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Summary
Chapter 1 of this thesis recalls de�nitions and results on nonabelian tensor prod-ucts needed in subsequent chapters. In Chapter we improve on an algorithm forcomputing G
H and implement the algorithm in GAP with speci�cationsa. �nite groups are entered as �nite presentations,b. actions between groups de�ned on generators.In Chapter 3 we give bounds on the order of G
H when G is a p{group and His a q{group, p and q primes. As a topological application we consider a unionof CW -spaces X = A [ B; we give a bound on �3X in terms of the homotopygroups of A, B and A \ B, and a certain tensor product.In Chapter 4 we give bounds on the order and exponent of G 
 G when G is ap{group.By placing bounds on the kernel J ,J�G
G�[G;G]we derive an analogue of a result of Berkovitch on the Schur Multiplier, namely:ii



Theorem: Let G be a group of order pn and suppose jJ j = pn2�l. Theni) l = 0 if and only if G is elementary abelian,ii) l 6= 1 or 3,iii) l = 2 if and only if G �= Cp2,iv) l = 4 if and only if G is isomorphic to one of Cp2 � Cp � Cp, Cp2 � Cp, orp = 2 and G �= ha; b; cjbp = a; cp = a; ap = [a; b] = [a; c] = 1; [b; c] = ai,v) if l = 5 then either p > 1000 or p = 2 and G �= ha; b; cja2 = b2 = c2 = [a; b] =[a; c] = 1; [b; c] = ai,where Cm denotes the cyclic group of order m.In Chapter 5 we give an algorithim for solving the following problem. Given a �nitepresentation for a groupQ, determine all possible [G;G]Gq, where Q = G=Z(G; q),q is an integer and Z(G; q) is de�ned as fg 2 Z(G) : gq = 1g.In Chapter 6 we prove the following:Theorem: Let G be a group and N a perfect normal subgroup of G. Thesequence M(N) �! J(G) �! J(G=N) �! 1is exact, where M denotes the Schur multiplier and J(G) denotes the kernel ofthe canonical homomorphism G
G �! G.
iii



Chapter 1
The nonabelian tensorproduct of groups
1.1 IntroductionThe nonabelian tensor square G
G of a group G was introduced by R.K. Dennis[14] in a search for \homology functors having a close relationship to K{theory."It is based on the work of C. Miller [47] who studied what would now be calledthe exterior square G ^G of a group and showed the Schur Multiplier M(G) canbe described as M(G) �= ker(G ^G! G):Subsequently R. Brown and J.-L. Loday [9] discovered a topological signi�cancefor the tensor square, namely, that the third homotopy group of the suspensionof an Eilenberg MacLane space K(G; 1) satis�es�3SK(G; 1) �= ker(G
G! G):They also de�ned the tensor product G
H of two distinct groups acting \com-1



patibly" on each other and showed that it arose in a certain \universal crossedsquare." The exterior product G ^ H was also de�ned and used in an exacthomology sequence with coe�cients in Z.The q{exterior square G^qG was de�ned by G. Ellis [22] who showed that F^qF �=[F; F ]F q for a free group F. The q{exterior product of two groups N and G wasde�ned in the case N is a normal subgroup of G by G. Ellis and C. Rodr�iguez-Fern�adez in [26] and the q{tensor product was de�ned under the same conditionsby R. Brown [7]. Finally, D. Conduch�e and C. Rodr�iguez-Fern�adez de�ned theq{tensor product of groups, G 
q H, when the groups act compatably [13]. Theconstruction G
q H reduces to Brown and Loday's tensor product when q = 0.In this chapter we recall the de�nitions and results on nonabelian tensor productsthat are needed for subsequent chapters. The bibliography at the end of the thesiscontains a fairly comprehensive list of the papers on the tensor product.
1.2 The tensor productLet G and H be groups. By an action of G on H we mean a homomorphism� : G �! Aut(H)where Aut(H) is the group of automorphisms of H. If g 2 G and h 2 H thenwe write gh for �(g) (h). If � is the trivial homomorphism then we say G actstrivially on H. If H = G and gg0 = gg0g�1 for all g; g0 2 G we say G acts onitself by conjugation. We shall always assume that the action of a group on itself2



is by conjugation. In keeping with this assumption we set [x; y] = xyx�1y�1 forelements x, y lying in a group G.1.2.1 De�nition [9] Suppose G and H are groups which act on themselves byconjugation and on each other so that(gh)(g0) = g(h(g�1g0)); (hg)(h0) = h(g(h�1h0));for all g; g0 2 G and h; h0 2 H. We call such an action a compatible action and sayG and H act on each other compatibly.1.2.2 Remarks Throughout this thesis we write ghg0 to stand for g(hg0).1.2.3 Remarks Throughout this chapter we assume that G and H act compat-ibly on one another.1.2.4 De�nition [9] Suppose G and H act on each other compatibly. We de�nethe nonabelian tensor product of G and H to be the group G 
 H generated bythe symbols g 
 h where g 2 G and h 2 H, subject to the relationsgg0 
 h = (gg0 
 gh)(g 
 h) (1.1)g 
 hh0 = (g 
 h)(hg 
 hh0) (1.2)for g, g0 2 G, h, h0 2 H.1.2.5 De�nition [9] Let G;H; and K be groups and suppose G and H act oneach other. A function � : G�H ! K is a crossed pairing if�(gg0; h) = �(gg0; gh)�(g; h);3



�(g; hh0) = �(g; h)�(hg; hh0);for all g; g0 2 G and h; h0 2 H.We note the resemblance between the identities in the de�nition of a crossedpairing and (1.1) and (1.2). Because of this resemblance each crossed pairing �determines a unique homomorphism �̂ : G 
 H ! K de�ned on generators by�̂(g 
 h) = �(g; h) for g 2 G and h 2 H. In particular if G and H are abelianand act trivially on each other a crossed pairing is simply a bilinear map. In thiscase we see that G
H is the usual tensor product G
ZH of abelian groups orZ modules (see for example [49]).1.2.6 Proposition [9] Suppose the groups G and H act on each other compatibly.Then G and H act on G
H byg(g0 
 h) = (gg0 
 gh); h(g 
 h0) = (hh0 
 hh0)for all g; g0 2 G and h; h0 2 H.Proof: We must show that the actions de�ned above respect the identities (1.1)and (1.2). Let g; g0 2 G, h 2 H and p be an arbitrary element of G or H. Thenp(gg0 
 h) = p(gg0)
 ph= pgpg0 
 ph= ((pg)(pg0)
 (pg)(ph))(pg 
 ph) using compatibility= (pgp�1(pg0)
 pgp�1(ph))(pg 
 ph)= (pgg0 
 pgh)(pg 
 ph)4



= p(gg0 
 gh)p(g 
 h)= p[(gg0 
 gh)(g 
 h)]:Thus (1.1) is respected. A similar argument shows that (1.2) is respected.1.2.7 Proposition [9] There exists an isomorphism G
H �=�!H 
 G such thatg 
 h 7! (h
 g)�1 for all g 2 G and h 2 H.Proof: De�ne the map � : G�H ! H 
G by (g; h) 7! (h
 g)�1. Then � is acrossed pairing since, �(gg0; h) = (h
 gg0)�1= [(h
 g)g(h
 g0)]�1= (gh
 gg0)�1(h
 g)�1= �(gg0; gh)�(g; h);and �(g; hh0) = (hh0 
 g)�1= [h(h0 
 g)(h
 g)]�1= (h
 g)�1(hh0 
 hg)�1= �(g; h)�(hg; hh0):Therefore � gives rise to a homomorphism �� : G 
 H ! H 
 G de�ned ongenerators by �(g
h) = (h
g)�1: This map is clearly surjective and by reversingthe roles of G and H we get a homomorphism  � : H 
 G ! G 
 H such that �(h
 g) = (g 
 h)�1: The map  � is the inverse of �� and so �� is the requiredisomorphism. 5



1.2.8 Proposition [9] The following identities hold in G 
 H for all g; g0 2 Gand h; h0 2 H. 1G 
 h = 1G
H = g 
 1H (1.3)(g 
 h)�1 = g(g�1 
 h) = h(g 
 h�1) (1.4)(g 
 h)(g0 
 h0)(g 
 h)�1 = [g;h](g0 
 h0) (1.5)(ghg�1)
 h0 = (g 
 h)h0(g 
 h)�1 (1.6)g0 
 (ghh�1) = g0(g 
 h)(g 
 h)�1 (1.7)[g 
 h; g0 
 h0] = (ghg�1)
 (g0h0h0�1) (1.8)Proof: We derive the left hand side of (1.3) by taking g and g0 to be the identityin (1.1). The right hand side follows similarly by taking h and h0 to be the identityin (1.2).Taking g0 = g�1 in (1.1) we have1G 
 h = (g�1 
g h)(g 
 h)= g(g�1 
 h)(g 
 h):It follows that (g 
 h)�1 = g(g�1 
 h):In a similar manner using (1.2) and taking h0 = h�1 we get(g 
 h)�1 = h(g 
 h�1):Consider gg0 
 hh0. We can expand this in two ways. First using (1.1),gg0 
 hh0 = (gg0 
 g(hh0))(g 
 hh0)6



= g(g0 
 hh0)(g 
 hh0)= gf(g0 
 h)(hg0 
h h0)g(g 
 h)(hg 
h h0)= g(g0 
 h)gh(g0 
 h0)(g 
 h)(g 
 h0):Again using (1.2),gg0 
 hh0 = (gg0 
 h)(h(gg0)
 hh0)= (gg0 
 gh)(g 
 h)h[(gg0 
 gh0)(g 
 h0)]= g(g0 
 h)(g 
 h)hg(g0 
 h0)g(g 
 h0):Equating we have gh(g0 
 h0)(g 
 h) = (g 
 h)gh(g0 
 h0)which implies gh(g0 
 h0) = (g 
 h)hg(g0 
 h0)(g 
 h)�1Now if we let x = hgg0 and y = hgh0 then we havegh(g�1h�1x
 g�1h�1y) = (g 
 h)(x
 y)(g 
 h)�1and so [g;h](x
 y) = (g 
 h)(x
 y)(g 
 h)�1:Using (1.1) we have(ghg�1)
 h0 = g(hg�1 
 h0)(g 
 h0)= gh(g�1 
 h�1h0h)(g 
 h0)= g(g�1 
 h)�1g(g�1 
 h0h)(g 
 h0)= (g 
 h)g(g�1 
 h0)gh0(g�1 
 h)(g 
 h0)7



= (g 
 h)(g 
 h0)�1gh0(g�1 
 h)(g 
 h0)= (g 
 h)h0g(g�1 
 h)= (g 
 h)h0(g 
 h)�1:Equation (1.7) is proved similarly using (1.2). Finally starting with (1.6) we get(ghg�1)
 (g0h0h0�1) = (g 
 h)(g0h0h0�1)(g 
 h)�1= (g 
 h)[g0;h0](g 
 h)�1= (g 
 h)[(g0 
 h0)(g 
 h)(g0 
 h0)�1]�1= [g 
 h; g0 
 h0]:In our discussion of the nonabelian tensor product it will be useful to have thefollowing algebraic concept (introducted by J.H.C. Whitehead [56] in work onhomotopy theory).1.2.9 De�nition [56] A crossed N{module is a homomorphism of groups � :M ! N together with a group action (n;m)�!nm of N on M such that�(nm) = n�(m)n�1; (1.9)mm0m�1 = �(m)m0; (1.10)for allm;m0 2M and n 2 N . For q a non{negative integer, a q{crossed N{modulewas de�ned in [24] to be a crossed module � for which aq = 1 for all a 2 ker �.When the context makes it clear what the group N is we often use the termscrossed module and q{crossed module.1.2.10 De�nition Let � : M ! N and �0 : M 0 ! N be two (q-)crossed N{modules. A morphism of the (q-)crossed N{modules is a homomorphism � :M !8



M 0 such that �0�(m) = �(m), and �(nm) = n�(m) for m 2M and n 2 N .In other words a morphism is a commutative triangleM � //�
  A

AA
AA

AA
A

M 0�0
}}| |
| |
| |
| |Nwith � a group homomorphism satisfying �(nm) = n�(m):We let Crossed(N) denote the category whose objects are crossed N -modules,and whose arrows are morphisms of crossed N -modules. We let q-Crossed(N)denote the category whose objects are q-crossed N -modules, and whose arrowsare morphisms of q-crossed N -modules.1.2.11 De�nition (See [46] for example.) An object P in a category C is saidto be projective if for any diagram Pg

��A f // // Bin C with f an epimorphism, there is a commutative diagramPg
����A f // // Bin C.1.2.12 De�nition The term projective crossed N{module (projective q{crossed9



N{module) is used to mean a projective object in the category Crossed(N) (re-spectively q-Crossed(N)).1.2.13 Proposition [9] Let G and H act on each other compatibly.(a) There are homomorphisms � : G
H ! G;�0 : G
H ! Hsuch that �(g
h) = ghg�1; and �0(g
h) = ghh�1 for all g 2 G and h 2 H.(b) The homomorphisms �; �0 together with the actions of G and H on G 
Hgiven in Proposition 1.2.4 form crossed modules.(c) If x 2 G
H, g 2 G, h 2 H, then�(x)
 h = xhx�1g 
 �0(x) = gxx�1:(d) The actions of G on Ker�0; and H on Ker� are trivial.(e) For all x; y 2 G
H, [x; y] = �(x)
 �0(y)Proof: (a) De�ne � : G�H ! G by (g; h) 7! ghg�1: Then � is a crossed pairing,since �(gg0; h) = gg0h(gg0)�110



= gg0hg0�1hg�1= gg0g�1ghg0�1hg�1= gg0g�1ghg0�1ghg�1= gg0ghg0�1ghg�1= gg0ghg�1(gg0)�1ghg�1= gg0gh(gg0)�1ghg�1= �(gg0;g h)�(g; h);and we can show in a similar fashion that�(g; hh0) = �(g; h)�(hg; hh0):So � gives rise to a group homomorphism �� : G
H ! G, de�ned on generatorsby ��(g 
 h) = �(g; h). Take � to be this map ��.In a similar manner we can de�ne the crossed pairing  : G 
H ! H; (g; h) 7!ghh�1 and take �0 to be the associated homomorphism �0 : G
H ! H; �0(g; h) =ghh�1:(b) We verify the crossed module indentities (1.9) and (1.10) by considering thespecial case of generating tensors.�(g(g0 
 h)) = �(gg0 
 gh)= gg0 gh(gg0)�1= gg0g�1 ghg�1(gg0)�1= gg0g�1 ghg0�1= gg0g�1ghg0�1g�111



= gg0 hg0�1g�1= g�(g0 
 h)g�1:�(g
h)(g0 
 h0) = ghg�1(g0 
 h0)= [g;h](g0 
 h0)= (g 
 h)(g0 
 h0)(g 
 h)�1:using (1.5).The general case now follows from the fact that both the action of G on G 
Hand the map � are homomorphisms. In the same way we can show that �0 is acrossed module.(c) Suppose x = g0 
 h0 for some g0 2 G and h0 2 H. Then from (1.6) we have�(x)
 h = (g0hg�1)
 h= (g0 
 h0)h(g0 
 h0)�1= xhx�1:so (c) holds in this case.Now suppose x = x1x2 and �(x1) 
 h = x1hx�11 and �(x2) 
 h = x2hx�12 for allh 2 H: Then �(x1x2)
 h = (�(x1)�(x2))
 h= �(x1)(�(x2)
 h)(�(x1)
 h)= �(x1)(x2hx�12 )(x1hx�11 )= x1(x2hx�12 )x�11 (x1hx�11 )= x1x2h(x1x2)�1:12



The general case now follows from an induction of the length of x when writtenin the generators of G
H. The second equation can be proved similarly.(d) This follows immediately from part (c).(e) Equation 1.8 shows that (e) holds when x and y are generators of G 
 H.Using part (c) and the fact that � and �0 are crossed modules we get:�(x)
 �0(y) = x�0(y)x�1= xyx�1y�1= [x; y]:1.2.14 Proposition [9] If G and H act trivially on one another, thenG
H �= Gab 
ZHabwhere 
Z denotes the usual tensor product of abelian groups and Gab and Hab arethe abelianization of G and H respectively.Proof: From Proposition 1.1.4 (b) we have � : G
H ! G, g
 h 7! ghg�1 = 1:Therefore Ker� = G
H and by part (e) of Proposition 1.1.4 we see that G actstrivially on G 
H. In the same way we �nd that H acts trivially on G 
H. Itfollows from (1.8) that G
H is abelian.Suppose G0 and H 0 are the derived subgroups of G and H respectively, and con-sider the mapping � : G � H ! Gab 
ZHab, de�ned by (g; h) 7! g 
Z h whereg = G0g and h = H 0h.We must show that � is well de�ned. Suppose g1 = G0g1 = g and h1 = H 0h1 = h.13



Then g1 = mg and h1 = nh for some m 2 G0 and n 2 H 0. Nowg1 
Z h1 = mg 
Z nh= mg 
Z nh= (m
Z n)(m
Z h)(g 
Z n)(g 
Z h)= g 
Z h:Furthermore, � is a crossed pairing for,�(gg0; h) = gg0 
Z h= (g 
Z h)(g0 
Z h)= (gg0 
Z gh)(g 
Z h)= �(gg0; gh)�(g; h);and similary for the second crossed pairing identity.Therefore there exists a homomorphism �� : G 
 H ! Gab 
Z Hab, such that��(g 
 h) = g 
Z h.We show that �� is an isomorphism by exhibiting its inverse. Let  : Gab
ZHab !G
H be the homomorphism de�ned on generators by g 
Z h 7! g 
 h:We now show that  is well de�ned by noting �rst that if a; b 2 G and h 2 Hthen since the actions of G and H are trivial,[a; b]
 h = (b�1 
 h)(a�1 
 h)(b
 h)(a
 h)= 1G
H;since G
H is abelian. It follows that the canonical homomorphism G0 
H �!G
H is the trivial map. In the same way we can see that G
H 0 �! G
H is14



trivial.Once again if g1 = mg and h1 = nh for m 2 G0 and n 2 H 0 theng1 
 h1 = mg 
 nh= m(g 
 n)mn(g 
 h)(m
 n)n(m
 h)= (g 
 n)(g 
 h)(m
 n)(m
 h)= g 
 h;where we make use of the fact that the actions of G and H on G
H are trivial.
1.2.15 De�nition [9] Suppose G and H are normal subgrops of some group Q,and act by congugation in Q. We de�ne their exterior product G ^ H to be thequotient of G
H by the normal subgroup generated by all x
x with x 2 G\H.We denote the coset represented by g 
 h as g ^ h.1.2.16 De�nition [9] LetG;H; andK be groups withG andH normal subgroupsof some group Q. A function � : G�H ! K is a exterior pairing if�(gg0; h) = �(gg0; gh)�(g; h);�(g; hh0) = �(g; h)�(hg; hh0);�(m;m) = 1;for all g; g0 2 G and h; h0 2 H and m 2 G \H.As with the tensor product and the crossed pairing, an exterior pairing � : G �H ! K determines a unique homomorphism �̂ : G ^H ! K.15



1.2.17 Proposition If x; y 2 G \H, then(x ^ y)�1 = y ^ xProof: Expanding xy ^ xy we have1 = xy ^ xy = x(y ^ xy)(x ^ xy)= x(y ^ x)x(x ^ y),which implies (x ^ y)(y ^ x) = 1:1.2.18 Remarks It must be kept in mind that neither the tensor product northe exterior product are determined by the isomorphism classes of the groupsinvolved. In the case of the tensor product the actions of the groups come intoplay, while in the exterior product the intersection of the groups is also involved.1.2.19 Example Let Ck denote a cyclic group of order k. Suppose A and Bare cyclic groups of orders n and m respectively which act on each other trivially.Theni) A
 B �= Chcf(n;m);ii) A ^ B �= Chcf(n;m) if A \ B = 1;iii) A ^ B �= 1 if A = B,iv) A
 C1 �= A,where hcf(n;m) denotes the highest common factor of n and m.(i) Let x generate A, y generate B. Then A
B �= hxi
yj; 0 � i < n; 0 � j < m jxi+l
yj+k = (xi
yj)(xi
yk)(xl
yj)(xl
yk)i: It follows that A
B is cyclic with16



generator x
y. Furthermore, since (x
y)n = xn
y = 1 and (x
y)m = x
ym = 1we have that (x 
 y)hcf(n;m) = 1. Now the map � : A � B �! Chcf(n;m) de�nedby (xi; yj) 7! zij where z is a generator of Chcf(n;m) is a crossed pairing. There isthen a unique homomorphism �̂ : A
B �! Chcf(n;m) from which (i) follows.Parts (ii), (iii) and (iv) follow immediately.1.2.20 Proposition [9] Let A, B and C be groups with A acting on B and C, Band C acting on A, and, C acting on B such that(i) bca = cba;(ii) the action of B on A and C induces the trivial action of B on A
 C,(iii) the action of C on A and B induces the trivial action of C on A
B,for all a 2 A, b 2 B and c 2 C. ThenA
 (B � C) �= (A
B)� (A
 C):Proof: First note that (i) ensures that the action of B � C on A given by(b;c)a = bca is well de�ned.Let � : A
(B�C) ! (A
B)�(A
C); be de�ned on the generators �(a
(b; c)) =(a
 b; a
 c):Now � is a crossed pairing since,�(aa0 
 (b; c)) = (aa0 
 b; aa0 
 c)= (a(a0 
 b)(a
 b); a(a0 
 c)(a
 c)17



