• φ is order preserving, and
• for eachS ∈ Image(φ), the poset

φ−1
�S := {

K ∈ (R,N)H : φ(K) � S
}

has a unique maximum element, namely,K(S).

It follows from the Quillen fiber lemma (see [Qu, Definition 1.5, Proposition 1.6]) tha

∆(R,N)H � ∆Image(φ).

If R1 �= R1 then Image(φ) = [R1, T1)
X has a unique minimum elementR1. It follows

(again [Qu, Definition 1.5]) that∆Image(φ) is contractible, and we conclude that

∆(H,G) �
∨

0

S0,

a contradiction. IfR1 = R1 then there is noK ∈ (R,N)H with K1 = R1 so Image(φ) =
(R1, T1)

X. Here the Quillen fiber lemma gives

∆(H,G) � ∆
(
R1, T1

)X
.

However,(R1, T1)
X ∼= (XR1,XT1), and we now have a contradiction to the minima

of |G|. ✷
Corollary 2.5. If r > 1 thenR1 = 1.
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Proof. By Lemma 2.4 there is someK ∈ [R,N)H such thatKi = Ti for some, and
therefore all, i ∈ [r]. Since eachTi is non-Abelian simple andKi ✂ Ki , we have
Ki ∈ {1, Ti} for all i. SinceK �= N we haveKi = 1 for some, and therefore all,i ∈ [r].
SinceR � K we haveRi = 1 for all i as claimed. ✷

For K � N define an equivalence relation∼K on [r] by i ∼K j if and only if
Kernel(πi) ∩ K = Kernel(πj ) ∩ K. Note that i ∼K j if and only if there exists an
isomorphismψK

ij :Ki → Kj such thatπj (k) = ψK
ij (πi(k)) for all k ∈ K. Let ρ(K) be

the partition of[r] whose parts are the∼K -equivalence classes. For two partitionsσ,ρ of
[r] we sayσ refinesρ if each part ofσ is a subset of some part ofρ.

Lemma 2.6. If K � L � N then

(1) ρ(L) refinesρ(K), and
(2) if i ∼L j then the restriction ofψL

ij to Ki is ψK
ij .

Proof. We prove the first claim first. Sayi �∼K j . We may assume that there is somex ∈ K

such thatπi(x) �= 1 butπj (x) = 1. Sincex ∈ L we havei �∼L j .
Now sayi ∼L j . Fory ∈ Ki there is somex ∈ K � L such thatπi(x) = y, and we have

ψL
ij (y) = πj (x) = ψK

ij (y). ✷
For anyI ⊆ [r], letπI be the projection ofN onto

∏
i∈I Ti . ForK � N such thatρ(K)

has partsI1, . . . , Is , define

K+ :=
s∏

j=1

πIj (K).

We now record the following key facts.

(1) If K ∈ [1,N]H thenρ(K) is H -invariant, that is,H acts on the parts ofρ(K).
(2) If K � N with Ki = Ti for eachi ∈ [r] thenK = K+. (This is well known and follows

from [DiMo, Lemma 4.3A].)

Lemma 2.7. If r > 1 thenRi < Ti for all i ∈ [r].

Proof. Assume for contradiction thatRi = Ti for some (and therefore all)i ∈ [r]. Let
K ∈ [R,N)H . ThenKi = Ti for all i, so K = K+. Moreover,ρ(K) refinesρ(R) (by
Lemma 2.6(1)) and isH -invariant. Sayi ∼K j . Theni ∼R j , so for eachx ∈ R � K we
have

ψK
ij

(
πi(x)

) = ψR
ij

(
πi(x)

)
,
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by Lemma 2.6(2). SinceRi = Ti we haveψK
ij = ψR

ij . SinceK �= N , we haveKi = 1 for

all i, andK is determined byρ(K) and the mapsψR
ij . Therefore, ifK,L ∈ [R,N]H and

ρ(K) = ρ(L) thenK = L.
Conversely, letΘ be anyH -invariant partition of[r] which refinesρ(R). Let ∼Θ be

the equivalence relation determined by the parts ofΘ. Define

K := K(Θ) := {
x ∈ N : πj (x) = ψR

ij

(
πi(x)

)
wheneveri ∼Θ j

}
.

ThenK � N andKi = Ti for all i. SinceΘ refinesρ(R), we haveR � K. Saya ∈ Aut(N)

induces the permutationσ on [r]. Then there exista1, . . . , ar ∈ Aut(T ) such that forx ∈ N

we have

πi(x
a) = (

πiσ−1(x)
)ai

for all i ∈ [r]. It is straightforward to show thatK is a-invariant if and only if we have

(a) Θ is σ -invariant, and
(b) ψR

iσ−1,jσ−1aj = aiψ
R
ij wheneveri ∼Θ j .

SinceR is H -invariant, we see that conditions (a), (b) are satisfied whenΘ = ρ(R) and
a ∈ H . Since anyΘ under consideration refinesρ(R), it follows thatK ∈ [R,N]H . Note
also that ifΦ is H -invariant and refinesΘ thenK(Φ) � K(Θ).

We now see that ifΠH,R is the set ofH -invariant partitions of[r] which refineρ(R),
ordered by refinement, then

[H,G]op ∼= ΠH,R.