= (aa0 
 ab; aa0 
 ac)(a
 b; a
 c)= �(aa0 
 a(b; c))�(a
 (b; c))= �(a(a0 
 (b; c)))�(a
 (b; c));and �(a
 (b; c)(b0; c0)) = �(a
 (bb0; cc0))= (a
 bb0; a
 cc0)= ((a
 b)b(a
 b0); (a
 c)c(a
 c0))= (a
 b; a
 c)(b(a
 b0);c (a
 c0))= �(a
 (b; c))(bc(a
 b0); bc(a
 c0))= �(a
 (b; c))�(bca
 (bcb0; bcc0))= �(a
 (b; c))�((b;c)(a
 (b0; c0))):Therefore � extends to a homomorphism �� : A
 (B�C)! (A
B)� (A
C):Consider the two maps 1 : A
 B ! A
 (B � C)  2 : A
 C ! A
 (B � C)(a
 b) 7! a
 (b; 1C) (a
 c) 7! a
 (1B; c):Now,  1(aa0 
 b) = aa0 
 (b; 1C)= (aa0 
 a(b; 1C))(a
 (b; 1C))=  1(aa0 
 ab) 1(a
 b)=  1(a(a0 
 b)) 1(a
 b);and,  1(a
 bb0) = a
 (bb0; 1C)18



= a
 (b; 1C)(b0; 1C)= (a
 (b; 1C))((b;1C)(a
 (b0; 1C)))= (a
 (b; 1C))(ba
 b(b0; 1C))=  1(a
 b) 1(ba
 bb0)=  1(a
 b) 1(b(a
 b0)):So  1 is a crossed pairing and extends to a homomorphism  �1 : A 
 B ! A 
(B � C)Let K be a normal subgroup of both G and H. The crossed pairing K � H !G
H, (k; h) 7! k
 h induces a homomorphism �1 : K 
H ! G
H. Equation1.5 ensures that the image of �1 is a normal subgroup of G
H. Let K1 denote thisimage. In a similar manner we can produce a homomorphism �2 : G
K ! G
H,and we denote its normal image by K2.1.2.21 Proposition [21]i) G=K 
H=K �= G
H=K1K2ii) G=K ^H=K �= G ^H=K1K2Proof: We de�ne the map � : G=K � H=K ! G 
 H=K1K2 by (gK; hK) 7!g 
 h=K1K2 for g 2 G and h 2 H. This map is well de�ned, for if g0 = gk1 andh0 = hk2 for some k1; k2 2 K, theng0 
 h0K1K2 = gk1 
 hk2K1K2= g(k1 
 hk2)(g 
 h)h(g 
 k2)K1K219



= (g 
 h)K1K2:The normality of K1K2 in G
H together with the relations of the tensor productin that group imply that � is a crossed pairing and so there is a homomorphism�̂ : G=K
H=K ! G
H=K1K2. Now if x 2 ker �̂ with x = (g1K
h1K)(g2K
h2K) : : : (gnK 
 hnK) then considered as an element of G 
 H, (g1 
 h1)(g2 
h2) : : : (gn 
 hn) 2 K1K2. Then this element can be rewritten as a product ofelements of the form g
 h where either g 2 K or h 2 K. In either case gK 
 hKis the identity of G=K 
 H=K and ker �̂ = 1. This establishes (i). The proof of(ii) is similar.1.2.22 Theorem [47][9] Let F be a free group. Then F^F �= [F; F ], x^y 7! [x; y].Proof: This algebraic proof is based on [47]. An alternative topological proofcan be found in [9].Suppose �rstly that F is �nitely generated. We use induction on n the minimumnumber of generators of F . For n = 1 as in the example above we see that F ^F =1 = [F; F ]. Suppose n > 1 and F is generated by the elements f1; f2; : : : fn.Let F1 denote the subgroup of F generated by f1 and F2 denote the subgroupgenerated by f2; f3 : : : fk. Then F1 and F2 are free and Proposition 1.2.11 provideshomomorphisms �k : Fk ^ Fk ! [Fk; Fk], k = 1; 2; and � : F ^ F ! [F; F ].Now Corollary 1.6 of [28] states that if P1; : : : ; Pn are groups then there is anisomorphismJ2(P1 � P2 � : : : � Pn) �= J2(P1)� J2(P2)� : : :� J2(Pn)� Y1�i<j�nP abi 
 P abj ;where J2(G) = ker(G 
 G �! G), from which it follows that ker � = ker �1 �20



ker �1. The induction hypothesis now implies that ker �1 = 1 = ker �2.To deal with the general case let F be a free group and � : F ! F be thehomomorphism provided by Proposition 1.2.11. Suppose g 2 ker �, g = (a1 ^b1)(a2 ^ b2) : : : (am ^ bm), where ai; bi 2 F , 1 � i � m. Let E be the subgroup ofF generated by a1; b1; a2; b2 : : : am; bm. The map E ^ E ! F ^ F together withthe result in the �nitely generated case produces the commutative diagramE ^E //
%% � %%KK

KK
KK

KK
KK

K
F ^ F � // FE -



;;wwwwwwwwwwNow g = (a1 ^ b1)(a2 ^ b2) : : : (am ^ bm) may be regarded as an element of E ^ Eand by the injectivity of �, g = 1.Recall from for instance [44] that Hopf's formula for the second integral homologyof a group G is H2(G) �= R \ [F; F ][R;F ]where F=R is any free presentation of G. Thus we have an immediate corollaryto Theorem 1.2.20.1.2.23 Corollary [9] For any group G there is an isomorphismH2(G) �= ker(G ^G �! G):Proof: Let F=R be a free presentation of G and let � and � be the canonicalhomomorphisms � : R ^ F �! F ^ F and � : F ^ R �! F ^ F . In view ofProposition 1.2.15, we note that �(R ^ F ) = �(F ^R). By Proposition 1.2.19 (ii)21



we have F=R ^ F=R �= F ^ F=�(R ^ F )�(F ^ R) �= F ^ F=�(R ^ F )and so G ^G �= F ^ F=�(R ^ F ).By Theorem 1.2.20 there is an isomorphism F ^ F �= [F; F ] with x ^ y 7! [x; y]which induces the isomorphismG ^G �= F ^ F�(R ^ F ) �= [F; F ][R;F ] :It follows that ker(G ^ G ��!G) �= ker( [F;F ][R;F ] �0�!F=R). Now suppose we havex = [f1; f 01][f2; f 02] : : : [fn; f 0n][R;F ] in ker( [F;F ][R;F ] �0�!F=R). Since �0(x) = 1 we have[f1; f 01][f2; f 02] : : : [fn; f 0n] 2 R and so x 2 R\[F;F ][R;F ] : Furthemore since R\[F;F ][R;F ] � ker �0the results follows.
1.3 The q{tensor productLet q be a non{negative integer. We recall here the de�nition and some resultsconcerning the q{tensor product of crossed modules.Let � : G! L and � : H ! L be two crossed L-modules and let K = G�L H =f(g; h)jg 2 G; h 2 H; �(g) = �(h)g: Then we have the following diagram,G�L H �2 //�1

��

H�
��G � // Lwhere �1 and �2 are the projections �1(g; h) 7! g, �2(g; h) 7! h. We can de�ne an22



action of G on H by utilizing the action of L on H, i.e., gh = �(g)h. The group Gacts on G �L H by g0(g; h) = (g0g; g0h). Similar actions of H on G and G �L Hcan be de�ned.1.3.1 De�nition [13] For q � 1 we de�ne the q{tensor product of the crossedL{modules � and � to be the group G
q H generated by the symbols g
q h andfmg with g 2 G, h 2 H and m 2 K, subject to the relationsgg0 
q h = (gg0 
q gh)(g 
q h); (1.11)g 
q hh0 = (g 
q h)(hg 
q hh0); (1.12)fmg(g 
q h)fmg�1 = mqg 
q mqh; (1.13)fmm0g = fmg q�1Yi=1(m�1 
q (m1�q+im0)i)fm0g; (1.14)[fmg; fm0g] = mq 
q m0q; (1.15)f[m;m0]g = (m
q m0)q; (1.16)for all g; g0 2 G, h; h0 2 H and all m;m0 2 K:For q = 0 we de�ne the q{tensor product, G
0 H to be the group generated bythe symbols g
0 h and subject to the relations (1.11) and (1.12) only. We usuallywrite G
H and g 
 h in this case.1.3.2 Remarks (a) Just as the motivation for the relations (1.1) and (1.2) isthe commutator relations in groups, the identities (1.11) . . . (1.16) can be viewedas abstractions of the identities occuring between commutators and powers ingroups.(b) When G and H are normal subgroups of the group L, then the inclusions23



G ,! L, and H ,! L, are natural crossed L{modules with the actions taken to beconjugation in L. In this case K = G�L H �= G \H.(c) There is a natural homomorphism G 
 H �! G 
q H of the nonabeliantensor product into the q{tensor product, namely the map de�ned on generatorsby g 
 h 7! g 
q h.1.3.3 De�nition The q{exterior product of two crossed L{modules � : G ! Land � : H ! L is the quotient of G 
q H factored by the normal subgroupgenerated by �1k
q �2k for all k 2 G�LH. We denote this group by G^qH andthe coset represented by g 
q h by g ^q h.1.3.4 Lemma [13] There are homomorphisms� : G
q H ! G;�0 : G
q H ! Hsuch that �(g 
q h) = ghm�1, �(fkg) = �1kq,�0(g 
q h) = ghh�1, �0(fkg) = �2kq,for all g 2 G, h 2 H and k 2 K.Proof: The proof here is an extension of that of Proposition 1.1.8. The chiefidea is that the relations (1.13) . . . (1.16) model the relationships between powersand commutators in groups.As in Proposition 1.1.8 the homomorphisms � and �0 are crossed modules, but inorder to see this we require the following lemma.24



1.3.5 Lemma [13] For g 2 G, h 2 H and k 2 K we havegfkg = (g 
q �2k1)fkg;hfkg = fkg(�1k�q 
q h):Proof: We prove the �rst of these equations, the proof of the second beingsimilar. Firstly de�ne the homomorphism � : G 
q H ! G �L H by �(x) =(�(x); �0(x)).Now the equation given in Proposition 1.2.11 (c) above holds for the nonabeliantensor product and so holds for � restricted to the subgroup of G
qH generatedby all g 
q h. So for x in this subgroup and any integers i and t we have�x�1 
q (x1�t+ihi) = x�1(x1�t+ihix)= x�t+i(hix)x�1+t�iLet k0 = mkk�1 so that gfkg = k0k. Then �1k0 = g�1kg�1�1k�1 = gkg�1 = g�2kg�1and �2k0 = g�2k�2k�1 so that k0 = �(g 
q �2k). We now havefk0kg = fk0g q�1Yi=1(�1k0�1 
q (k01�t+1�2k)i)fkg= fgkk�1g(g 
q �2k)�q+1(q�1Yi=1(ki(g 
q �2k)))fkg= (g 
q �2k)q(g 
q �2k)�q�1(q�1Yi=1(ki(g 
q �2k)))fkg using (1.16)= (q�1Yi=0(ki(g 
q �2k)))fkg= (g 
q �2kq)fkg;where on the last step we apply (1.11) q � 1 times.
25



1.3.6 Proposition [13] The homomorphisms� : G
q H ! G;�0 : G
q H ! Hare crossed modules.Proof: We need to check the crossed module identities (1.9) and (1.10). Workingwith generators we have for the �rst of theses�(g0(g 
q h)) = �(g0g 
q g0h)= g0gg0h(g0g)�1= g�(g 
q h)g�1;
�(g0fkg) = �(fg0kg)= g0(�1kq)= g0�(fkg)g0�1:The identities �(g
qh)(g0
q h0) = (g
q h)(g0
q h0)(g
q h)�1 and �(fkg)(g0
q h0) =�1kq(g0 
q h0) = fkg(g0 
q h0)fk0g follow from (1.5) and (1.13) respectively. Theremaining identities require the preceding lemma.�(g
qh)fkg = ghg�1fkg= (ghg�1 
q �2kq)fkg= (g 
q h)�2kq(g 
q h)�1fkg= (g 
q h)fkg(g 
q h)�126



using (1.5) and (1.6). �(fkg)fk0g = �1kqfk0g= (�1kq 
1 �2k0q)fk0g= [fkg; fk0g] fk0g= fkgfk0gfkg�1Let M be a normal subgroup of G �L H, �1 be the canonical homomorphism�1 : �1M
qH ! G
qH and �2 be the cononical homomorphism �2 : G
q �2M !G
qH. LetM1 andM2 denote the images or �1 and �2 respectively. The subgroupsM1 and M2 are normal for the preceding proposition provides crossed modules� : �1M 
q H ! H and � : G 
q H ! H and since �1 is a morphism of crossedmodules. It follows that �1 is a crossed module and so its image is normal. Thefollowing analogue to Proposition 1.2.19 is new.1.3.7 Propositioni) G=�1M 
q H=�2M �= G
q H=M1M2ii) G=�1M ^q H=�2M �= G ^q H=M1M2Proof: As with Proposition 1.2.19 we can show that the map � : G=�1M 
qH=�2M ! G 
q H de�ned on generators by g�1M 
q h�2M 7! g 
q hM1M2,f(g�1M;h�2M)g 7! f(g; h)gM1M2 is a well{de�ned homomorphism with trivialkernel. The normality ofM1M2 follows from the fact that � : pi1M
qH ! G
qHis a morphism of the crossed modules � : pi1M 
q H ! H and � : G
q H ! H27



�1M 
q H � //�
''OO

OOO
OOO

OOO
OO

G
q H�
��Hand so is itself a crossed module. The image of a crossed module being normal itfollows that M1M2 is normal in G
q H.1.3.8 Proposition [22][26] If F is a free group then F ^q F �= [F; F ]F q.Proof: By Theorem 1.2.20 above there exists an isomorphism � : F ^F ! [F; F ]and by the previous proposition a crossed module � : F ^q F :! [F; F ]F q so thatwe have the commutative diagramF ^ F //�

��

F ^q F // //�
��

F ^q F=Im(�)
��[F; F ] // // [F; F ]F q // // (F ab)qwhere  is induced by � and � is the canonical homomorphism � : F ^F :! F ^qF .Now (F ab)q is a free abelian group, G^q F=Im(�) is abelian because of (1.15) and is surjective. It follows that  has a splitting and because of (1.14) this splittingis surjective. Therefore  is an isomorphism and since the rows are both shortexact sequences, � is an isomorphism.1.3.9 Proposition [22][26] Let F=R be a free presentation for the group G. Then[F; F ]F q=[F;R]Rq �= G ^q G.Proof: Firstly note that because of Proposition 1.3.8, under the canonical28



homomorphisms �1 : F ^q R ! F ^q F and �2 : R ^q F ! F ^q F , Image(�1) =Image(�2). By Proposition 1.3.7, F ^qF=F ^qR = F ^qF=Image(�1)Image(�2) =F=R^q F=R = G^qG. The last proposition then provides the following diagramF ^q R � //

��

[F;R]Rq
��

��F ^q F oo
�= //

��

[F; F ]F q
��F^qFF^qR // [F;F ]F q[F;R]RqSince the mapping [F;R]Rq ! [F; F ]F q is injective the map F ^q R! F ^q F isinjective and so the kernels [F;R]Rq and F ^q R are isomorphic.Hopf's formula can be extended to a formula for the second homology of a groupwith coe�cients in the trivial module Zq, namelyH2(G;Zq) �= R \ [F; F ]F q[R;F ]Rq ;where F=R is a free presentation of G. Then the following in an immediatecorollary of Proposition 1.3.9.1.3.10 Corollary For any group G there is an iosmorphismH2(G;Zq) �= ker(G ^q G �! G):1.3.11 Proposition Let � : M�N be a projective q{crossed N{module and letR�F ��N be a free presentation of N . Then there is an isomorphism[M;M ]M q �=�![F; F ]F q=F#qR29



given by [m;m0] 7! [f; f 0]F#qR and mq 7! f qF#qR, where �m = �f , �m0 = �f 0.Proof: The map � is not itself a q{crossed N{module, but since F#qR is anormal subgroup of F and contained in R we can factor to produce the q{crossedN{module �0 : F=F#qR�N . Using the fact that � is projective we can completethe triangle in the following diagram. M�
��

9�
}}FF#qR �0 // // NLet �̂ be the restriction of � to M#qM . Since both � and �0 are onto �̂ is ontoF#qF=F#qR.Now F is free and so projective and � : M�N so we can complete the followingtriangle. F�

��

9�
~~M � // //NFurthermore if r 2 R, then �(r)m�(r)�1 = ��(r)m = m for all m 2 M and so[F;R] � ker�. Similarly, �(r) = 1 so �(r) 2 ker� so �(r)q = 1 and rq 2 ker�. Itfollows that F#qR � ker � and so we can factor � to form �̂ : F=F#qR ! M .This map is onto M#qM because �̂ is onto F#qF=F#qR and forms an inverseto �̂. N M#qMoo

��
zzF#qFF#qR //

OO :: N30



Chapter 2
The computation of thenonabelian tensor productof �nite groups
2.1 IntroductionFor �nite groups G and H the nonabelian tensor product of groups is �nite [25]and may thus in principle be calculated directly from its de�ning presentation.However even for groups of moderate size the number of generators and relationscan be prohibitively large. For instance the 2{generator Burnside group B(2; 4) ofexponent 4 would involve 224 generators and 237 relations. Problems when dealingwith such large presentations remain even when presentation reduction algorithmssuch as the Tietze transformations are applied.In this chapter we �ne tune an alternative algorithm given in [27] for calculatingthe nonabelian tensor and exterior product of groups. The alternative method,when applied to B(2; 4), requires only 4 generators and as few as 126 relators.31



We implement this algorithm in GAP [54] in the case where G and H are prime{power groups and used to calculate the nonabelian tensor product for all pairs ofgroups in the normal subgroup lattice of Q32, the Quaternion group of order 32.As a second example we calculate the nonabelian tensor product under all actionsbetween Q8 the Quaternion group of order 8 and D4 the Dihedral group or order8.Appendix A contains the GAP functions to compute the tensor product and theq{tensor product of two groups. It also contains allied functions required to im-plement the action of one group on another. Similar functions which compute theexterior product, the tensor and exterior square, and the \q" verions of these areavailable on the diskette accompaning this thesis.Appendix B contains the GAP programs on which the tables and some of theother calculations are based. These programs are referenced when results fromtheir outputs are mentioned. For example (App B, actions.g) refers to the programactions.g in Appendix B.
2.2 Theoretical backgroundLet G and H be groups with compatible actions and let G �H denote their freeproduct. The conjugation action � : G �! Aut(G), g 7! g( )g�1 and the action� : H �! Aut(G) combine to form an action ��� : G�H �! Aut(G) of G�H onG. For z 2 G �H and g 2 G we write zg = � � �(z):g. Similarly the conjugationaction H �! Aut(H) and the action G �! Aut(H) combine to form an action32



(z; h) 7! zh of G � H on H. We let J denote the subgroup of G � H normallygenerated by the elementsW (z; g; h) = z[g; h]z�1[zg; zh]�1for z 2 G � H, g 2 G and h 2 H. We note that in this instance zg 2 G andzh 2 H denote the action of G �H on G and H respectively and not conjugationin the free product G �H.There are natural inclusions of G and H into G �H and it is shown in [27] thatthe composite maps G ! G � H=J and H ! G � H=J are injective. For thisreason we can identify G and H with their images in G �H=J .The algorithm presented here is based on the following results.2.2.1 Theorem [29][27] The inclusions G ,! G �H=J, H ,! G �H=J induce anisomorphism ((G
H)oH)oG �= G �H=Jwhere o denotes the semi{direct product with respect to the actions of H on G
Hand of G on (G 
 H)oH, the latter being given by g(�; h) = (g�(g 
 h); h) for� 2 G
H, g 2 G and h 2 H.2.2.2 Corollary [29][27] The above iosmorphism restricts to an isomorphismG
H �= �G \ �Hwhere �G and �H are the normal closures of G and H in G �H=J.The e�ciency of the algorithm depends on �nding a small number of normal33



generators for the subgroup J (cf. Theorem 2.2.8). To this end let GG be agenerating set for G and GH a generating set for H. Let HG denote those elementsof the centre of G which act trivially on H and likewise let GH denote thoseelements of the centre of H which act trivially on G. Let THG denote the unionof a choice of generating set for HG with a transversal for HG in G. Similarly, letTGH denote the union of a choice of generating set for GH with a transversal forGH in H. It is claimed in [27] that2.2.3 Theorem [27] The subgroup J is normally generated by those elements ofthe form W (z; g; h) where z 2 THG [ TGH , g 2 GG and h 2 GH.This result is not proved in [27]. We supply a proof of a slightly more generalresult (namely Theorem 2.2.8) here. Theorem 2.2.3 depends on the followingcrucial lemma whose statement and proof was omitted in [27].2.2.4 Lemma Let JEG �H be normally generated by all W (z; a; b) where z 2G�H, a 2 GG and b 2 GH and let KEG�H be normally generated by all W (x; a; b)where x 2 G [H, a 2 GG and b 2 GH. Then J = K.Proof: Since K � J we need only show that each generator of J is in K. Letz 2 G � H. We use induction on jzj the length of z written as a word in thegenerating sets GG and GH . If jzj = 1 then z 2 G or z 2 H and W (z; a; b) 2 K.Suppose now z = xy where x 2 GG or x 2 GH and jyj < jzj. Then working modK we haveW (xy; a; b) = xy[a; b](xy)�1[xya; xyb]�134