(Here [H,G]op is the set of subgroups sitting betweenH and G, ordered by revers
inclusion.) Now standard results on group actions show that ifX is the stabilizer inH
of any part ofρ(R) then ΠH,R is isomorphic with[X,H ] (see, for example, [DiMo
Theorem 1.5A]). Since∆Pop = ∆P for any posetP, we have a contradiction to th
minimality of G. ✷

To complete our proof we must examine the case wherer > 1, Ri = 1 andRi �= Ti for
all i.

Lemma 2.8. Say forK � L � N we have

(1) Ki �= 1 for all i ∈ [r], and
(2) L = L+.

Let

X =
r∏

i=1

Ki.

Thenρ(L∩ X) = ρ(L).
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Proof. Let Y = L ∩ X. SinceY � L we know thatρ(L) refinesρ(Y ) by Lemma 2.6(1)
so it suffices to show thatρ(Y ) refinesρ(L). Sayi �∼L j . Assumptions (1) and (2) of ou
lemma guarantee that we can pick somex ∈ L such that 1�= πi(x) ∈ Ki andπk(x) = 1
wheneveri �∼L k. By Lemma 2.6(2), we haveπl(x) ∈ Kl wheneverl ∼L i, sox ∈ X. We
now have

x ∈ (
Kernel(πj ) ∩ Y

) \ Kernel(πi),

soi �∼Y j . ✷
Lemma 2.9. If r > 1 thenR = 1.

Proof. Assume for contradiction thatRi �= 1 for some (and therefore all)i ∈ [r]. Set

X :=
r∏

i=1

Ri.

By Corollary 2.5 and Lemma 2.7, we haveR < X < N , soX ∈ (R,N)H . We will show
thatX⊥ is an antichain in[R,N]H , thereby obtaining a contradiction to Lemma 2.1. S
L ∈ X⊥, so 〈X,L〉 = N . SinceL1 � X1 = R1, we must haveL1 = T1 and therefore
Li = Ti for all i. SinceL �= N we haveLi = 1 for all i, and it follows thatL+ = L.
So, the pairR,L satisfies conditions (1) and (2) of Lemma 2.8. SinceX ∩ L = R, we
haveρ(L) = ρ(R). Let I be a part ofρ(R). For anyi ∈ I , the restrictionπI

i of πi to
πI (L) is surjective (sinceπi is surjective), and, by the definition ofρ, we see thatπI

i

is also injective. therefore,πI (L) ∼= T . Assumeρ(R) has s parts. SinceL = L+ we
have|L| = |T |s . Since every element ofX⊥ has the same order,X⊥ is an antichain as
claimed. ✷
2.2. Conjectures(B) and (C)

Here we discuss how to adjust the proof of Theorem 1.2 for Conjecture (A) to o
proofs of the theorem for Conjectures (B) and (C). We examine each step in the pro

Let P be a poset obtained from a finite latticeL by removing the minimum and maximu
element, such that∆P is not connected and has no contractible connected compo
(Note that2B3 is such a poset.) Then every connected component of∆P has at least two
vertices and it follows that ifx ∈ P thenx⊥ is not an antichain inL. Thus Lemma 2.1 hold
with respect to Conjectures (B) and (C). Lemma 2.2 is proved using only group-the
arguments and Lemma 2.1, and Lemma 2.3 is proved using only group-theoretic arg
and Lemma 2.2. Thus Lemmas 2.2 and 2.3 hold with respect to Conjectures (B) and

Lemma 2.4 uses group-theoretic arguments and the Quillen fiber lemma to pr
a poset whose order complex is homotopy equivalent to that of∆(H,G) and is either
contractible or isomorphic to an interval in the subgroup lattice of the groupXT1 with
|XT1| < |G|. Since the topological properties used in formulating Conjecture (B)
homotopy invariant, we see that Lemma 2.4 holds with respect to Conjecture (B).
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also that for the mapφ described in the proof, Image(φ) is isomorphic to a subposet o
(H,G) (the isomorphism mapsφ(L) to K(φ(L))). It is straightforward to confirm tha
there is no proper subposetP of 2B3 such that∆P � ∆2B3. Therefore, if(H,G) is a
counterexample to Conjecture (C) for which the conclusion of Lemma 2.4 does not
we conclude that Image(φ) is isomorphic to(H,G) and we obtain a contradiction to th
minimality of |G|. Thus the lemma holds with respect to Conjecture (C).

Corollary 2.5 is proved using group-theoreticarguments and Lemma 2.4, and Lem
is proved using only group theoretic arguments. Thus both of these results hold with r
to Conjectures (B) and (C).

The proof of Lemma 2.7 uses Lemma 2.6 and group theoretic arguments to sho
[H,G]op is isomorphic to[X,H ] and then concludes with the observation that∆Pop = ∆P
for any posetP. Thus the lemma holds with respect to Conjecture (B), which concern
order complex. Since2B3

op is isomorphic with2B3, we see that the lemma also holds w
respect to Conjecture (C).

The proof of Lemma 2.8 uses only group-theoretic arguments and the pro
Lemma 2.9 uses group-theoretic arguments, Corollary 2.5, and Lemmas 2.1, 2.7, a
Thus these results hold with respect to Conjectures (B) and (C).
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