= xy[a; b](xy)�1 y[y�1xya; y�1xyb]�1= xy[a; b](xy)�1 y[y�1xa; y�1xb]�1= xy[a; b](xy)�1 y �y�1x[a; b]�1y�1x�1W (y�1x; a; b)�= xy[a; b](xy)�1 y �y�1x[a; b]�1y�1x�1�= xy[a; b]y�1x�1x[ya; yb]�1x�1= xy[a; b]y�1[ya; yb]x�1= xW (y; a; b)x�1= 1mod K by the induction hypothesis.We now show that we can reduce the generating set for J further than in Lemma2.2.4. In order to do this we need the following.2.2.5 Lemma For all x; y 2 G �H, g 2 G, h 2 H,W (xy; g; h) = xW (y; g; h)x�1W (x; yg; yh)Proof: W (xy; g; h) = xy[g; h](xy)�1[xyg; xyh]�1= xW (y; g; h)[yg; yh]x�1[xyg; xyh]�1= xW (y; g; h)x�1x[yg; yh]x�1 x[yg; yh]�1= xW (y; g; h)x�1W (x; yg; yh)2.2.6 Lemma Suppose KEG �H, g 2 G and h 2 H, and if s; t 2 G or s; t 2 H,35



W (t; g; h) = 1 mod K and W ([t�1; s]; g; h) = 1 mod K, then W (st; g; h) = 1 modK.Proof:W (st; g; h) = st[g; h]st�1[stg; sth]�1= st[g; h]st�1[sts�1g; sts�1h]= st[g; h]st�1 t[t�1sts�1g; t�1sts�1h]�1= st[g; h]st�1 t �[t�1; s][g; h]�1[t�1; s]�1W ([t�1; s]; g; h)�= st[g; h]st�1s�1 t[t�1; s] t[g; h]�1 t[t�1; s]�1= st[g; h]st�1s�1tt�1sts�1t�1[tg; th]�1t �t�1sts�1��1 t�1= [s; t]t[g; h]t�1[tg; th]�1tst�1s�1= [s; t]W (t; g; h)[s; t]�12.2.7 Lemma Suppose MEL � G and TM is a (left) transversal for M in L.Let REG �H be normally generated by all elements of the form W (x; a; b) wherex 2 L, a 2 GG and b 2 GH . Let SEG �H be normally generated by all elements ofthe form W (x; a; b) where x 2 M [ TM , a 2 GG and b 2 GH . Then R = S.Proof: To begin with S � R so we need only show that all generators of R arein S. To this end let g 2 L. Then g = tm for some t 2 TM and m 2 M . SinceMEL, we have [t�1; m�1] 2 M and so by Lemma 2.2.6 W (m�1t; a; b) = 1 mod S.Now starting with Lemma 2.2.5 and working mod S we haveW (tm; a; b) = tW (m; a; b)t�1W (t;ma;mb)36



= W (t;ma;mb)= t[ma;mb]t�1[tma; tmb]�1= t[ma;mb]t�1 m[m�1tma;m�1tmb]�1= t[ma;mb]t�1 m[m�1 ta; m�1 tb]�1= t[ma;mb]t�1 m �m�1t[a; b]�1m�1t�1W (m�1t; a; b)�= t[ma;mb]t�1 m �m�1t[a; b]�1m�1t�1�= t[ma;mb]t�1t[ma;mb]�1t�1= 1Suppose now that J is the subgroup of G � H normally generated by W (x; a; b)where x 2 G[H, a 2 GG, b 2 GH . Let 1 = G0EG1E : : :EGn be a subnormal seriesfor G and 1 = H0EH1E : : :EGM be a subnormal series for H. Let TGk denote atransversal for Gk�1 in Gk and HGk=Gk�1 a lift of a generating set for Gk=Gk�1 toTGk . Similarly THk denotes a transversal for Hk�1 in Hk and HHk=Hk�1 denotes alift of a generating set for Hk=Hk�1 to THk . We let
LGi = 8>>><>>>: HGi=Gi�1 ; if Gi=Gi�1 abelianTGi otherwiseLHi = 8>>><>>>: HHi=Hi�1 ; if Hi=Hi�1 abelianTHi otherwiseThe following generalizes Theorem 2.2.3.2.2.8 Theorem Let K be the subgroup of G�H normally generated by W (x; a; b)37



where x is in (Sni=1 LGi)S(Smj=1 LHj ), a 2 GG and b 2 GH . Then J = K.Proof: By repeated applications of Lemma 2.2.7 we see that J is normallygenerated by W (x; a; b) where x 2 Sni=1 TGi Smj=1 THj : It remains to show that wecan replace TGi by HGi=Gi�1 in the case Gi=Gi�1 is abelian and THi by HHi=Hi�1 inthe case Hi=Hi�1 is abelian.Suppose then that Gi=Gi�1 is abelian and REG � H is normally generated byW (x; a; b) where x 2 TGi SGi�1, a 2 GG and b 2 GH and SEG � H is normallygenerated by W (x; a; b) where x 2 HGi=Gi�1 SGi�1, a 2 GG and b 2 GH . ClearlyS � R. We show that each generator of R is in S and so R = S.Suppose x 2 TGi. Then x may be written in the form s1s2 : : : sly where sj 2HGi=Gi�1 for all 1 � j � l and y 2 Gi�1. We de�ne the length of x, jxj to be theleast l for which this is possible. If jxj = 0 then x 2 HGi=Gi�1 and W (x; a; b) = 1mod S.Suppose then that W (y; a; b) = 1 mod S for all jyj � jxj. Let x = sy wheres 2 HGi=Gi�1 and jyj � jxj. Since Gi=Gi�1 is abelian, [s�1; y�1] 2 Gi�1 andW (sy; a; b) = sy[a; b]y�1s�1[sya; syb]�1= sy[a; b]y�1s�1 y[y�1sa; y�1sb]�1= sy[a; b]y�1s�1 y �y�1s[a; b]�1y�1s�1W �y�1s; a; b��= sy[a; b]y�1[ya; yb]�1s�1= sW (y; a; b)s�1= 1by the induction hypothesis. 38



2.3 Algorithms and programsFigure 2.1 gives an algorithm for computing the nonabelian tensor product of twogroups given �nite presentations for the groups. The action of group G on H isgiven using an array whose (i; j)th entry is gihj where gi is the ith generator in thepresentation of G and hj is the jth generator in the presentation of H. The actionof H on G is similarly given. This algorithm is used in the case when the twogroups are prime{powered groups; a power{commutator presentation is calculatedfor each group using the ANUPQ package supplied with GAP and their uppercentral series is used to calculate the words W (x; a; b). This algorithm togetherwith similar algorithms for computing the exterior product, and the tensor andexterior squares were implemented in GAP and form the basis of the functionslisted in Appendix A.Function: TensorProductDependencies: � ANUPQ Package, function Pq� xtz, the Tietze wrapper function� GactsonH, implements action of one group on anotherInput: Object Type NotesG, H �nitelypresented groups Groups for which G
H is to be computed. G is generatedby g1; g2; : : : gn and H is generated by h1; h2; : : : hm.tietze logical If true indicates that Tietze transformations should be ap-plied to G �H=J.prime integer Prime passed to ANU's Pq functionbound integer Class bound passed to ANU's Pq functionGactH array of group ele-ments n�m array, the (i; j)th entry being gihj . Used to computeaction of G on H.HactG array of group ele-ments m�n array, the (i; j)th entry being higj . Used to computeaction of H on G.Method: � Use ANU's Pq function to compute power-commutator presentations for G and H.� Form the free group F on n+m generators.� Compute the Upper Central Series of G and H and indentify the generators of its mem-bers. Create lists SLGi and SLHj .� Calculate a list of W (x;a; b) as words in F .� If tietze = true apply Tietze transformation function xtz to presentation for F=J.� Compute the normal closures of the �rst n and last m generators of F=J and take theirintersection A.Return: A Figure 2.1 Algorithm for computing G
H39



2.4 ExamplesIn this section we provide two examples of the use of the GAP functions mentionedabove. In the �rst of these we compute the nonabelian tensor product and exteriorproduct for every pair or normal subgroups of the quaternion group Q32 = ha; b ja16 = b8a2 = ab�1ab = 1i: The normal subgroup lattice for this group is given inFigure 2.2. Using conjugation in Q32 as the basis for all actions, Table 2.1 presentsthe di�erent actions which arise between each pair of subgroups by exhibiting theimages of the generators of H under the actions of the generators of G.Table 2.2 (cf. App B, Q3.g ) lists G
H for all pairs of normal subgroups G and Hin Q32 together with the kernel of the homomorphism G
H ! G\H. Table 2.3(cf. App B, Q3w.g) lists the groups G ^H and the kernel of the homomorphismG ^H ! G \H. Q32ha; bi
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Z4ha2b2iZ2ha2i1Figure 2.2: The normal subgroup lattice of Q32.40



Table 2.1: The Conjugation actions of subgroups G on subgroups HGGener�ators 1 a2 a b4 a2 ab4 a b4 a2b2 ab2 a b2 b ab a bx = a2 x x x x x x x x x x x x x x x xx = a x x x x x x x x x x x x x3 x3 x x3x = b4 x x x x x x x x x x x x x x x xx = a2 x x x x x x x x x x x x x x x xy = ab4 y y y y y y y y y y y y xy xy y xyx = a x x x x x x x x x x x x x3 x3 x x3y = b4 y y y y y y y y y y y y y y y yH x = a2b2 x x x x x x x x x x x x x x x xx = ab2 x x x x x x x x x x x x x5 x5 x x5x = a x x x x x x x x x x x x x3 x3 x x3y = b2 y y y y y y y y y y y y y y y yx = b x x x9 x x x9 x9 x x x9 x9 x x x9 x9 xx = ab x x x9 x x x9 x9 x x x9 x9 x x9 x x9 x9x = a x x x x x x x x x x x x x3 x3 x x3y = b y y x2y y y x2y x2y y y x2y x2y y y x2y x2y y
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Table 2.2: G
H for subgroups G and H of Q16, together with JG;H = ker ((G
H)! Q16)GGener �ators a2 a b4 a2; ab4 a; b4 a2b2 ab2 a; b2 b ab a; bx = a2 G
H Z2 Z2 Z2 Z2 � Z2 Z2 � Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2JG;H Z2 Z2 Z2 Z2 � Z2 Z2 � Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2x = a G
H Z4 Z4 Z2 � Z2 Z4 � Z2 Z4 Z4 Z4 � Z2 Z4 Z4 Z4 � Z2JG;H Z4 Z4 Z2 � Z2 Z4 � Z2 Z4 Z4 Z4 � Z2 Z2 Z2 Z2 � Z2x = b4 G
H Z4 Z2 � Z2 Z4 � Z2 Z4 Z4 Z4 � Z2 Z4 Z4 Z4 � Z2JG;H Z4 Z2 � Z2 Z4 � Z2 Z4 Z4 Z4 � Z2 Z4 Z4 Z4 � Z2x = a2 G
H Z2 � Z2 � Z2 � Z2 Z2 � Z2 � Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 � Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 � Z2y = ab4 JG;H Z2 � Z2 � Z2 � Z2 Z2 � Z2 � Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 � Z2 � Z2 Z2 Z2 Z2 � Z2x = a G
H Z4 � Z2 � Z2 � Z2 Z4 � Z2 Z4 � Z2 Z4 � Z2 � Z2 � Z2 Z4 � Z2 Z4 � Z2 Z2 � Z2y = b4 JG;H Z4 � Z2 � Z2 � Z2 Z4 � Z2 Z4 � Z2 Z4 � Z2 � Z2 � Z2 Z4 Z4 Z2 � Z2H x = a2b2 G
H Z8 Z8 Z8 � Z2 Z8 Z8 Z8 � Z2JG;H Z8 Z8 Z8 � Z2 Z8 Z8 Z8 � Z2x = ab2 G
H Z8 Z8 � Z2 Z8 Z8 Z8 � Z2JG;H Z8 Z8 � Z2 Z4 Z4 Z4 � Z2x = a G
H Z8 � Z2 � Z2 � Z2 Z8 � Z2 Z8 � Z2 Z2 � Z2y = b2 JG;H Z8 � Z2 � Z2 � Z2 Z8 Z8 Z2 � Z2x = b G
H Z16 Z16 Z16 � Z2JG;H Z16 Z8 Z16x = ab G
H Z16 Z16 � Z2JG;H Z16 Z16x = a G
H Z16 � Z2 � Z2 � Z2y = b JG;H Z16 � Z2 � Z2
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Table 2.3: G^H for subgroups G and H of Q16, together with KG;H = ker ((G^H)! Q16)GGener �ators a2 a b4 a2; ab4 a; b4 a2b2 ab2 a; b2 b ab a; bx = a2 G ^H 1 Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2KG;H 1 Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2 Z2 Z2 Z2 � Z2x = a G ^H 1 Z4 Z2 � Z2 Z2 Z4 Z4 Z4 Z4 Z4 Z4KG;H 1 Z4 Z2 � Z2 Z2 Z4 Z4 Z4 Z2 Z2 Z2x = b4 G ^H 1 Z2 � Z2 Z2 Z2 Z2 Z2 � Z2 Z4 Z4 Z4 � Z2KG;H 1 Z2 � Z2 Z2 Z2 Z2 Z2 � Z2 Z4 Z4 Z4 � Z2x = a2 G ^H Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2y = ab4 KG;H Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z2 Z2 Z2x = a G ^H Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z4 � Z2 Z4 � Z2 1y = b4 KG;H Z2 Z2 � Z2 Z2 � Z2 Z2 � Z2 Z4 Z4 1H x = a2b2 G ^H 1 Z4 Z2 Z2 Z2 Z2 � Z2KG;H 1 Z4 Z2 Z2 Z2 Z2 � Z2x = ab2 G ^H 1 Z2 Z8 Z8 Z4KG;H 1 Z2 Z4 Z4 Z2x = a G ^H Z2 Z2 � Z2 Z2 � Z2 1y = b2 KG;H Z2 Z2 Z2 1x = b G ^H 1 Z4 Z2KG;H 1 Z2 1x = ab G ^H 1 Z2KG;H 1 1x = a G ^H Z2y = b KG;H 1
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As a second example consider the Quaternion group Q8 = hx; y j x4 = y2x2 =xy�1xy = 1i and the Dihedral group D4 = ha; b j a2 = b4 = ba�1ba = 1i. Bothgroups are of order 8. The automorphism group of D4 is isomorphic to D4 itselfwhile the automorphism group of Q8 is the symmetric group S4 (cf. App B,Auto.g). The program actions.g in Appendix B computes all the possible pairsof actions between D4 and Q8 by �nding all possible images of their generatorsin the respective automorphism groups. The program compatible actions.g testseach pair of actions to see if they are compatible. There are 28 possible actionsof Q8 on D4 and 76 possible actions or D4 on Q8 giving altogether 2128 distinctpairs of actions between D4 and Q8. Of these 292 are compatible pairs.Rather than deal with all these actions we intoduce the following new de�nitionto provide an equivalence relation on the set of actions between pairs of groups.2.4.1 De�nition Let (G;H) be a pair of groups each acting on the other. Let(G0; H 0) be another such pair. We say the pair of actions between G and H isisomorphic to the pair of actions between G0 and H 0 if there exists isomorphisms� : G �! G0 and � : H �! H 0 such that �(g)�(h) = �(gh) and �(h)�(g) = �(hg)for all g 2 G, h 2 H.The following is an immediate consequence of this de�nition.2.4.2 Corollary Let the pair of actions between G and H be isomorphic to thepair of actions between G0 and H 0.i) If the actions between G and H are compatible, then the actions between G044



and H 0 are compatible.ii) G
H �= G0 
H 0.
The 2128 actions between Q8 and D4 break into 109 equivalence classes (cf. AppB, actions.g) of which 33 represent compatible actions (cf. App B, compati-ble classes.g). The compatible actions are listed up to isomorphism in Table 2.4together with the size of the equivalence class C they represent and the tensorproduct formed under this action (cf. App B, actions.g, TProduct D4Q8.g).We now turn our attention to the non{compatible pairs of actions between D4and Q8. There are two existing de�nitions for the nonabelian tensor product forgroups with non{compatible actions. Firstly we may remove the compatibilityrestriction on the actions between G and H in De�nition 1.1.2. We shall denotethe tensor product in this case by G
BL H where the BL stands for Brown andLoday. Although the tensor product G
BLH is then de�ned it may lack certainproperties present in the compatible case. For example with non{compatibleactions it is not known if G 
 H is �nite when G and H are �nite. The secondde�nition available to us was introduced by N. Inassaridze [37][38].Suppose G and H are groups which act on each other, and on themselves byconjugation. The nonabelian tensor product G
IH is the group generated by thesymbols g 
I h where g 2 G and h 2 H, subject to the relationsgg0 
I h = (gg0 
I gh)(g 
I h) (2.1)g 
I hh0 = (g 
I h)(hg 
I hh0) (2.2)45



(g 
I h)(g0 
I h0) = �[g;h]g0 
I [g;h]h0� (g 
I h) (2.3)(g0 
I h0)(g 
I h) = (g 
I h) �[h;g]g0 
I [h;g]h0� (2.4)for g, g0 2 G, h, h0 2 H and [g; h] = ghg�1h�1 2 G �H.We computed both D4
BLQ8 (cf. App B, TProduct D4Q8 BL2.g ) and D4
IQ8(cf. App B, TProduct D4Q8 In2.g ) for each pair of isomorphic non{compatibleactions between D4 and Q8. The programs here take the presentations for D4and Q8 as input and use the de�nitions of the two tensor products to producepresentations for D4 
BL Q8 and D4 
I Q8. For each pair of such actions we�nd D4 
BL Q8 �= D4 
I Q8. Table 2.5 gives the frequency distribution of tensorproducts (both D4
BLQ8 and D4
I Q8 for distinct isomorphism classes of non{compatible actions and distinct non{compatible actions. In this table the numberof isomorphism classes of non{compatible actions is denoted by N and the numberof non{compatible actions by (P jCj).We note that Z2�Z2�Z2�Z2 predominates the list of nonabelian tensor productsin the compatible cases while the nonabelian tensor product tends to be smallerin the non{compatible cases.
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Table 2.4: The isomorphic classes of compatible actions betweenG=D4 and H=Q8 together with the size of class and the tensorproduct.Action of H on G Action of G on Hxa xb ya yb ax ay bx by jCj G
Ha b a b x y x y 1 Z2 �Z2 �Z2 �Z2a b a b x y x x2y 6 Z2 �Z2 �Z2 �Z2a b a b x x2y x y 3 Z2 �Z2 �Z2 �Z2a b a b x x2y x3 y 6 Z2 �Z2 �Z2 �Z2a b a aba x y x y 6 Z2 �Z2 �Z2 �Z2a b a aba x y x x2y 6 Z2 �Z2 �Z2 �Z2a b a aba x y x3 y 12 Z2 �Z2 �Z2 �Z2a b a aba x x2y x y 6 Z2 �Z2 �Z2 �Z2a b a aba x x2y x x2y 6 Z2 �Z2 �Z2 �Z2a b a aba x x2y x3 y 12 Z2 �Z2 �Z2 �Z2a b a aba x3 y x y 12 Z2 �Z2 �Z2 �Z2a b a aba x3 y x xy 24 Z2 �Z4a b a aba x3 y x x2y 12 Z2 �Z2 �Z2 �Z4a b a aba x3 y x3 y 12 Z2 �Z2 �Z2 �Z2a b a aba x3 y x3 x2y 12 Z2 �Z2 �Z2 �Z2a b ab2 b x y x y 3 Z2 �Z2 �Z2 �Z2a b ab2 b x y x x2y 6 Z2 �Z2 �Z2 �Z2a b ab2 b x y x3 y 12 Z2 �Z2 �Z2 �Z2a b ab2 b x x2y x y 3 Z2 �Z2 �Z2 �Z2a b ab2 b x x2y x3 y 12 Z2 �Z2 �Z2 �Z2a b ab2 b x3 y x y 6 Z2 �Z2 �Z2 �Z2a b ab2 b x3 y x x2y 6 Z2 �Z2 �Z2 �Z2a aba ab2 b x y x y 6 Z2 �Z2 �Z2 �Z2a aba ab2 b x y x x2y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x y x3 y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x y x3 x2y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x x2y x y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x x2y x3 y 6 Z2 �Z2 �Z2 �Z2a aba ab2 b x x2y x3 x2y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x3 y x y 6 Z2 �Z2 �Z2 �Z2a aba ab2 b x3 y x3 x2y 12 Z2 �Z2 �Z2 �Z2a aba ab2 b x3 x2y x3 y 6 Z2 �Z2 �Z2 �Z4ab aba ba aba y x x3 x2y 12 Z8
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Table 2.5: The isomorphic classes of compatible actions betweenG=D4 and H=Q8 together with the size of class and the tensorproduct.G
H N P jCjZ2 16 672Z2 
 Z2 48 1008Z4 3 36Z2 
 Z2 
 Z2 3 48Z2 
 Z4 6 72
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Chapter 3
Tensor products of prime{powergroups
3.1 IntroductionThroughout this chapter we let G be a �nite p-group and H a �nite q-group wherethe primes p and q are not necessarily distinct. We suppose G and H act on eachother compatibly.It was shown in [25] that G 
 H is a �nite pq-group. In this chapter we give abound for the order of G 
 H. This bound is then compared with the order ofG
H using the computer program of the last chapter for all normal subgroups G,H of the quaternion group of order 32. As a topological application we considera union of CW -spaces X = A [ B; we give a bound on �3X in terms of thehomotopy groups of A, B and A \ B, and a certain tensor product.
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3.2 Group-theoretic resultsIf there exists a group E containing both G and H as normal subgroups, thenconjugation in E gives rise to compatible actions. In this case we let GH denotethe subgroup of E generated by G and H, and we de�neHG = fg 2 G : there exists an h 2 H such that gh�1 2 Z(GH)gNote that HG is a normal subgroup of G, and that HG = G if G � H.We let �G denote the Frattini subgroup [G;G]Gp of G. Thus G is a d{generatorgroup if and only if jG=�Gj = pd:We will need the following lemmas.3.2.1 Lemma Suppose N � [G;H]. Then the image of HG 
 N under thecanonical mapping HG 
 N �! G 
 H lies in the image of N 
 H under thecanonical map N 
H �! G
H.Proof: Let g 2 HG and � = [g1; h1]�1[g2; h2]�2 : : : [gt; ht]�t 2 N where �i = �1.Let e� = (g1
h1)�1 : : : (gt
ht)�t: Now by the de�nition of HG there exists a h 2 Hsuch that ggi = hgi and ghi = hhi for all 1 � i � t. If follows that ge� = he� . Butthen by Proposition 1.2.11 we haveg 
 � = ge� e��1 = he� e��1 = (� 
 h)�1:Proposition 9 in [8] extends to yield the following.3.2.2 Lemma Any central subgroup Z of GH which lies in the intersection G\H50



gives rise to an exact sequence(G
 Z)� (Z 
H) ��!G
H ��!(G=Z)
 (H=Z)! 1:Proof: Firstly, by Equation 1.8 we have for all g 2 G, h 2 H and z1, z2 2 Z,[g 
 z1; z2 
 h] = �gz1g�1�
 �z2hh�1� = 1so that the homomorphism � is well de�ned. Letting S denote �((G
Z)�(Z
H))we have S � ker(�) and so � induces a homomorphism e� : G
H=S �! (G=Z)
(H=Z). We produce the inverse of e�.De�ne the homomorphism � : (G=Z) 
 (H=Z) �! G 
 H=S on generators by�(gZ
 hZ) = g
 hS. Now � is well de�ned since if g 2 G, h 2 H and z1, z2 2 Zthen �(gz1Z 
 hz2Z) = (gz1 
 hz2)S= (g 
 h)(z1 
 h)(g 
 z2)(z1 
 z2)S= (g 
 h)S:The result then follows.3.2.3 Proposition Suppose that G and H are normal subgroups of E, and thatactions arise from conjugation in E.i) If p 6= q then jG
Hj = 1.ii) Suppose that p = q and that G is a d{generator group of order pn, H is ad0{generator group of order pn0, and jHGj=jHG \ �Gj = pk. ThenjG
Hj � pnn0�(k+n�d)(n0�d0):51



Proof: i) Suppose p 6= q. Then [G;H] is trivial since it lies in the intersectionof G with H. Proposition 1.2.12 thus implies an isomorphismG
H �= Gab 
Z Habwhere the right-hand side denotes the usual tensor product of abelian groups. NowGab is a direct sum of cyclic p-groups and Hab is a direct usm of cyclic q-groups.It follows from Proposition 1.2.18 and Example 1.2.17 that Gab 
Z Hab is trivial.ii) Suppose p = q. We shall consider two cases.Case 1: Suppose [G;H] = 1, and let Hab �= C1 �C2 � : : :�Cd0 where Ci denotesa cyclic p-group. Proposition 1.2.12 yieldsG
H �= Gab 
Hab �= (Gab 
 C1)� (Gab 
 C2)� : : :� (Gab 
 Cd0):Therefore, jG
Hj � jGab 
 C1j � : : :� jGab 
 Cd0j� jGabjd0� jGjd0= pnd0 :Now becausepk = jHGjjHG \ �Gj = ���� HGHG \ �G ���� = ����HG�G�G ���� � ���� G�G ���� = pdwe have k � d and so jG
Hj � pnd0= pnn0�(d+n�d)(n0�d0)� pnn0�(k+n�d)(n0�d0)52



as required.Case 2: Suppose [G;H] 6= 1. Let l = n + n0 with n 6= 0, n0 6= 0: As an inductivehypothesis, suppose that the proposition has been proved for all p-groups G0, H 0with jG0jjH 0j � pt: This hypothesis is certainly true for t = 2, since jG0jjH 0j � p2implies that either G0\H 0 = 1 or G0 = H 0 = Cp, and consequently that [G0; H 0] =1. Suppose l = t + 1.Suppose now that T is a group or order pt and S is a non-trivial normal subgroupof T or order ps. The class equation for T may be written asjT j = 1 + pt1 + pt2 + : : :+ pphwhere each ti � 0 and each term on the right hand side of the equation representsthe size of a conjugacy class of T (see [49]). Since S is a normal subgroup of T itis a union of conjugacy classes and we havejSj = 1 + pti1 + pti2 + : : : ptik :Now p devides the order of jSj so tij = 0 for some j. It follows that S intersectsthe centre of T non-trivially. There is thus a central subgroup N of GH such thatN � [G;H] and jN j = p.By Lemma 3.2.1 the inclusion N � [G;H] implies that the image of the canonicalhomomorphism HG 
 N ! G 
 H is contained in the image of the canonicalhomomorphism N 
H ! G
H.This together with taking Z = N in Lemma 3.2.2 gives the exact sequence(G=HG
N)� (N 
H)! G
H ! (G=N)
 (H=N)! 1:53



This sequence and the isomorphism (G=HG)
N �= G=(HG�G) yieldjG
Hj � j(G=N)
 (H=N)jj(G=HG)
N jjN 
Hj= j(G=N)
 (H=N)jjG=(HG�G)jjH=�Hj= j(G=N)
 (H=N)jpd�kpd0� p(n�1)(n0�1)�(k+n�d�1)(n0�d0�1)+d�k+d0= pnn0�(k+n�d)(n0�d0)as required.When G = H, Proposition 3.2.3 (ii) improves on a bound given by N.R.Rocco[51] (see also [19]).Not all compatible actions arise from conjugation in a group E containing Gand H. Suppose for instance that G and H are cyclic groups of order 8, withgenerators x and y. Compatible actions arise by de�ning xy = y�1, yx = x�1.These actions do not arise from conjugation, for if they did we would have x2 =xyx�1 = xyy�1 = y�2, and thus the contradiction x2 = yx2 = x�2.So we now work towards a version of Proposition 3.2.3 for arbitrary compatibleactions. Let us use the action of H on G to form the semi-direct product GoH,in which elements are multiplied according to the rule(g; h):(g0; h0) = (ghg0; hh0)for g; g0 2 G, h; h0 2 H. Consider the subgroup P of this semi-direct productgenerated by the elements (ghg�1; hgh�1) for g 2 G, h 2 H. It is readily veri�ed(or see for instance [6]) that P is a normal subgroup of GoH. Following [6], setG � H = (GoH)=P: The canonical homomorphisms G ! GoH, g 7! (g; 1) and54



H ! GoH; h 7! (1; h) induce homomorphisms@ : G! G �H� : H ! G �HThe following is from [6].3.2.4 Proposition [6] The homomorphisms @ : G! G �H and � : H ! G �Hare crossed modules.Proof: Firstly the action of H on G induces an action of G �H on G, given by(g;h)g0 = g(hg0). To see this we note that by compatibility of actions we have(ghg�1;hgh�1)g0 = ghg�1(hgh�1g0)= ghg�1hgh�1g�1g0= g0:Veri�cation of the crossed module axioms is straight forward.It follows that ker@ is a central subgroup of G which is stable under the action ofH, and thus that ker@ is a ZH-module. Similarly ker� is a ZG-module.Let [H; ker@]G be that central subgroup of G generated by the elements hxx�1for h 2 H, x 2 ker@. Note that [H; ker@]G is a ZH-module. We similarly have aZG-module [G; ker�]H .Let us denote by H1(G;A) the �rst Eilenberg Mac Lane homology of G withcoe�cients in a G-module A. Recall that H1(G;A) is isomorphic to the kernel of
55



the homomorphism IG 
ZG G �! ZG given by(g � 1)
 h 7! (g � 1)hwhere IG denotes the augmentation ideal of G, that is IG is the ideal of ZGgenerated by all g � 1 for g 6= 1 in G (see for example [49]).We require an analogue to Lemma 3.2.2. Proposition 7 in [8] extends to yield thefollowing.3.2.5 Lemma Any pair of crossed modules @ : G! Q and � : H ! Q yields anexact sequence (G
 ker�)� (ker@ 
H) ��!G
H ��! �G
 �H ! 1 (3.1)where �G = @G, �H = �H are the images of G, H in Q.Proof: Firstly we note that � is well de�ned since ker(@) and ker(�) act trivially(via Q) on both G and H. Then[g 
 z1; z2 
 h] = �gz1g�1�
 �z2hh�1� = 1for all g 2 G, h 2 H and z1 2 ker(�), z2 2 ker(@).Letting S denote �((G
ker �)� (ker @
H)) we have S � ker� so that � inducesa homomorphism e� : G
H=S �! �G
 �H. We produce the inverse of e�.De�ne the homomorphism � : �G
 �H �! G
H=S on generators by �(�g 
 �h) =g 
 hS where g and h are any elements such that @(g) = �g and �(h) = �(h). Now� is well de�ned since if g 2 G, h 2 H, z1 2 ker(@) and z2 2 ker(�) then�( �gz1 
 �hz2) = (gz1 
 hz2)S56



= (g 
 h)(z1 
 h)(g 
 z2)(z1 
 z2)S= (g 
 h)S:The result then follows.The following is the main result of this chapter.3.2.6 Theoremi) If p 6= q then G
H �= [G; ker�]H �[H; ker@]G, and consequentlyjG
Hj = j[G; ker�]H jj[H; ker@]Gj:ii) Suppose p = q, and that G is a d{generator group of order pn, H is ad0{generator group of order pn0, and jHGj=jHG \ �Gj = pk: ThenjG
Hj � Kpnn0�(k+n�d)(n0�d0)where K = jH1(G; ker�)jjH1(H; ker@)jj[H; ker@]Gjj[G; ker�]H j:Proof: Taking Q = G �H in Lemma 3.2.5 note that �G, �H are both normal inG�H, and so they act on each other by conjugation. Corollary 3.3 in [30] providesan exact sequence1! H1(G; ker�)! G
 ker� ��![G; ker�]H ! 1 (3.2)i) Suppose p 6= q. Proposition 3.2.3(i) tells us that �G 
 �H = 1: Since G is ap-group and ker� is a q-group, we have H1(G; ker�) = 1 (see for instance [36] ).Sequence 3.2 implies G
 ker� �= [G; ker�]H :57



Similarly ker@ 
H �= [H; ker@]GSince the composite homomorphism[G; ker�]H �=�!G
 ker� ! G
H ! Hsends [G; ker�]H injectively into H, the q-group [G; ker�]H embeds into G 
 H.Similarly the p-group [H; ker@]G embeds into G 
 H. Since p 6= q, sequence 3.1implies the required isomorphism[G; ker�]H � [H; ker@]G �= G
H:ii) Suppose p = q. The required homomorphism follows from Proposition3.2.3(ii) and the sequences 3.1 and 3.2.We note that the isomorphism of Theorem 3.2.6(i) in fact holds for any two �nitegroups G, H with coprime exponents.Let N be a normal subgroup in G. Using conjugation actions, we can form thetensor product N 
G. As explained in Proposition 1.2.4, there is an action of thegroup G on the tensor product N 
G given byg(n
 g0) = (gn
 gg0)for g, g0 2 G, n 2 N . Conversely, an element � 2 N 
 G acts on g 2 G by�g = (��)g(��)�1: These actions are compatible and we can use them to form thetensor product (N 
G)
G. This construction can be iterated to form the tensorproduct N 
c+1 G = (((N 
G)
G) : : :
G)58



of N with c copies of G. (In this notation, N 
3G = (N 
G)
G: ) Let us de�nea central series by 1(N;G) = N;i+1(N;G) = [i(N;G); G]:There is a canonical surjection � : N 
c G !! c(N;G) which sends a tensor(((n
 g1)
 g2) : : :
 gc) to the commutator [[[n; g1]; g2] : : : ; gc].The following corollary is the basis for the main results of [10] and [17].3.2.7 Corollary Let N be a normal subgroup of a d{generator p{group G. Supposethat ji(N;G)j = pmi for i = 1; 2; : : :. Then, for any c � 1, we havejN 
c+1 Gj � pmcd+mc�1d2+:::+m1dc :Proof: For c = 1 the corollary follows from Proposition 3.2.3(ii). For arbitraryi � 1 let us de�ne Ji(N;G) = ker(� : N 
i G �! i(N;G):For c � 2, there is thus an exact sequenceJc(N;G)
G! (N 
c G)
G! c(N;G)
G! 1: (3.3)NowG and Jc(N;G) act trivially on each other. Thus jJc(N;G)
Gj � jJc(N;G)jd �jN 
c Gj: Also, Proposition 3.2.3(ii) implies jc(N;G) 
 Gj � pmcd: So sequence3.3 provides the recurrence relationjN 
c+1 Gj � pmcdjN 
c Gjfrom which the corollary follows. 59



3.3 A topological applicationIn this section we give a topological application of the results of the last section.For completeness sake we review here some of the pertinent topological de�nitions.Suppose (X; x0) is a pointed topological space, that is, X is a topological spaceand x0 is �xed point inX. Let I denote the closed unit interval [0; 1] and @I denoteits boundary, the discrete space f0; 1g. By a path in X we mean a continuousmap f : I �! X and by a closed path we mean a path f such that f(0) = f(1).Of particular interest is the case when f(0) = f(1) = x0. We restrict ourselves tothis case and recall that in this situation the product of two paths may be de�ned.3.3.1 De�nition Let f; g : I �! X be paths with f(0) = f(1) = g(0) = g(1) =x0. By f � g we mean the path f � g : I �! X such that(f � g)(t) = 8>>><>>>: g(2t) 0 � t � 12f(2t� 1) 12 � t � 1We may represent this composition pictorially as follows:x0 Xf // x0 � x0 Xg // x0 = x0 //Xf�g //// x0Although the set of all closed paths in a pointed topological space can be givenan algebraic structure using �, a more appropriate structure is obtained when weconsider homotopy classes of paths. Here is the de�ntion.3.3.2 De�nition Let X and Y be topolocical spaces with B � X and A � Y .Two maps f; g : Y �! X with f(A) � B and g(A) � B are said to be homotopicrelative to A if there is a continuous map F : Y � I �! X with F (y; 0) = f(y),60



F (y; 1) = g(y) for all y 2 Y and F (a; t) 2 B for all a 2 A and t 2 I. If f and gare homotopic relative to A we write f 'A g.We can think of the homotopy F as a family of maps ft(y) = F (y; t) with theparameter t representing time.Applying this de�nition when f and g are paths we take Y to be I and A to be@I. In this case we see that two paths are homotopic if one can be \continuouslydeformed" into the other while holding the endpoints �xed at the point x0. Ho-motopy relative to @I forms an equivalence relation on the set of all paths. Wedenote the equivalence class of the path f by [f ]. It is routine to check (or see[53]) that under the composition [f ][g] = [f � g] the homotopy classes of mapsrelative to @I form a group. This group is called the fundamental group of thepointed space (X; x0) and is denoted by �1(X; x0) or simply by �1X when we donot wish to enphasize the point x0.We now recall the second homotopy groups of a pointed space (X; x0). Let C bea subspace of X which contains the basepoint x0. The appropriate maps here arethe continuous functions f : I � I �! X such that three sides of the square I � Iare mapped to the basepoint x0 while the fourth is mapped to C. Pictorially wehave Cx0 x0 x0XHomotopy classes of such functions can be formed relative to the boundary ofI � I and again we denote the conjugacy class of f by [f ]. Composition of61



such conjugacy classes is de�ned analogously with the one dimensional case. Theappropriate picture is:C C Cx0x0 x0 + x0x0 x0 = x0x0 x0x0 x0The conjugacy classes of such maps under this composition is a group calledthe second homotopy group relative to C and denoted by �2(X;C). The secondhomotopy group of X is the relative homotopy group in the special case thatC = fx0g and is denoted by �2X.Suppose now that A and B are subspaces of X both containing the basepoint x0and that C = A \ B. The third relative homotopy group of X relative to A andB consists of equivalent classes of continuous functions f : I � I � I �! X where�ve of the six faces of the cube I � I � I are mapped to the base point x0. Thetop half of the sixth face is mapped to A, the bottom half to B as in the diagram.We note that the border between the two parts is of necessity mapped to C.
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The group formed in this way is called the triad homotopy group and is denotedby �3(X;A;B). When A = B = fx0g this group is denoted by �3X and is calledthe third homotopy group of X.By the n-sphere in Rn+1 we mean Sn = fx 2 Rn+1 : kxk = 1g where kxkdenotes the Euclidean norm. By the closed n-disk or closed n-ball in Rn we meanDn = fx 2 Rn+1 : kxk � 1g. We note that S0 is the two points f�1; 1g, andindeed Sn�1 is the boundary of Dn in Rn.By an n-cell, e we mean a homeomorphic copy of the open n-disk Dn n Sn�1. Wedenote the dimension of e by dim(e) = n.If a topological spaceX is a disjoint union of cells,X = Sfe : e 2 Eg, then for eachk � 0 the k-skeleton X(k) of X is de�ned to be X(k) = Sfe 2 E : dim(e) � kg.Suppose now that X and Y are topological spaces with A � X and B � Y .If g is a continuous map g : X �! Y such that gjXnA : X n A �! Y n B isa homeomorphism then we call g a relative homeomorphism and denote it byg : (X;A) �! (Y;B).3.3.3 De�nition A CW{complex is an ordered triple (X;E;�), where X is aHausdor� space, E is a family of cells in X, and � = f�e : e 2 Eg is a family ofcontinuous maps such thati) X = Sfe : e 2 Eg a disjoint union,ii) for each k{cell e 2 E, the map �e(Dk; Sk�1) �! (e [ Xk�1; Xk�1) is arelative homeomorphism, 63



iii) if e 2 E then its closure �e is contained in a �nite union of cells in E,iv) X has the weak topology determined by f�e : e 2 Eg.Parts iii) and iv) in the de�nition give the CW{complex its name. The \C" beingfor \closure �nite" and the \W" for the \weak topology".The �gures in the diagram below are CW{complexes in R2. The �rst �gure iscomposed of the points a, b and c ( the 0{cells ), and the open line segments (a; b),(b; c) and (a; c) ( the 1{cells). In the same way the second �gure can be seen to bemade of points, open line segments and the open plane �gures ( the 2{cell shadedin the diagram ). We think of these component parts being glued together to formthe CW{complex.
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ooooooooooooooooooooWe note that we can reguard Sn as a CW -space with one 0-cell and one n-cell.Suppose that a CW -space X is a union X = A [ B of two path-connected CW -subspaces A and B whose intersection C = A\B is path-connected. Some of thehomotopy structure of the space X can be calculated in terms of the homotopystructure of the spaces A, B and C. For instance, van Kampen's theorem on thefundamental group (see for example [53]) describes �1X as an amalgamated sum
64



of groups: �1X �= �1A ��1C �1B:By the amalgamated sum �1A ��1C �1B we mean the quotient of the free productof �1A and �1B by the normal subgroup generated by all the relations of the form�([f ]) = �([f ]) where [f ] 2 �1C and � and � are the canonical homomorphisms � :�1C �! �1A, � : �1C �! �1B: A \two-dimensional analogue" of van Kampen'sTheorem is used in [6] to describe the second relative homotopy group �2(X;C) :�2(X;C) �= �2(A;C) � �2(B;C):Here the symbol � denotes the construction of the previous section, the groups�2(A;C), �2(B;C) acting on one another via the boundary homomorphisms �2(A;C)!�1C, �2(B;C)! �1C and actions of �1C.A \three-dimensional analogue" of van Kampen's theorem is used in [9] to describethe triad homotopy group �3(X;A;B) under the hypothesis that the canonicalhomomorphisms �1C ! �1A, �1C ! �1B are surjective:�3(X;A;B) �= �2(A;C)
 �2(B;C):Using the exact sequences (for n � 1 ) ( see [56] )! �nC ! �nA! �n(A;C)! �n�1C !! �nC ! �nB ! �n(B;C)! �n�1C !! �n(B;C)! �n(X;A)! �n(X;A;B)! �n�1(B;C)!one readily obtains the following bound on �3X.
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3.3.4 Proposition Suppose that the canonical homomorphisms �1C ! �1A,�1C ! �1B are surjective. Thenj�3Xj � j�1Aj:j�3Ajj�2Aj : j�1Bj:j�3Bjj�2Bj : j�2Cj2j�1Cj2 :j�2(A;C) � �2(B;C)j:j�2(A;C)
 �2(B;C)j:The bound is attained if, for instance, the homotopy groups �3A, �3B, �2C areall trivial.We clearly have j�2(A;C) � �2(B;C)j � j�2(A;C)jj�2(B;C)j:Thus Theorem 3.2.6 yields an explicit bound on j�3Xj in the case where �2(A;C)and �2(B;C) are known prime power groups.
3.4 Computer computationsAs an illustation of the accuracy of the bound in Proposition 3.2.3 we now considerall pairs of normal subgroups of the quaternion group, Q32 =< a; bja16 = b8a2 =ab�1ab = 1 >, with actions being conjugation in Q32. The nonabelain tensorproduct was calulated for each of these in the last chapter.Table 3.1 lists jG 
 Hj for all pairs of normal subgroups G and H in Q32 (seeAppendix B, Q3.g). Since G 
 H �= H 
 G the table only includes the casejGj � jHj. We consider two pairs (G;H) and (G0; H 0) to be isomorphic if there isan isomorphism � : GH�!G0H 0 that restricts to isomorphismsG �=�!G0, H �=�!H 0.Since isomorphic pairs yield isomorphic tensor products, the table contains justone entry for each isomorphism class of pairs. There is a certain asymmetry inthe bound of Proposition 3.2.3 since k depends only on G, yet G
H �= H 
 G.66



Thus a smaller bound may sometimes be obtained by interchanging the roles ofG and H. However, the table does not involve such interchanges.
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Table 3.1: jG
Hj for G;H�Q32Gener- jGj Gener- jHj log2(jG
Hj) log2(Bound ofators G ators H Theorem 3.2.6)a2 2 a2 2 1 1a2 2 a 4 1 1a2 2 a2; ab4 4 2 2a2 2 a; b4 8 2 2a2 2 a2b2 8 1 1a2 2 a; b2 16 2 2a2 2 b 16 1 1a2 2 a; b 32 2 2a 4 a 4 2 2a 4 a2; ab4 4 2 4a 4 a; b4 8 3 4a 4 a2b2 8 2 2a 4 a; b2 16 3 4a 4 b 16 2 5a 4 a; b 32 3 4b4 4 b 16 2 2b4 4 a; b 32 3 4a2; ab4 4 a2; ab4 4 4 4a2; ab4 4 a; b4 8 4 4a2; ab4 4 a2b2 8 2 2a2; ab4 4 a; b2 16 4 4a2; ab4 4 b 16 2 5a2; ab4 4 a; b 32 3 4a; b4 8 a; b4 8 5 6a; b4 8 a2b2 8 3 3a; b4 8 a; b2 16 5 6a; b4 8 b 16 3 6a; b4 8 a; b 32 2 6a2b2 8 a2b2 8 3 3a2b2 8 a; b2 16 4 6a2b2 8 b 16 3 3a2b2 8 a; b 32 4 6ab2 8 b 16 3 6ab2 8 a; b 32 4 6a; b2 16 a; b2 16 6 8a; b2 16 b 16 4 7a; b2 16 a; b 32 2 8b 16 b 16 4 4b 16 ab 16 4 7b 16 a; b 32 5 8ab 16 a; b 32 5 8a; b 32 a; b 32 7 1068



Chapter 4
Bounds on nonabelian tensorsquares of prime{power groups
4.1 IntroductionIn this chapter we use the method of [15] to improve a bound of Rocco [51] onthe order of the nonabelian tensor square G
G of a prime{power group G. Wealso give bounds for the exponent of the tensor square.Throughout p is a prime and q can take the values 0 or p. If NEG, we denote byN#qG the subgroup of G generated by the commutators ngn�1g�1, and powersnq, for n 2 N; g 2 G. We then de�ne qiG recursively asq1G = Gqi+1G = (qiG)#qG for i � 1:We can form the factor groups �qiG = qiG=qi+1G for i � 1, and we note thatwhen q = 0, 0iG are the usual terms of the lower central series of G. In this casewe often write iG for 0iG, and �iG for �0iG.69



4.2 Preliminaries4.2.1 Lemma Suppose M and N are normal subgroups of a group G, with N asubgroup of M and [M;G] � N: Then the image of the canonical homomorphismN 
G ��!M 
Gis normal in M 
G. In particular, for each i, �(qi+1G
G)EqiG
G:Proof: By Proposition 1.2.11 there is a crossed N{module @ : M 
 G ! N .Let � 2 M 
 G, and let n 
 g be the image under � of a generator of N 
 G:Then �(n 
 g)��1 = @� (n 
 g) = @�n 
 @�g 2 �(N 
 G). Taking N = qi+1G andM = qiG it follows that �(qi+1G
G)EqiG
G.4.2.2 Lemma For each i � 1 and q = 0 or p,(G=qi+1G)
 �qiG �= �q1G
 �qiG;where all groups act on each other by the action inherited from conjugation in G.Proof: From the de�nition of qiG it is easy to see that G=qi+1G and qiG=qi+1Gact on each other trivially. By Proposition 1.2.12 we then haveGqi+1G 
 qiGqi+1G �=  Gqi+1G!ab 
Z  qiGqi+1G!ab ;where 
Z is the usual tensor product of abelian groups. Now qiG=qi+1G is abelianand we have  Gqi+1G!ab �= G=qi+1Gq2G=qi+1G �= G2Gqi+1G;70



so Gqi+1G 
 qiGqi+1G �= G2Gqi+1G 
Z �qiG:Now if q = 0 then qi+1G � 2G and the result follows. It remains to deal withthe case q = p. Suppose â 2 G=2Gqi+1G and b̂ 2 �qiG. Thenâq 
Z b̂ = (â
Z b̂)q= â
Z b̂q= 1;and so it follows that G2Gqi+1G 
Z �qiG �= �q1G
 �qiG:4.2.3 Lemma Let NEG. The images of the canonical homomorphisms[N;G]
N ��! N 
GN 
 [N;G] ��! N 
Gcoincide in N 
G.Proof: By Proposition 1.2.11 there is a crossed module� : N 
G�[N;G]such that �(t) 
 g = tgt�1 and n 
 �(t) = ntt�1 for all t 2 N 
 G, g 2 G andn 2 N .Now if h 2 [N;G] then h = �(t) for some t 2 N 
G and if n 2 N we haveh
 n = �(t)
 n = tnt�1= (ntt�1)�1 = (n
 �(t))�1 = (n
 h)�1:71



It follows that �([N;G]
N) = �(N 
 [N;G]):We are mainly interested in the preceding lemma in the cases where N = iG andN = piG and note that in the �rst of these cases [N;G] is just i+1G.4.2.4 Lemma For each i, the following sequences of canonical homomorphismsare exact.i+1G
G ��! iG
G ��! (iG=i+1G)
 (G=i+1G) ! 0[qiG;G]
G ��! qiG
G ��! qiG=[qiG;G]
G=[qiG;G] ! 0:Proof: Clearly �(i+1G
G) � ker(�) and by Lemma 4.2.1, �(i+1G
G)EiG
G: Thus � induces a homomorphism ~� : (iG
G)=�(i+1G
G)! (iG=i+1G)
(G=i+1G): We produce the inverse of this map. De�ne the homomorphism  onthe generators of (iG=i+1G)
 (G=i+1G) by (ai+1G
 bi+1G) = a
 b�(i+1G
G)We need to show that  is well de�ned. Suppose n 2 i+1G: Then  (ani+1G
bi+1G) = (an
b)�(i+1G
G) = (an
ab)(a
b)�(i+1G
G) = a
b�(i+1G
G):Similarly,  (ai+1G
 bni+1G) = a
 bn�(i+1G
G) = (a
 b)(ba
 bn)�(i+1G
G) = (a 
 b)�(i+1G 
 G); since by Lemma 4.2.3 with N taken to be iG wehave the images of i+1G
 iG and iG
 i+1G coincide in iG
G. Hence  iswell{de�ned and clearly is the inverse of ~�. It follows that(iG=i+1G)
 (G=i+1G) �= (iG
G)=�(i+1G
G);and so the �rst sequence is exact.The second sequence can be shown to be exact in the same way, this time using72



Lemma 4.2.3 with N = qiG.The second exact sequence in the preceding lemma can be used to produce a \q"version of the �rst. In order to do this we need the following.4.2.5 Lemma The images of the canonical homomorphismsqi+1G
 qiG ��! qiG
GqiG
 qi+1G ��! qiG
Gcoincide in qi 
G.Proof: Let a be a generator of qi+1G (that is a is of the form [x; y] for somex, y 2 qiG or a is of the form xq for some x 2 qiG ) and b 2 qiG. If a is acommutator then Lemma 4.2.3 with N = qiG shows that b 
 a = (a 
 b)�1 inqiG
G. In this case b
 a 2 �(qi+1qiG):Suppose then that a is a generator of qi+1G of the form sq for some s 2 qiG.Consider the image of b 
 a in qiG 
 G=�([qiG;G] 
 G). By the second exactsequence of the previous lemma we haveqiG
G�([qiG;G]
G) �= qiG[qiG;G] 
 G[qiG;G] :Since qiG=[qiG;G] and G=[qiG;G] act on each other trivially we haveb
 a �([qiG;G]) = b
 sq �([qiG;G])= bq 
 s �([qiG;G]):But qiG
G=�(qiG
G) is a factor group of qiG
G=�([qiG;G]
G) and sob
 a�(qiG
G) = bq 
 s�(qiG
G) = 173



in qiG
G=�(qiG
G). The result now follows.4.2.6 Lemma For each i and q = 0 or p the following sequence of canonicalhomomorphisms is exact.qi+1G
G ��! qiG
G ��!�! (qiG=qi+1G)
 (G=qi+1G)Proof: When q = 0 this is just the �rst sequence in Lemma 4.2.4 and whenq = p the proof is identical to that of Lemma 4.2.4 where we now use Lemma4.2.5 instead of Lemma 4.2.3.4.2.7 Lemma Suppose G is �nite and set �q = �q1G� �q2G� : : :� �qcG: ThenjG
Gj � jGab 
 �qj:Proof: By repeated application of Lemma 4.2.6 we see thatjG
Gj � j�q1G
 �q1GjjG
 q2Gj� j�q1G
 �q1Gjj(G=q3G)
 �q2Gjj(G=q4G)
 �q3Gj : : :: : : j(G=qc+1G)
 �qcGj= j�q1G
 �q1Gjj�q1G
 �q2Gjj�q1G
 �q3Gj : : : j�q1G
 �qcGj= j�q1G
 (�q1G� �q2G� : : :� �qcG)j= j�q1G
 �qj:Finally we need the following result which is a consequence of Theorem 9 in [24].We note that the proof there is based on homological arguments. Here we give analgebraic proof. I would like to thank Professor M. Newell for his help with thefollowing proof. 74



4.2.8 Lemma In G
G,([x; y]
 yz)([y; z]
 zx)([z; x]
 xy) = 1;for all x, y, and z in G.Proof: Consider the action of G on G
G. We havez(y 
 x) = (zy 
 zx): (4.1)Acting on the left hand side of (4.1) by [y; z] gives[y;z](z(y 
 x)) = [y;z]z(y 
 x)= yzy�1(y 
 x)= (yz)(y 
 x)= (y 
 x)(y 
 x)�1 (yz)(y 
 x)= (y 
 x)([y; x]�1 
 yz) using (1.6)= (y 
 x)([x; y]
 yz):The right hand side of (4.1) iszy 
 zx = [y; z]�1y 
 zx= [y;z]�1(y 
 zx)([y; z]�1 
 zx) using (1.1)= [y;z]�1(y 
 zx)([y;z]�1([y; z]
 zx))�1 using (1.4)= [y;z]�1 ((y 
 zx)([y; z]
 zx)�1) :Acting by [y; z] gives[y;z](zy 
 zx) = (y 
 zx)([y; z]
 zx)�175



Now y 
 zx = y 
 x[x�1; z]= (y 
 x) x(y 
 [x�1; z]) using (1.2)= (y 
 x)(xy 
 x[x�1; z])= (y 
 x)(xy 
 [z; x])= (y 
 x)([z; x] 
 xy)�1by (1.6).Hence (y 
 x)([x; y]
 yz) = (y 
 zx)([y; z]
 zx)�1= (y 
 x)([z; x]
 xy)�1j([y; z]
 zx)�1from which it follows that([x; y]
 yz)([y; z]
 zx)([z; x] 
 xy) = 1
4.3 Bounds on the order of G
GSuppose now that G is a group of order pn with p a prime and �c+1G = 1. If�q1G �= Cpn1�Cpn2�: : :�Cpnd , and �q1G��q2G�: : :��qcG �= Cpm1�Cpm2�: : :�Cpmswhere Ck denotes the cyclic group of order k, then we writeMq = Xni;mjmin(ni; mj):We note that mi, ni, d and s depend on q. When q = 0, c is the nilpotency classof G. When q = p, mi = 1 for all 1 � i � s and nj = 1 for all 1 � j � s, so thatMp = ds:76



Let L = �p1G � �p2G � : : : � �pcG: Then L has the structure of a restricted Liealgebra over the �eld Zp, where the Lie bracket b : L � L �! L is induced bycommutation in G and p : L �! L is induced by taking pth powers. For each i � 1the Lie bracket b restricts to b : �piG� �piG �! �pi+1G a linear homomorphism ofvector spaces ( cf. [39] ).Now consider the linear homomorphisms de�ned for each i � 2 byji : �pi�1G
 �p1G
 �p1G �! �piG
 �p1G;x
 y 
 z 7�! b(x; y)
 z + b(y; z)
 x+ b(z; x)
 y:We note that when i < 2, b(y; z) 
 x = 1 in �piG 
 �p1G for all x 2 �pi�1G andy; z 2 �p1G. In this case ji reduces toji : �pi�1G
 �p1G
 �p1G �! �piG
 �p1G;x
 y 
 z 7�! b(x; y)
 z + b(z; x)
 y; for i � 3:Let a be de�ned as a = cXi=2 dimZp(image(ji)):4.3.1 Theorem Suppose G is d-generator group of order pn: If G0 denotes thecommutator subgroup of G, theni) jG
Gj = jJ(G)jjG0j � pdn;ii) jJ(G)jjG0j � pM0;iii) jJ(G)jjG0j � pMp�a
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Proof: If for each i, j�qiGj = pmi , thenjGj = j�q1Gjj�q2Gj : : : j�qcGj= pm1+m2+:::+mcfrom which it follows that n = m1 +m2 + : : : +mc. Recalling that �q = �q1G 
�q2G
 : : :�qdG, Lemma 4.2.7 and the short exact sequenceJ(G) ,! G
G!! 2G (4.2)gives, jJ(G)jj2Gj = jG
Gj� jGab 
 �qj= j(Cpn1 � Cpn2 � : : :� Cpnd )
 �qj= j(Cpn1 
 �q)� (Cpn2 
 �q)� : : :� (Cpnd 
 �q)j� d copiesz }| {j�qjj�qj : : : j�qj= pnd:Thus part (i) is proven.To prove part (ii) we again start with Lemma 4.2.7 and the short exact sequence(4.2). Expanding both �q1G and �q we getjJ(G)jj2Gj = jG
Gj� j�11G
 �qj= j(Cpn1 � Cpn2 � : : :� Cpnd )
 (Cpm1 � Cpm2 � : : :� Cpms )j= Y1�i�d1�j�s ���Cpni 
 Cpmj ��� 78



= Y1�i�d1�j�s pmin(ni;mj)= pMq :When q = 0 this is ii). When q = p we get jG 
 Gj � pMp. We can reduce thisbound further.Consider again the exact sequence in Lemma 4.2.6. By Lemma 4.2.8 we have([x; y]
 yz)([y; z]
 zx)([z; x] 
 xy) = 1 (4.3)in piG 
 piG for all x; y; z 2 p1G. Since there is a canonical homomorphismpiG
 piG �! piG
G the identity (4.3) holds in piG
G for all x; y; z 2 piG.It follows that reqarded as an element of piG
G, ([x; y]
yz)([y; z]
zx)([z; x]
xy)is in the kernel of �. Again using Lemma 4.2.2 we havepi+1G
G=pi+2G �= �pi+1G
 �piG:Since ab = aba�1 = [a; b]a it follows that ab = b in �p2G and so the image of ([x; y]
yz)([y; z]
zx)([z; x]
xy) is the same as the image of ([x; y]
z)([y; z]
x)([z; x]
y)under the canonical homomorphism pi+1G
G �! piG=pi+1G. The subgroup of�piG
 �p2G generated by the images of elements ([x; y]
 z)([y; z]
 x)([z; x] 
 y)for x; y; z 2 piG is precisely the image of ji. Then just as in Lemma 4.2.7 we havejG
Gj � j�q1G
 �q1Gjj�q1G
 �q2Gjj�q1G
 �q3Gj : : : j�q1G
 �qcGj=pa= j�q1G
 �qj=pa:It follows that jG
Gj � pMp�a.4.3.2 Theorem Suppose G is a group of order pn and nilpotency class c. Let q
79



be 0 or p. Then if Gab is the abelianization of G we haveexp(G
G) � Y1�i�cmin (exp(�q1G); exp(�qiG)) � exp(Gab)c:Proof: Firstly if A and B are abelian groups acting on each other triviallythen exp(A 
 B) � min(exp(A); exp(B)). Considering again the exact sequenceof Lemma 4.2.6 we haveexp(G
G) � exp(�q1G
 �q1G)exp(�q1G
 �q2G) : : : exp(�q1G
 �qcG)� Y1�i�cmin (exp(�q1G); exp(�qiG))� exp(Gab)c:We note here that Theorem 4.3.1 complements Theorem 2 of [19].
4.4 ExamplesWe illustrate Theorem 1 using the Burnside group, B = B(3; 3), on three genera-tors and exponent three. This group has order 37 and its tensor square has order320 (see [27]). Parts (i) and (ii) of Theorem 1 each give 321 as an upper boundfor the order of the tensor square. If x, y, and z generate B then their image in�p2B � �p1B is isomorphic to C3 � C3 � C3; the images of [x; y], [x; z], and [y; z]generate �p2B �= C3 � C3 � C3, and the image of [[x; y]; z] generate �p3B �= C3: Itfollows that Mp = 21: The image of the map j2 is found to be one dimensionaland the maps ji are trivial for i � 3. Thus, Theorem 1 part (iii) gives an upperbound of 320 for the order of the tensor square.As a second illustation we consider the nonabelian, 3{generator, groups of order80



34. There are three such groups and we chose one whose tensor square is ofminimal order. One such group is given by the presentationG =< x; y; z : x3 = y3 = z9 = [x; z] = [y; z] = e; yx = z2xz > :The tensor square of G is of order 39 while once again parts (i) and (ii) of Theorem1 give the same bound 312. Now the images of x, y and z in �p1G generate�p1G �= C3 � C3 � C3, and the image of [x; y] generates �p2G �= C3: It follows thatMp = 12; and since the image of j2 is of dimension 1 and ji is trivial for i � 3, wehave a = 1. Thus part (iii) gives an upper bound of 311 for the order of G
G.
4.5 The p{tensor productOur aim in this section is to produce a result similar to Theorem 4.3.1 for thep{tensor product G 
p G of De�nition 1.3.1. Indeed we can use the work in thelast section together with the exact sequence of Theorem 15 in [24] to get thefollowing.4.5.1 Proposition Let G be a d{generator group or order pn and suppose Gab =pk. Theni) jG
p Gj � pdn+kii) jG
p Gj � pM0+kiii) jG
p Gj � pMp�a+k
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Proof: Part of the exact sequence in [24] isG
qr G=rJ(G; qr) �! G
r G �! G=G#rG �! 1where q � 0, r � 1 and J(G; qr) is the kernel of the homomorphism � : G
qrG!G, g 
qr h 7! [g; h], fgg 7! gqr.Restricting to the case r = p and q = 0 we getG
G=pJ(G; 0) �! G
p G �! Gab;from which it follows thatjG
p Gj � jG
G=pJ(G; 0)jjGabj� jG
GjjGabj:We now use the methods of the last section to improve the bounds given inProposition 4.5.1 at least for some groups G. Most of the lemmas of the previoussection carry over to the p{tensor case. However Lemma 4.2.2 is an exception, forin general (G=i+1G)
p �iG��1G
p �iG.4.5.2 Lemma Suppose M and N are normal subgroups of a group G, with N asubgroup of M and M#pG � N: Then the image of the canonical homomorphismN 
p G ��!M 
p Gis normal in M 
p G. In particular, for each i, �(qi+1G
p G)EqiG
p G:Proof: By Proposition 1.2.11 there is a crossed N{module @ : M 
p G ! N .Let � 2 M 
p G and suppose � is the image under � of a generator of N 
p G:82



Then �(n
p g)��1 = @� (n
p g):If � = n
p g we have ����1 = @�n
p @�g 2 �(N
pG). Similarly if � = fng we get����1 = @�fng = f@�g 2 �(N 
p G). Taking N = qi+1G and M = qiG it followsthat �(qi+1G
p G)EqiG
p G.4.5.3 Lemma For each i,G=qi+1G
p �qiG �= �p1G
p �qiGwhere groups act on each other through the inherited conjugation action of G.Proof: The groups G=qi+1G and �qiG act on each other trivially and so byProposition 1.24 [13] we haveG=qi+1G
p �qiG �= G=qi+1GG=qi+1G#pG=qi+1G 
Z �qiG�qiG#p�qiG�= G(G#pG)qi+1G 
Z qiG(qiG#pqiG)qi+1Gwhere again 
Z denotes the usual tensor product of abelian groups.Now if q = p we have pi+1EG#pG and piG#ppiGEpi+1G so thatG=pi+1 
p piG=pi+1G �= �piG
p �piG:On the other hand if q = 0 then since i+1G � G#pG we haveG=i+1G
p �iG �= �1G
Z iG=(iG#piG)i+1G.Now [iG; iG] � i+1G and if �a 2 �p1G and �b 2 iG=i+1G then in �1G 
Z83



iG=i+1G we have a
Z bp = (a
Z b)p = ap 
Z b = 1and so G=i+1G
p �iG �= �p1G
Z iG=i+1G�= �p1G
Z �iG4.5.4 Lemma Consider the canonical homomorphismsqi+1G
p qiG ��! qiG
p GqiG
p qi+1G ��! qiG
p G:The images of � and � are the same.Proof: If NEG then from Propostion 1.16 in [13] we have a crossed module� : N 
p G�N#pGsuch that �(t)
p g = tgt�1 and h
p �(t) = gtt�1 for all t 2 NG
p G and g 2 G,h 2 N . Taking N = qiG we getn
p g = �(t)
p g = tgt�1= (gtt�1)�1 = (g 
p �(t))�1 = (g 
p n)�1for all n 2 qi+1G and g 2 qiG. The result follows.4.5.5 Lemma For each i, the canonical sequence of homomorphismsqi+1G
p G ��!qiG
p G ��!�!(qiG=qi+1G)
p (G=qi+1G)is exact. 84



Proof: By Lemma 4.5.2, �(qi+1G
pG)Eqi 
qG and since �(qi+1G
pG) � ker �,� induces a homomorphism ~� : (qiG 
p G)=�(i+1G 
p G) �! (qiG=qi+1G) 
p(G=qi+1G):We produce the inverse of this map by de�ning  on generators of (qiG=qi+1G)
p(G=qi+1G) by  (ai+1G
p bqi+1G) = a
p b�(pi+1G
p G); (fagi+1G) = fag�(qi+1G
p G)for all a 2 qi+1G and b 2 G.We need to show that  is well de�ned and to this end suppose n 2 qi+1G. Then (anqi+1G
p bqi+1G) = (an
p b)�(qi+1G
p G)= (an
p ab)(a
p b)�(qi+1G
p G)= (a
p b)�(qi+1G
p G):In the same way (aqi+1G
p bnqi+1G) = a
p bn�(qi+1G
p G)= (a
p b)(ba
p bn)�(qi+1G
p G)= (a
p b)�(qi+1G
p G)since by Lemma 4.5.4 the image of qi+1G 
p qiG and qiG 
p qi+1G coincide inqiG
p G. Finally we have (fanqi+1Gg) = fang�(qi+1G
p G)= fag p�1Yk=1(a�1 
p (a1�p+kn)k)fng�(qi+1G
p G)= fag�(qi+1G
p G)85



since a�1 
q (a1�p+kn)k 2 �(qi+1G
p G) for all k.It follows that �qiG
p G=qi+1 �= (qiG
p G)=�(qi+1G
p G)and so the given sequence is exact4.5.6 Lemma Suppose G is nilpotent with c+1 = 1. ThenjG
p Gj � wj�q1 
 �qj;where w = j�q1G
p �q1Gj=j�q1G
 �q1Gj.Proof: By repeated application of Lemma 4.5.5 we havejG
p Gj � j�q1G
p �q1GjjG
p q2Gj� j�q1G
p �q1Gjj(G=q3G)
p �q2Gjj(G=q4G)
p �q3Gj : : :: : : j(G=qcG)
p �qc�1Gj= j�q1G
p �q1Gjj�p3G
p �q2Gjj�p4G
p �q3Gj : : : j�pcG
p �qc�1Gj:Now if q = p by Propostion 1.24 in [13] we have for each i�pi+1G
p �qiG �= �p1G
Z �qiG �= �p1G
 �qiG:On the other hand if q = 0 thenj�pi+1G
p �iGj = j�p1G
Z �iGj � j�1G
 �qiGj:In either casejG
p Gj � wj�q1G
 �q1Gjj�q1G
 �q2Gjj�q1G
 �q3Gj : : : j�q1G
 �qc�1Gj= wj�q1G
 (�q1G� �q2G� : : :�qc�1G)j= wj�q1G
 �qGj:We are now in a position to state the following results.86



4.5.7 Theorem Suppose G is d-generator group of order pn: Theni) jG
p Gj � pdn+w;ii) jG
p Gj � pM0+w;iii) jG
p Gj � pMp+w�awhere w = j�q1G
p �q1Gj=j�q1G
 �q1Gj.Proof: The proof of this is identical to that of Theorem 4.3.1.4.5.8 Example Let G = Z2 � Z2. In this case jGabj = jGj = 22, so k inProposition 4.5.1 is 2. However because jG
2Gj = 32 and jG
Gj = 16 we havew in the preceding theorem is only 2.4.5.9 Theorem Suppose G is a group of order pn and nilpotency class c. Thenexp(G
p G) � pc:Proof: As before we haveexp(G
p G) � exp(�p1G
 �1G)exp(�p1G
 �2G) : : : exp(�p1G
 �cG)= Y1�i�cmin (exp(�p1G); exp(�iG))= pc:
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4.6 Placing bounds on the order of the kernel JSuppose G is a group of order pn and consider again the exact sequenceJ�G
G�[G;G]:By placing restrictions on the order of J we determine all possible G that canarrise. In particular we enumerate all G for which jJ j = pn2�l for small l.The following theorem is an analogue of a result of berkovitch [4] on the schurmultiplier.4.6.1 Theorem Let G be a group of order pn and suppose jJ j = pn2�l. Theni) l = 0 if and only if G is elementary abelian,ii) l 6= 1 or 3,iii) l = 2 if and only if G �= Cp2,iv) l = 4 if and only if G is isomorphic to one of Cp2 � Cp � Cp, Cp2 � Cp, orp = 2 and G �= ha; b; cjbp = a; cp = a; ap = [a; b] = [a; c] = 1; [b; c] = ai,v) if l = 5 then either p > 1000 or p = 2 and G �= ha; b; cja2 = b2 = c2 =[a; b] = [a; c] = 1; [b; c] = ai,where Cm denotes the cyclic group of order m.Proof: (i) If l = 0 then pn2 = jJ j � jG
Gj � pn2 from which it follows that byTheorem 4.3.1 that jG 
 Gj = pn2 � pnd where d is the number of generators ofG. Therefore d(G) = n and G is elementary abelian.88



Conversely if G is elementary abelian then J = G
G and so jJ j = pn2.(ii) Suppose now that jJ j = pn2�1, where n � 1.If j[G;G]j = 1 then jG
Gj = jJ j_j[G;G]j = pn2�1 � pnd. It follows that n(n�d) � 1and since n � 1 we have n = 1 and G is cyclic of order p. But in that casejG
Gj = p and jJ j = p 6= p12�1 a contradiction.If j[G;G]j = p we have jG
 Gj = pn2 and so by part (i) G is elementary abeliana contradiction.The order of [G;G] can not be greater than p since otherwise we would havejG
Gj > pn2 which contradicts Theorem 4.3.1 .Suppose jJ j = pn2�3, where n � 2.If j[G;G]j = 1 then jG
Gj = pn2�3 and n(n�d) � 3. There are four possibilities:n = 3, d = 3 which means G is elementary abelian which contradicts (i),n = 3, d = 2 in which case G �= Cp2 � Cp and jG
Gj = p5 6= pn2�3,n = 2, d = 2 then again G is elementary abelian a contradiction, orn = 2, d = 1 which means G �= Cp2 and jG
Gj = p2 6= pn2�3.If j[G;G]j = p then n(n� d) � 2 and n = 2. Both the cases d = 2 or d = 1 meanG is abelian a contradiction.Similarly j[G;G]j = p2 means n = 1 and G is abelian.(iii) Suppose jJ j = pn2�2, where n � 2. 89



If j[G;G]j = 1 then jG
Gj = pn2�2 and n(n� d) � 2. This means that n = 2. Ifd = 2 then G �= Cp �Cp and jG
Gj = p4 6= pn2�2 a contradiction. On the otherhand if d = 1 we have G �= Cp2 and jG 
 Gj = p2 = pn2�2. Furthermore in thiscase we have jJ j = jG
Gj = pn2�2 as required.If j[G;G]j = p then jG
Gj = pn2�1 � pnd implies n(n� d) � 1. This means G iscyclic a contradiction.(iv) Suppose jJ j = pn2�4, where n � 2.If j[G;G]j = 1 then n(n � d) � 4. Again we dismiss the elementary abelian case(n = 4, d = 4) and if n = 4, d = 3, G �= Cp2 �Cp�Cp and jG
Gj = p10 = pn2�4.The other possibilities aren = 3, d = 3 giving G elementary abelain a contradiction,n = 3, d = 2 giving G �= Cp2 � Cp and jG
Gj = p5 = pn2�4,n = 2, d = 2 giving G elementary abelain a contradiction,n = 2, d = 1 giving G cyclic and jG
Gj = p2 6= pn2�4.If j[G;G]j = p then n(n� d) � 3. Dismissing the elementary abelian case (n = 3,d = 3) we are left with the cases n = 3, d = 2 and n = 2. The n = 2 cases implyG is abelian and so can be ignored.It is shown for example in [49] that there are only two isomorphism types fornonabelian groups of order p3, and that both are of nilpotency class 2. The two
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isomorphism types areha; b; c j ap = bp = cp = [a; b] = [a; c] = 1; [b; c] = aiand ha; b; c j bp = a; cp = a; ap = [a; b] = [a; c] = 1; [b; c] = aiwhere in both cases a generates both the centre and commutator subgroup of G.Suppose p is odd. By Theorem 4.3 of [2] G 
 G is elementary abelian of orderp6 for the �rst isomorphism type given here and by Theorem 4.2 of [2] G 
 G iselementary abelian of order p4 for the second isomorphism type. Only the �rst ofthese gives jG
Gj = pn2�3 and in that case again by Theorem 4.3 of [2] we havejJ j = p4 6= pn2�4.This leaves the case when p = 2. The GAP program p3.g in appendix C computesG 
 G and J in this case. For the �rst isomorphism type above G
 G �= Cp2 �Cp�Cp�Cp and for the second we have G
G �= Cp2 �Cp�Cp�Cp�Cp: Onlythe second has the required order, pn2�3, and in this case jJ j = pn2�4.The cases j[G;G]j = p2 and j[G;G]j = p3 both imply G is abelian.(v) Suppose jJ j = pn2�5 where n � 3.We can only partially solve this case. We begin as usual with the abelian groups.If j[G;G]j = 1 then n(n� d) � 5. Ignoring the elementary abelian cases (n = d)we are left withn = 5, d = 4 so that G �= Cp2 � Cp � Cp � Cp and jG
Gj = p17 6= pn2�5,n = 4, d = 3 so that G �= Cp2 � Cp � Cp and jG
Gj = p10 6= pn2�5,91



n = 3, d = 2 so that G �= Cp2 � Cp and jG
Gj = p5 6= pn2�5.If j[G;G]j = p then n(n� d) � 4. We deal �rst with the case n = 4, d = 3. It isshown in [12] page 145 that there are 15 isomorphism types for groups of order p4where p is an odd prime. Of these only three are 3 generator nonabelian groups.These isomorphism types areA = ha; b; c; d j ap = bp = cp = dp = 1;[c; a] = [c; b] = [d; a] = [d; b] = [d; c] = 1;[b�1; a�1] = diB = ha; b; c; d j bp = cp = dp = 1;[c; a] = [c; b] = [d; a] = [d; b] = [d; c] = 1;ap = d; [b�1; a�1] = diC = ha; b; c; d j ap = bp = dp = 1;[c; a] = [c; b] = [d; a] = [d; b] = [d; c] = 1;cp = d; [b�1; a�1] = diPrograms p4.g and p42.g in Appendix C compute G
G for each of these groupsfor p < 1000. If p < 1000 is odd then G
G is elementary abelian of order p11, p9and p9 for the isomorphism types A, B and C respectively. When p = 2, G
G isnot necessarly elementary abelian and has order p10, p11 and p9 respectively. Inno case is this pn2�4:If n = 3, d = 2 we can again use the results of [2] when p is odd. We then havejG
Gj = p4 or jG
Gj = p6, neither of which is pn2�4. When p = 2 only the �rstisomorphism type gives jG
Gj = p5 = pn2�4 and in this case we have jJ j = pn2�5as required. If j[G;G]j = p2 we have n(n � d) � 3 and n = 3. But no group oforder p3 has j[G;G]j = p2. 92



Chapter 5
The computation of the Frattinisubgroup of prime{power groups
5.1 IntroductionIn [11] computer methods were used to improve the results of [45] on determining[G;G] when the group Q = G=Z(G) is given. In this chapter we extend thesetechniques to the variety G=[G;G]Gq. We tackle the following problem. Givena �nite presentation for a group Q, determine all possible [G;G]Gq, where Q =G=Z(G; q), q is an integer and Z(G; q) is de�ned as fg 2 Z(G) : gq = 1g. Wenote that when q is a prime and G a q{power group then [G;G]Gq is the Frattinisubgroup of G. An algorithm is given for solving this problem and implementedin the case where q is a prime and jQj < 32.5.2 De�nitions and Notation5.2.1 De�nition Let Q be a group and q a non{negative integer. We de�ne theepicentre of Q mod q asZ^(Q; q) = fg 2 Q j fgg = 1 2 Q ^q Qand g ^ x = 1 2 Q ^q Q for all x 2 Qg:As mentioned above, we shall denote by Z(Q; q) those elements in the centre ofQ whose order divides q. 93



Extending terminology of Hall and Senior [32] we say Q is capable mod q if thereis a group G with Q �= G=Z(G; q).5.2.2 Lemmai) Suppose F=S is a presentation for the group G and Q �= G=Z(G; q). Thenthere exists a presentation F=R of Q and a homomorphism � : F=[R;F ]Rq�G.ii) The homomorphism � de�nes a projective q{crossed Q module where theaction of Q on F=[R;F ]Rq is de�ned via conjugation in F .iii) Let R ,! F be a free presentation of Q. ThenQ ^q Q �= [D;D]Dq;where D = F=[F;R]Rq.Proof: (i) Let � complete the following commutative diagram of homomorphismsand take R to be ker�. This provides the presentation F=R of Q.R
''

''OO
OOO

OOO
OOO

OOO
O

S
��

��F �
(( ((QQ

QQQ
QQQ

QQQ
QQQ

QQ 
����G // // Q �= G=Z(G; q) (5.1)

Let r 2 R. Since �(r) = 1 2 Q,  (r) 2 Z(G; q). Then  (rq) = 1 and  ([r; f ]) = 1in G for all f 2 F and so it follows that [R;F ]Rq � S. The homomorphism  then gives rise to the homomorphism � : F=[R;F ]Rq�G.94



(ii) The q-crossed module axioms follow directly from the de�nition of the conju-gation action, that is if fR 2 Q and �d = d[R;F ]Rq 2 F=[R;F ]Rq then�(fR �d) = �(fdf�1[R;F ]Rq)= fRdRf�1R= fR�( �d)f�1RSimilarly if �d0 = d0[R;F ]Rq 2 F=[R;F ]Rq then�( �d) �d0 = dR �d0= dd0d�1[R;F ]Rq= �d�d0 �d�1:The kernel of � is R=[R;F ]Rq and so rq = 1 for r 2 ker�: It remains then to showthat � is projective as a q{crossed Q module.Suppose � : X �! Q and � : Y �! Q are q{crossed Q modules and � : � �! �and � : � �! � are morphisms of q{crossed Q modules as in the diagram.R $$
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II

II
II

II
II F�

��
!! !!C
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CC
CC

CC
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CC
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F[R;F ]Rq � // //�
���̂

~~

QY � // QX � 66 66llllllllllllllllll � // Q nnnnnnnnnnnnnnnn

nnnnnnnnnnnnnnnnUsing the forgetful funtor �, � and � provide homomorphisms of groups which wealso denote by �, � and �. Now in the category of groups F is free and so projective.95



It follows that there exists a homomorphism � : F �! X such that � � � = � � �.We now show that this homomorphism factors to give �̂ : F=[R;F ]Rq �! X.Suppose r 2 R. Then the image of r is the identity in Q from which it followsthat �(r) = ker�. Since � is a q{crossed Q module, rq = 1 2 X. Also if f 2 Fthen �([r; f ]) = [�(r); �(f)]= �(�(r))�(f)�(f)�1= �(f)�(f)�1It follows that both Rq and [R;F ] are trivial in X and so [R;F ]Rq � ker�. Thehomomorphism �̂ : F=[R;F ]Rq �! X therefore exists and satis�es �̂ � � = �. Byconstruction this map provides the morphism of q{crossed Q modules.(iii) Proposition 5 of [24] states that if � : C �! G0 is a projective q-crossedG0-module with �C = G, then [C;C]Cq �= G ^q Gfrom which the result follows.We now give a computational criterion to decide when a group is capable mod q.We note that a similar result is found in [24] but when q > 0 the de�nitions of\q{capable" and \Zq̂ " of that paper di�er from the de�nitions of \capable modq" and \Z^(; q)" given here.5.2.3 Proposition A group Q is capable mod q if and only if Z^(Q; q) = 1.Proof: Let F=R be a presentation forQ as in Lemma 5.2.2 and denote F=[R;F ]Rq96



by D and R=[R;F ]Rq by �R. The exact sequenceR[R;F ]Rq� F[R;F ]Rq ��Qgives Q �= D= �R. Suppose Z^(Q; q) = 1 and x 2 Z(D; q). Because of Lemma 5.2.2(iii), �(x) 2 Z^(Q; q) and so x 2 �R. Hence �R = Z(D; q) and Q is capable mod q.Conversely, suppose Q is capable mod q with Q �= G=Z(G; q). By Lemma 5.2.2(i) we may choose presentations F=R for Q and F=S for G with [R;F ]Rq � S.Let fR 2 Z^(Q; q). Then f [R;F ]Rq 2 Z(D; q). But then Diagram 5.1 impliesthat fS 2 Z(G;Q) and so fR = 1 in Q.For all primes p, Table 5.1 lists all p{groups Q, jQj < 32 which are capable modp. Our computer method for producting the list is based on Proposition 5.2.3.Lemma 5.2.2 concerns the existence of certain presentations. We now start witha �xed presentation F=R for a group Q. We suppose this presentation to be �niteand Q to be capable mod q with Q �= G=Z(G; q). Letting D denote F=[R;F ]Rq,we have R[R;F ]Rq�D �= F[R;F ]Rq�Q (5.2)The group D is easily presented. Indeed starting with the free group F we maytake as relators all commutators of the form [r; f ] where r is a generator of R andf a generator of F together with all rq. Now R=[R;F ]Rq is �nitely presented sinceit is ablelian and R is �nitely generated. Also R=[R;F ]Rq is of �nite exponentand so itself is �nite. The short exact sequence 5.2 implies that D is �nite.Proposition 7 of [24] gives the exact sequenceZ(G; q) ^q G // G ^q G � // // Q ^q QThere is also a natural homomorphism � : G^qG�[G;G]Gq de�ned on generators97



by g ^q h 7! [g; h] and fgg 7! gq.Z(G; q) ^q G // // G ^q G � // //�
����

Q ^q Q�
yyyy[G;G]GqSince ker� � ker� we have a homomorphism � : [D;D]Dq�[G;G]Gq. We seekan extension of �, from D into G.Because of the homomorphism G�Q and the fact that F is free and so projective,there exists a homomorphism  : F �! G. As in the proof of Lemma 1 (i) itcan be shown that [F;R]Rq � ker( ), so  factors to give e : D �! G. We notehowever that unlike the corresponding  in Lemma 5.2.2,  here is not necessarilyonto. In particular since we start with the presentation F=R of Q the rank of Fmay not be su�cient to guarantee that  is onto G. Instead we investigate therelationship between G and the image of e in G. This is the subject of our nextlemma. The situation is summarized in the following diagram[R;F ]Rq // //
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R[R;F ]Rq
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��[R;F ]Rq // // F // // 
��
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!! !!D

DD
DD

DD
DD

DD

F[R;F ]Rq
����Z(G; q) // // G // // Q5.2.4 Lemmai) G = Im( e )Z(G; q)ii) [G;G]Gq �= [Im( e ); Im( e )]Im( e )q98



iii) Q �= Im( e )=Z(Im( e ); q)Proof: (i) Let x 2 G. Then xZ(G; q) 2 Q and so there exists f 2 F such that�(f [R;F ]Rq) = xZ(G; q). But then x = e (f [R;F ]Rq)s for some s 2 Z(G; q):(ii) Suppose x, y 2 G. Then by part (i), x = x0a and y = y0b for some x0, y0 2Im( e ) and a, b 2 Z(G; q). Then [x; y] = [x0a; y0b] = x0ay0b(x0a)�1(y0b)�1 = [x0; y0]and xq = (x0a)q = x0qaq = x0q. The result follows.(iii) Suppose x 2 G and y 2 Z(Im( e ); q). Then by part (i) x = x0a for somex0 2 Im( e ) and a 2 Z(G; q). In this case we have xy = x0ay = x0ya = yx0a = yxso that y is central in G and so Z(Im( e ); q) � Z(G; q). ThenIm( e )=Z(Im( e ); q) = Im( e )=(Im( e ) \ Z(G; q))Z(Im( e ); q)�= Z(G; q)Im( e )=Z(G; q)Z(Im( e ); q)= G=Z(G; q) �= Q:Parts (ii) and (iii) of the preceding lemma allows us to state the following.5.2.5 Theorem Let F=R be a presentation of Q. If Q is capable mod q, then allthe possible [G;G]Gq where Q �= G=Z(G; q) are of the form [D;D]Dq=K for someK = L \ [D;D]Dq and L some subgroup of Z(D; q) with D=L=Z(D=L; q) �= Q.Proof: Let L be the kernel of e so that Im( e ) �= D=L. By part (ii) of Lemma5.2.4 we have [G;G]Gq �= [Im( e ); Im( e )]Im( e )q�= [D=L;D=L](D=L)q�= [D;D]Dq=(L \ [D;D]Dq)Part (iii) of Lemma 5.2.4 shows that Q �= D=L=Z(D=L; q) so that all that remains99



to show is that L � Z(D; q). Let l 2 L. Then e (l) = 1 2 G and so �(l) = 1 2 Q.But then l 2 �R � Z(D; q).Given Q, Theorem 5.2.5 allows the enumeration of all possible [G;G]Gq. As itstands, however, this would entail the calculation of all L � Z(D; q) with K =L \ [D;D]Dq. For large Z(D; q) this can prove computationally expensive. Weaim instead to rewrite Theorem 5.2.5 placing restrictions directly on the subgroupK. In this the following notation will be helpful.For A � D, let eA = fd 2 Djdq 2 A and [d; x] 2 A for all x 2 Dg:5.2.6 Lemmai) If A = B \ [D;D]Dq then eA = eBii) Q �= D=A=Z(D=A; q) if and only if eA �= Z(D; q).Proof: (i) Let A = B \ [D;D]Dq and a 2 eA. Then aq 2 A and [a; x] 2 A for allx 2 D. But A � B so a 2 eB.Conversely suppose b 2 eB. Then bq 2 B and [b; x] 2 B for all x 2 D. But both bqand [b; x] are in [D;D]Dq and so are in A. It follows that b 2 eB.(ii) Z(D=A; q) �= fd 2 Djdq 2 A and [d; x] 2 A for all x 2 Dg=A = eA=A: NowD=A=Z(D=A; q) �= D= eA = D=Z(D; q) if and only if Z(D; q) = eA.We may now reformulate Theorem 5.2.5.5.2.7 Theorem Let F=R be a presentation of Q. If Q is capable mod q, then allthe possible [G;G]Gq where Q �= G=Z(G; q) are of the form [D;D]Dq=K for someK � Z(D; q) \ [D;D]Dq and fK = Z(D; q).100



Proof: This follows immediately from Theorem 5.2.5 and Lemma 5.2.6.We are now in a position to give an algorithm for determining all possible [G;G]Gqfrom the �nite presentation F=R of Q. However, when q = 0 the group D givenabove is not necessarily �nite. In this case we may use the construction given in[11], taking D = F=[R;F ]hBi where B is any one to one lift to F of a basis forthe image of R in F=[R;F ]. In practice we take B to be a one to one lift to F ofa convenient generating set for the image of R in F=[R;F ].Function: FrattiniDependencies: � NoneInput: Object Type NotesF free group The free group F is generated by the set �F .�R List of words The words in �R are written in the generators of F , so that�F= �R is a presentation for the group Q.q integer An integer typically 0 or a prime when Q is a prime{powergroup.Method: � Create a list CommPowerList consisting of all commutators [r; f ] where r 2 �R andf 2 �F .� If q = 0 then compute the group F=h[ �R; �F ]i and its subgroup h �Ri=h[ �R; �F ]. Since theimages of �R form a generating set for this last group we take B to be these imagesmapped into F . Append B to the list CommPowerList.� If q 6= 0 then append to CommPowerList words of the form rq where r 2 �R.� Compute the group D = F=hCommPowerListi.� Create an empty output list OutList� For each subgroup L � Z(D; q) \ [D;D]Dq compute eL.� If jeLj = jZ(G; q)j then append [D;D]Dq=L to OutListReturn: OutListFigure 1 Algorithm for computing [G;G]Gq from presentation for QThis algorithm has been implemented in GAP [54] and used to list all possible[G;G]Gp for Q a p{group of order less than 32 and Q capable mod p. Table 5.1lists all occuring [G;G]Gq. This table is based in part on programs pcomm2.g,pcomm3.g, pcomm5.g and pcomm7.g in Appendix D.In the case where Q �= Z42, [D;D]Dq �= Z102 and Z(D; q)\[D;D]Dq �= Z6. Instead of101



enumerating all the subgroups of Z(D; q)\[D;D]Dq �= Z6 a di�erent approach wastaken. Since [D;D]Dq is elementary abelian the isomorphism type of [D;D]Dq=Lis determined completely by jLj. If jeLj = jZ(G; q)j for a given subgroup L thenwe know that [D;D]Dq=L occurs as [G;G]Gq for some G. Any other subgroup L0of Z(D; q)\ [D;D]Dq of the same order as L will give [D;D]Dq=L0 �= [D;D]Dq=Lso that once a subgroup L is found such that jeLj = jZ(G; q)j then no furthersubgroups of the same order need be checked. This is the basis of Programpcomm2.g in appendix D where the GAP's internal psudo{random generator isused to generate random subgroups of Z(D; q)\[D;D]Dq of a given order and thencheck if jeLj = jZ(G; q)j. Once such a group is found the next size is checked. Wenote that this strategy depends heavily on the fact that the density of subgroupsL in Z(D; q) \ [D;D]Dq of a given order with jeLj = jZ(G; q)j is high.
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Table 5.1 : All prime{power groups Q, jQj � 32 and Q capablemod q together with all occuring [G;G]Gq where Q�=G=Z(G;q):Name q jQj De�ning Relations Possible [G;G]GqZ2 2 2 Z2Z4 2 4 Z4V4 2 4 Zn2 for 1 � n � 3Z8 2 8 Z8Z2 � Z4 2 8 Zn2 � Z4 for 0 � n � 2D4 2 8 a2 = b4 = (ab)2 = 1 Zn2 � Z4 for 0 � n � 2Z32 2 8 Zn2 for 1 � n � 6Z16 2 16 Z16Z4 � Z4 2 16 Z4 � Z4Z2 � Z4 � Z42 16 a4 = b4 = (ab)4 = (a�1b)2 = 1 Z32Z2 � Z4Z42Z2 � Z2 � Z4Z4 � Z4Z32 � Z4Z2 � Z4 � Z4Z2 � Z2 � Z4 � Z42 16 a4 = b4 = a�1bab = 1 Z2 � Z4Z2 � Z2 � Z4Z4 � Z4Z2 � Z4 � Z4Z2 � Z8 2 16 Z2 � Z8Z2 � Z4 � Z4Z32 � Z8D8 2 16 a2 = b8 = (ab)2 = 1 Z8Z2 � Z8Z2 � Z4 � Z4Z4 � Z2 � Z2 2 16 Zn2 � Z4 for 0 � n � 5Z2 �D4 2 16 a2 = b2 = c2 =(ca)2 = (ab)2 = (bc)4 = 1 Zn2 � Z4 for 0 � n � 5Z42 2 16 Zn2 for 1 � n � 9Z3 3 3 Z3Z9 3 9 Z9Z3 � Z3 3 9 Zn3 for 1 � n � 3Z27 3 27 Z27Z3 � Z9 3 27 Zn3 � Z9 for 0 � n � 2B(2; 3) 3 27 a3 = b3 = (ab)3 = (a�1b)3 = 1 Zn3 for 2 � n � 5Z33 3 27 Zn3 for 1 � n � 5Z5 5 5 Z5Z25 5 25 Z25Z5 � Z5 5 25 Zn3 for 1 � n � 3Z7 7 7 Z7103



Chapter 6
Groups with perfect subgroups
6.1 IntroductionLet G be a group and NEG be perfect, that is N is its own derived subgroup. In[35] R. H. Higgs showed that the sequence1 �!M(G=N) �!M(G) �!M(N) (6.1)is exact where M denotes the Schur multiplier of a group. For �nite G, sinceM(G) �= H2(G;Z) �= H2(G; C �) the dual of (6.1) is the exact sequence�!M(N) �!M(G) �!M(G=N) �! 1 (6.2)Noting that M(Q) �= ker(Q ^ Q �! Q) in this chapter we give an analogue of(6.2) where J(Q) = ker(Q
Q �! Q) replaces M .
6.2 Results6.2.1 Lemma Let G be a group and NEG be perfect. Let N 
G, G
N andN 
N denote the images of N 
 G, G 
 N and N 
 N in G 
 G under the104



canonical homomorphisms.(i) N 
G = G
N = N 
N in G
G.(ii) There is an exact sequenceN 
G�G
G�G=N 
G=N:Proof: (i) By Proposition 1.2.11 there is a crossed module � : G 
 G �! Gde�ned on generators by �(g 
 h) = [g; h]. Let n 2 N . Since N is perfect thereexists � 2 G
G such that �(�) = n. Then by 1.2.11 we have n
 g = �(�)
 g =� g��1 2 N , and so N 
G = N 
N . Furthermore� g��1 = �g���1��1= (g 
 �(�))�1= (g 
 n)�1from which it follows that N 
G = G
N .(ii) Clearly N 
GE ker(�) where � : G 
 G �! G=N 
 G=N . Then � inducesa homomorphism e� : G 
 G=N 
G �! G=N 
 G=N . We give the inverse ofthis map. Let  : G=N 
 G=N �! G 
 G=N 
G, be de�ned on generators by�g 
 �h g�!
 hN 
G, where �g = gN and �h = hN . Now  is well de�ned since ifn1, n2 2 N thengn1 
 hn2N 
G = g �(n1 
 h)h(n1 
 n2)� (g 
 h)h(g 
 n2)N 
G= g 
 hN 
G;105



where we make use of part (i). The homomorphism is the inverse of e� and so theresult follows.6.2.2 Theorem Let G be a group and N a perfect normal subgroup of G. Thesequence M(N) �! J(G) �! J(G=N) �! 1is exact, where M denotes the Schur multiplier and JG denotes the kernel of thecanonical homomorphism G
G �! G.Proof: Using the preceding lemma we have the following diagram.N 
G // //

����

G
G �// //�
��

G=N 
G=N
��N // // G // // G=NTaking kernals of the vertical homomorphisms yieldsker(N 
G! G) �! J(G) �! J(G=N):Makeing use of Lemma 6.1 we have under the canonical homomorphism � : N 
N �! G
G,�(ker(N 
N ! G)) � ker(N 
N ! G) = ker(N 
G! G):Furthermore if �� 2 ker(N 
G ! G) then �tau 2 ker(N 
N ! G) and so thereexists � 2 N 
N such that �(�) = �� . It remains to show that the map J(G) �!J(G=N) is surjective. Let x 2 J(G=N). Since � is surjective there exists � 2 G
Gsuch that �(�) = x. Then �(�) 2 N and since N is perfect�(�) = [n1; m1][n2; m2] : : : [nt; mt]106



for some n1; n2; : : : nt;M1; m2; : : :mt 2 N . Then in G
G we have� = (n1 
m1)(n2 
m2) : : : (nt 
mt)�for some � 2 J(G). But then �(�) = �(�) and the restriction of � to J(G) �!J(G=N) is surjective.
6.3 ExampleLet � be a ring with identity and GL(n;�) denote the general linear group con-sisting of all n � n invertible matrices over �. A matrix in GL(n;�) is calledelementary if it is identical to the identity marix except for a single o�{diagonalentry. Let e�ij 2 GL(n;�) with 1 � i; j � n and � 2 � denote the elementarymatrix with � in the (i; j)th position. With this notation we have for example theidentity e�ije�ij = e�+�ij . R. Steinberg introduced [55] an abstract group designed toimitate the behaviour of the elementary matrices.The subgroup generated by all the elementary matrices will be denoted by E(n;�).6.3.1 De�nition For n � 3 the Steinberg group St(n;�) is the group generatedby symbols x�ij, 1 � i; j � n � 2 �, satisfying the following relationsx�ijx�ij = x�+�ij[x�ij; x�jl] = x��il for i 6= l[x�ij; x�kl] = 1 for j 6= k; i 6= l:The identities in the de�nition of the Steinberg group are satis�ed by the elemen-107



tary martices so there is a canonical homomorphism� : St(n;�) �! GL(n;�)given by �(x�ij) = e�ij.Let GL(�) denote the direct limit ( or union ) of the sequenceGL(1;�) � GL(2;�) � GL(3;�) � : : :where each GL(n;�) is injected into GL(n + 1;�) by the correspondenceA 7! 0BBB@ A 00 1 1CCCA :By taking limits as n!1 we obtain corresponding groups, E(�) of elementarymatrices, and St(�) the Steinberg group. There is a corresponding homomorphism� : St(�) �! GL(�):The kernel of � is called K2�.J. H. C. Whitehead showed that E(�) is the commutator subgroup of GL(�) (cf.[48]). The quotient Gl(�)=E(�) is called the Whitehead group and denoted byK1�. The subgroup E(�) is perfect [48]Applying Theorem 6.2 givesM(E(�)) �! J(GL(�)) �! J(GL(�)=E(�)) �! 1:Taking � = Z for example it is shown in [48, page 28 and corollary 10.2] thatK1Z = Gl(Z)=E(Z) �= Z2 and K2Z �= M(E(Z)), the Schur multiplier of E(Z).108



Therefore K2Z �! J(GL(Z)) �! J(K1Z) �! 1Z2 �! J(GL(Z)) �! Z2 �! 1are exact. It follows that either jJ(GL(Z))j = 2 or jJ(GL(Z))j = 4.
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Appendix AFunctions for computing tensor products
This appendix lists GAP functions for implementing actions between groups andproducing the tensor product of two groups. Functions for producing the tensorsquare, the exterior product, the exerior square, and the q{tensor square aresimilar to the ones printed here.The following is a full list of the functions for Appendix A. Only those markedwith the � symbol are printed here. The rest are available on the accompyingdisk.File FunctionActSupport.g � Implements actions between groupsExteriorProduct.g Computes Exterior product of two groupsExteriorSquare.g Computes Exterior square of a groupTensorProduct.g � Computes Tensor product of two groupsTensorSquare.g Computes Tensor square of a groupTensorSquareGen.g Computes Tensor square of a group usingthe generating set for the computation ofW (x; a; b):TensorSquareSupport.g Tietze transformation wrappers.q-tensor-simple.g Computes the q tensor square of a group.Program: TensorProduct.gTensorProduct := function(arg)# -----------------------------------------------------------------------# @(#) TensorProduct.g 1.1 97/12/16# @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.TensorProduct.g# -----------------------------------------------------------------------# Author: A.~McDermott# Email: aidan.mcdermott@ucg.ie 110



## TensorProduct uses the method of Ellis \cite{E} to compute the tensor# product of a finitely presented group.## Usage:# a) TensorProduct(G,H,tietze,actionGH,actionHG)# b) TensorProduct(G,H,tietze,prime,bound,actionGH,actionHG)## In usage a) G is a Finitely Presented Group and TensorSq returns# the tensor square of G. The tietze option is explained below.## In usage b) G should be a prime-power finitely presented group.# In this case ANU's p-quotient function is used and a class bound for# G is required.## The arrays actionGH and actionHG give the action of G on H and H on# G respectively. The i,j th element of actionGH gives the image of the# jth generator of H under the action of the ith generator of G (see# the function GactsonH for details).## The tietze option is boolean, true if you wish to apply tietze# transformations false otherwise. The usual Tietze functions# will eliminate generators from the presentation provided (even# when you ask it not to). Furthermore information about these# generators are not passed back to the user. This makes calculations# of things like ker(G \T G --> G) difficult.## In order to overcome this problem the function xtz is called.# This function will not eliminate any generators (provided G has# no trivial generators).## You may attach a record to G called 'mytzops' containing options to# control the tietze trasformations (see xtz, xTzGo, and xTzGoGo for# details).# -----------------------------------------------------------------------local noarg, # number of argumentsG, # Input fp-group arg[1]p, bound, # arg[3] and arg[4]n, # Number of generators of GcosrepG, # coset representation of GphiG, # function connecting G and cosrepGucsG, lucsG, # upper central series of cosrepG and its lengthF, # Free group with 2n generatorsFgen1, Fgen2, # first and second n gens of FGensetG, # list of generators form ucsGGenlistG, # above mapped back to GCG, # Centre of cosrepGFrels, # relatiors for FT, # F/FrelsTT, # Pq return from TTTgen1, TTgen2, # Generators for TT (2n)K1, K2, # Normal closure in TT of TTgen1 etc.K, # intersection of K1 and K2i, x, y, z, z1, x1, y2, ttt, ttt1, v1, v2, w1, GensG, CHG, DHG,A, B, elB, H, elg, elh, GensH, GensetH, GenlistH, actionGH,actionHG,G1,H1, m, ucsH, lucsH, GensG1, GensH1, GensetG1, GensetH1,111



elg1, elh1;# -----------------------------------------------------------------------# # --------------------------------------------------------# Check arguments# --------------------------------------------------------noarg := Length(arg);if not (noarg=5 or noarg=7) thenError( "TensorProduct requires 4 or 7 arguments" );fi;G:=arg[1];H:=arg[2];if noarg = 7 thenp := arg[4];bound := arg[5];actionGH := arg[6];actionHG := arg[7];# ------ Pquotient ------G1 := Pq(G,rec(Prime:=p,ClassBound:=bound));H1 := Pq(H,rec(Prime:=p,ClassBound:=bound));elseactionGH := arg[4];actionHG := arg[5];fi;n := Length(G.generators);m := Length(H.generators);F := FreeGroup(n+m,"F");Fgen1 := []; Fgen2 := [];for i in [1..n] doFgen1[i] := F.generators[i]; # First n generatorsod;for i in [1..m] doFgen2[i] := F.generators[i+n]; # last m generatorsod;# ---------------------------------------------------------# For p-groups we can find the UCS and so a suitable# generating set. This is just the generating set returned# from Pq. We need to identify these elements in G and H.# ---------------------------------------------------------if noarg = 7 then# --------------------# For G# --------------------GensetG1 := Set(Copy(G1.generators));GensetG := [];for elg in Elements(G) dofor elg1 in GensetG1 doif MappedWord(elg,G.generators,G1.pqImages) = elg1 thenAppend(GensetG,[elg]); 112



RemoveSet(GensetG1,elg1);fi;od;od;# --------------------# For H# --------------------GensetH1 := Set(Copy(H1.generators));GensetH := [];for elh in Elements(H) dofor elh1 in GensetH1 doif MappedWord(elh,H.generators,H1.pqImages) = elh1 thenAppend(GensetH,[elh]);RemoveSet(GensetH1,elh1);fi;od;od;elseGensetG := Elements(G);GensetH := Elements(H);fi;GensetG := Set(GensetG);RemoveSet(GensetG,G.identity);GensetH := Set(GensetH);RemoveSet(GensetH,H.identity);GenlistG := G.generators;GenlistH := H.generators;# -----------------------------------------------------------# Main loop to create the words W(g,a,b) where g \in GensetG,# a in GenlistG and b in GenlistH# -----------------------------------------------------------Frels := [];for z in GensetG doz1 := MappedWord(z,G.generators,Fgen1);for x in GenlistG dox1 := MappedWord(x,G.generators,Fgen1);ttt1 := MappedWord(x^z,G.generators,Fgen1);for y in GenlistH doy2 := MappedWord(y,H.generators,Fgen2);ttt := MappedWord(GactsonH(G,H,z,y,actionGH),H.generators,Fgen2);v1 := z1 * x1*y2*x1^-1*y2^-1 * z1^-1 *((z1*x1*z1^-1)*ttt*(z1*x1*z1^-1)^-1*ttt^-1)^-1;Append(Frels,[v1]);od;Frels:=Set(Frels); 113



od;od;# -----------------------------------------------------------# Main loop to create the words W(h,a,b) where h \in GensetH,# a in GenlistG and b in GenlistH# -----------------------------------------------------------for z in GensetH dow1 := MappedWord(z,H.generators,Fgen2);for x in GenlistG dox1 := MappedWord(x,G.generators,Fgen1);ttt1 := MappedWord(GactsonH(H,G,z,x,actionHG),G.generators,Fgen1);for y in GenlistH doy2 := MappedWord(y,H.generators,Fgen2);ttt := MappedWord(y^z,H.generators,Fgen2);v2 := w1 * x1*y2*x1^-1*y2^-1 * w1^-1 *(ttt1*(w1*y2*w1^-1)*ttt1^-1*(w1*y2*w1^-1)^-1)^-1;Append(Frels,[v2]);od;Frels:=Set(Frels);od;od;# -----------------------------------------------------------# Add the images of the relators of G in F# -----------------------------------------------------------for z in G.relators doz1 := MappedWord(z,G.generators,Fgen1);Append(Frels,[z1]);od;# -----------------------------------------------------------# Add the images of the relators of G in F# -----------------------------------------------------------for z in H.relators dow1 := MappedWord(z,H.generators,Fgen2);Append(Frels,[w1]);od;# -----------------------------------------------------------# Compute the big group ((G \semi H) \semi G) \semi H)# -----------------------------------------------------------Frels := Set(Frels);RemoveSet(Frels,F.identity);T := F/Frels;# -----------------------------------------------------------# If tietze then ....# -----------------------------------------------------------if arg[2] = true thenif IsBound(G.mytzops) then T.mytzops := G.mytzops; fi;T := xtz(T);fi; 114



if noarg = 7 then# -----------------------------------------------------------# If G and H are a p-groups then so is T and we can apply Pq.# Need to keep track of how the old generators of T map# into TT.# -----------------------------------------------------------TT := Pq(T,rec(Prime:=p,ClassBound:=bound));TTgen1 := [];TTgen2 := [];for i in [1..n] doTTgen1[i] := MappedWord(T.generators[i],T.generators,TT.pqImages);TTgen2[i] := MappedWord(T.generators[i+n],T.generators,TT.pqImages);od;elif noarg = 5 then# -----------------------------------------------------------# This is a dummy version of the above.# -----------------------------------------------------------TT := T;TTgen1 := [];TTgen2 := [];for i in [1..n] doTTgen1[i] := MappedWord(T.generators[i],T.generators,TT.generators);TTgen2[i] := MappedWord(T.generators[i+n],T.generators,TT.generators);od;TT.pqImages := TT.generators;fi;# -----------------------------------------------------------# Compute the tensor product as the intersection of the# Normal Closures.# -----------------------------------------------------------K1 := NormalClosure(TT,Subgroup(TT,TTgen1));K2 := NormalClosure(TT,Subgroup(TT,TTgen2));K := Intersection(K1,K2);K := AsSubgroup(TT,K);return K;end;
Program: ActSupport.gGactsonH := function(G,H,g,h,Gacts)# -----------------------------------------------------------------------# @(#) ActSupport.g 1.1 97/12/16# @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.ActSupport.g115



# -----------------------------------------------------------------------# Author: A.~McDermott# Email: aidan.mcdermott@ucg.ie# -----------------------------------------------------------------------# This function implements the action of one finitely presented group on# another. That is, it works out ^gh for g \in G and h \in H.## The action of G on H is given using the 2 dimensional array Gacts the# columns of which correspond to the generators and the rows to the# generators of H. The (i,j)^th element of Gacts gives the image of the# j^th generator of H when acted on by the i^th generator of G, ie# ^{g_i} h_j = Gacts[i][j].## The basic idea is we think of g a word in the generators of G# that is g = g_1 g_2 \ldots g_n. Starting with g_n we figure out its# action from Gacts and then apply it to h. We then apply g_{n-1} to# the result etc.# Of course, we are thinking of action on the left.# -----------------------------------------------------------------------local G, # Input group GH, # Input group Hg,h, # Elements. We want g acting on h.Gacts, # The action array see abovelg, # length of g in generators of GhTemp, # Temporary result at the end of each iterationlhTemp, # Length of hTemp in generators of Hresult, # result computed during each iteation.gen, # the particular generator of g we are working withGa, # the appropriate action of gen on H.generatorssubwd, # Subword of g or hi,j,k,el,genH;result := H.identity;hTemp := h;lg := LengthWord(g);# ----------------------------------------------------# First the simple case that g is the id of G# Note that LengthWord(g) is then 0 and we don't go# through the loop below.# ----------------------------------------------------if ( g in TrivialSubgroup(G) ) thenresult := h;fi;# ----------------------------------------------------# Initialize the temporary result hTemp to h# and go throught the generators of g one at a time.# ----------------------------------------------------for i in [1..lg] dosubwd := Subword(g,lg-i+1,lg-i+1);# Backwards because action on left116



# ----------------------------------------------------# Identify subwd among the generators of G or as# one of their inverses.# ----------------------------------------------------for k in [1..Length(G.generators)] dogen := G.generators[k];if subwd = gen then # its a generatorGa := Gacts[k];# ----------------------------------------------------# Its an inverse of a generator.# We use the fact that the map g --> action of g on H# is a homomorphism. If n is the order of g in G then# g^n = 1 and so (action of g on H)^n = 1 in Aut(H).# One appropriate action for g^-1 is# (action of g on H)^{n-1}.## Without knowledge of Aut(H) I can't think of a better# (general) way of doing this although it is inefficient.# ----------------------------------------------------elif subwd = (gen)^-1 thenGa := [];for genH in H.generators dofor j in [1..(Order(G,subwd)-1)] dogenH := GactsonH(G,H,gen,genH,Gacts);# Note: recursive call but well dampened.od;Append(Ga,[genH]);od;fi;od;lhTemp := LengthWord(hTemp);# ----------------------------------------------------# Work out gen action on hTemp. Store answer in result.# ----------------------------------------------------result := H.identity;for j in [1..lhTemp] dosubwd := Subword(hTemp,j,j);for k in [1..Length(H.generators)] dogen := H.generators[k];if (subwd^-1*gen) in TrivialSubgroup(H) thenresult := result * Ga[k];elif (subwd*gen) in TrivialSubgroup(H) thenresult := result * (Ga[k])^-1;fi;od;od;# ----------------------------------------------------# The following is necessary to keep control over# the size of words produced. Without it they# tend to grow impossibly large.# ----------------------------------------------------for el in Elements(H) doif result*(el^-1) in TrivialSubgroup(H) thenresult := el;fi;od; 117



hTemp := result;od;return result;end;
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Appendix BPrograms for Chapter 2This appendix lists the programs used to produce the tables and other resultsin Chapter 2. The following table lists all the programs associated with thisappendix. Only those marked with the � symbol are actually printed here, therest can be found on the accompanying diskette.File/Program Function Table/PageQ3.g � Computes G
H for all subgroupsG and H of Q32 Table 2.2,Table 3.1Q3w.g Computes G ^ H for all subgroupsG and H of Q32: Table 2.3actions.g � Computes all pairs of actions be-tween D4 and Q8. Finds isomor-phic pairs of actions. pp 44{45compatible actions.g � Computes all pairs of actions be-tween D4 and Q8. Decides whichpairs of actions are compatible. pp 44{45compatible classes.g Takes all isomorphic pairs of actionsbetween D4 and Q8. Decides whichclasses give rise to compatible pairsof actions. pp 44{45TProd D4Q8.g � Computes Tensor product of D4with Q8 under all pairs of compat-ible actions. Table 2.4TProd D4Q8 BL2.g Computes Tensor product of D4with Q8 under all non{compatibleactions. Uses Brown and Lodayde�nition. Table 2.5TProd D4Q8 In2.g � Computes Tensor product of D4wiht Q8 under all non{compatibleactions. Uses N. Inassaridze's de�-nition. Table 2.5
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Program: Q3.gLogTo("Q3.out");## ----------------------------------------------------------------## @(#) Q3.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.Q3.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## For each pair of subgroups G and H of the Quaternion group Q of## order 32 this program computes the tensor product G \T H where## the actions are those arising from conjugation in Q. The## subgroup ker( G \T H --> Q) is also identified in each case.## ----------------------------------------------------------------RequirePackage("anupq");Read("/usr/users/aidan/reruns/ap1/ActSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquareSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorProduct.g");## ---------------------------------------------------------## Initialize some variables## ---------------------------------------------------------A := 0;; J := 0;;## ---------------------------------------------------------## Set up Q32 and its normal subgroups.## These are set up as finitely presented groups with the## mapping of each into Q32 itself.## ---------------------------------------------------------n := 5;F := FreeGroup(2,"F");## -----------------------------## Subgroups of order 2## -----------------------------I2Rel := [ F.1^2, F.2 ];## -----------------------------## Subgroups of order 4## -----------------------------I3Rel := [ F.1^4, F.2 ];I4Rel := [ F.1^4, F.2 ];I5Rel := [ F.1^2, F.2^2, Comm(F.1,F.2) ];## -----------------------------## Subgroups of order 8## -----------------------------I6Rel := [ F.1^4, Comm(F.1,F.2), F.2^-1*F.1^-1*F.2^-1*F.1^-1 ];I7Rel := [ F.1^8, F.2 ];I8Rel := [ F.1^8, F.2 ];## -----------------------------## Subgroups of order 16## ----------------------------- 120



I9Rel := [ F.1^4, F.2*F.1*F.2^-1*F.1^-1,F.1^2*F.2^4 ];I10Rel := [ F.1^16, F.2 ];I11Rel := [ F.1^16, F.2 ];## -----------------------------## Q32 itself## -----------------------------I12Rel := [ F.1^(2^(n-1)), F.2^(2^(n-2))*F.1^(-2), F.1*F.2^(-1)*F.1*F.2 ];## -------------------------------------------------------------## Form the array of 12 fp groups and identifiy Q32 as the last.## Print out basics about each.## -------------------------------------------------------------Gps := [];Gps[2] := F/I2Rel;Gps[3] := F/I3Rel;Gps[4] := F/I4Rel;Gps[5] := F/I5Rel;Gps[6] := F/I6Rel;Gps[7] := F/I7Rel;Gps[8] := F/I8Rel;Gps[9] := F/I9Rel;Gps[10] := F/I10Rel;Gps[11] := F/I11Rel;Gps[12] := F/I12Rel;Q32 := Gps[12];for i in [2..12] doPrint("size of Gp",i," is ",Size(Gps[i]),"\n");Print("Abelian ",IsAbelian(Gps[i]),"\n");od;## -------------------------------------------------------------## Mapsto tells us how the generators of the pq groups are## mapped into Q32.## -------------------------------------------------------------mapsto := [ [ Q32.identity, Q32.identity ],[ Q32.1^2, Q32.identity ],[ Q32.1, Q32.identity ],[ Q32.2^4, Q32.identity ],[ Q32.1^2, Q32.1*Q32.2^4 ],[ Q32.1, Q32.2^4 ],[ Q32.1^2*Q32.2^2, Q32.identity ],[ Q32.1*Q32.2^2, Q32.identity ],[ Q32.1, Q32.2^2 ],[ Q32.2, Q32.identity ],[ Q32.1*Q32.2, Q32.identity ],[ Q32.1, Q32.2 ]];## -------------------------------------------------------------## Main Loop: For each pair of groups G,H work out G \T H.## -------------------------------------------------------------for i in [2..12] do 121



G := Gps[i];for j in [2..12] doH := Gps[j];## ------------------------------------------------## These are the different types of actions## that arise among the subgroups of Q32.## ------------------------------------------------Tr := [ [H.1,H.2], [H.1,H.2] ];B3 := [ [H.1^3,H.2], [H.1,H.2] ];B3a := [ [H.1,H.2], [H.1^3,H.2] ];D3 := [ [H.1, H.1*H.2], [ H.1, H.2 ] ];D3a := [ [H.1, H.2], [ H.1, H.1*H.2 ] ];F3 := [ [H.1^5,H.2], [H.1,H.2] ];F3a := [ [H.1,H.2], [H.1^5,H.2] ];H9 := [ [H.1^9,H.2], [H.1,H.2] ];H9a := [ [H.1,H.2], [H.1^9,H.2] ];H9b := [ [H.1^9,H.2], [H.1^9,H.2] ];X := [ [H.1,H.1^2*H.2], [H.1,H.2] ];X2 := [ [H.1,H.2], [H.1,H.1^2*H.2] ];X3 := [ [H.1,H.2], [H.1^2*H.2,H.2] ];B3X := [ [H.1^3,H.1^2*H.2], [H.1,H.2] ];B3Xa := [ [H.1,H.1^2*H.2], [H.1^3,H.2] ];## ------------------------------------------------## These are the actions of the subgroup G on## subgroup H.## ------------------------------------------------BListH := [[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, D3, D3, D3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, F3, F3, F3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, H9, Tr, H9a, H9, Tr, H9, H9, Tr, H9, H9 ],[ Tr, Tr, H9, Tr, H9a, H9, Tr, H9, H9, H9, Tr, H9b ],[ Tr, Tr, X, Tr, X2, X3, Tr, X, X3, B3, B3X, B3Xa ] ];## ------------------------------------------------## These are the different types of actions## that arise among the subgroups of Q32.## written in the generators of G.## ------------------------------------------------Tr := [ [G.1,G.2], [G.1,G.2] ];B3 := [ [G.1^3,G.2], [G.1,G.2] ];B3a := [ [G.1,G.2], [G.1^3,G.2] ];D3 := [ [G.1, G.1*G.2], [ G.1, G.2 ] ];D3a := [ [G.1, G.2], [ G.1, G.1*G.2 ] ];122



F3 := [ [G.1^5,G.2], [G.1,G.2] ];F3a := [ [G.1,G.2], [G.1^5,G.2] ];H9 := [ [G.1^9,G.2], [G.1,G.2] ];H9a := [ [G.1,G.2], [G.1^9,G.2] ];H9b := [ [G.1^9,G.2], [G.1^9,G.2] ];X := [ [G.1,G.1^2*G.2], [G.1,G.2] ];X2 := [ [G.1,G.2], [G.1,G.1^2*G.2] ];X3 := [ [G.1,G.2], [G.1^2*G.2,G.2] ];B3X := [ [G.1^3,G.1^2*G.2], [G.1,G.2] ];B3Xa := [ [G.1,G.1^2*G.2], [G.1^3,G.2] ];## ------------------------------------------------## These are the actions of the subgroup H on## subgroup G.## ------------------------------------------------BListG := [[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, D3, D3, D3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, F3, F3, F3a ],[ Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, Tr, B3, B3, B3a ],[ Tr, Tr, H9, Tr, H9a, H9, Tr, H9, H9, Tr, H9, H9 ],[ Tr, Tr, H9, Tr, H9a, H9, Tr, H9, H9, H9, Tr, H9b ],[ Tr, Tr, X, Tr, X2, X3, Tr, X, X3, B3, B3X, B3Xa ] ];## ------------------------------------------------## Pick the correct action and call the## TensorProduct function.## ------------------------------------------------ActGH := BListH[j][i];ActHG := BListG[i][j];Print("Tensor Product of group ",i," with group ",j,"\n");A := TensorProduct(G,H,false,2,60,ActGH,ActHG);## ------------------------------------------------## Print out some information to identify the## group.## ------------------------------------------------Print("Size of A = ",Size(A),"\n");Print("A is abelian = ",IsAbelian(A),"\n");Print("A is cyclic = ",IsCyclic(A),"\n");ord := List(Elements(A),x->Order(A,x));Sort(ord);Print("orders = ",ord,"\n");## ------------------------------------------------## Need to identify the ker(G \T H --> Q).## We do this in two steps 123



## a) Identify those elements of A which are## of the form g \T h.## b) Identify the rest of the elements as## products of those found in a.## ------------------------------------------------list1 := [A.parent.pqImages[1],A.parent.pqImages[2]];list2 := [A.parent.pqImages[3],A.parent.pqImages[4]];Hlist := []; Alist := []; ker:= []; ident := [];notfound := Copy(Elements(A)); ## a list of elements we still## have to indentify.for el1 in Elements(G) doel1t := MappedWord(el1,G.generators,list1);for el2 in Elements(H) doel2t := MappedWord(el2,H.generators,list2);if not Comm(el1t,el2t) in ident thenel1q := MappedWord(el1,G.generators,mapsto[i]);el2q := MappedWord(el2,H.generators,mapsto[j]);inH := [ el1q, el2q, Comm(el1q,el2q) ];inA := [ el1t, el2t, Comm(el1t,el2t) ];Append(inA,inH);Append(Hlist,[inH]);Append(Alist,[inA]);Append(ident,[inA[3]]);RemoveSet(notfound,inA[3]);if inH[3] in TrivialSubgroup(Q32) thenAppend(ker,[inA[3]]);fi;fi;od;od;ident := Set(ident);## ------------------------------------------------## How many elements have we got so far?## ------------------------------------------------Print("Has Found ",Length(ident)," elements in A\n");## ------------------------------------------------## Part b## ------------------------------------------------newfind := []; prodlist := [];for Al1l in Alist doif Length(notfound) <> 0 thenfor Al2l in Alist doif Al1l[3]*Al2l[3] in notfound thenAppend(newfind,[Al1l[3]*Al2l[3]]);ellist := [Al1l,Al2l,Al1l[3]*Al2l[3]];Append(prodlist,[ellist]);RemoveSet(notfound,Al1l[3]*Al2l[3]);if Al1l[6]*Al2l[6] in TrivialSubgroup(Q32) thenAppend(ker,[Al1l[3]*Al2l[3]]);fi;fi; 124



od;fi;od;newfind := Set(newfind);## ------------------------------------------------## How many elements have we still not found?## Should be zero or we have more work to do.## ------------------------------------------------Print("Has not Found ",Length(notfound)," elements in A\n");## ------------------------------------------------## J is ker(G \T H --> Q)## ------------------------------------------------J := Subgroup(A,ker);Print("Size of J is ",Size(J),"\n");Print("is cyclic? ",IsCyclic(J),"\n");ord := List(Elements(J),x->Order(J,x));Sort(ord);Print("orders of J= ",ord,"\n");Print("\n\n");od; ## End main loopod;
Program: actions.gLogTo("actions.out");## ----------------------------------------------------------------## @(#) actions.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.actions.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This program computes all pairs of actions between D4 and Q8## where D4 is the dihedral group of order 8 and Q8 is the## Quaternian group of order 8.#### These actions are then broken into equivalence classes of## isomorphic actions and the number and size of each is reported.## ----------------------------------------------------------------Read("/usr/users/aidan/reruns/ap1/ActSupport.g");## ---------------------------------------------------------125



## Initialize some variables## ---------------------------------------------------------imx := 0;; ima := 0;;## ---------------------------------------------------------## Make the two groups, G = D4 and H = Q8.## ---------------------------------------------------------F := FreeGroup(2);x := F.1;; y := F.1;; a := F.2;;relG := [ x^2, a^4, x*a*x^-1*a ];; G := F/relG;relH := [ a^4, y^2*a^-2, y*a*y^-1*a ];; H := F/relH;elG := Copy(Elements(G));elH := Copy(Elements(H));## ---------------------------------------------------------## The automorphisms of the groups G and H.## The automorphism group of G=D4 is D4 itself and## the automorphism group of H=Q8 is S4.## We need three versions of these, one written in the## abstract words u,v, and w and one as finitely presented## groups. A third one is below.## ---------------------------------------------------------u := AbstractGenerator("u");;v := AbstractGenerator("v");;w := AbstractGenerator("w");;AutGabsels := [ IdWord, u, v, v*u, u*v*u, u*v, v^2, u*v^2 ];;AutHabsels := [ IdWord, v, u*v*u, v^2, w*v, w, w*v^2, w*u*v*u, w^2,w^2*v, w^2*v^2, w^2*u*v*u, w^2*u, w^2*v*u, w^2*u*v^2,w^2*u*v, u, v*u, u*v, u*v^2, w*v*u, w*u, w*u*v^2, w*u*v ];;F := FreeGroup(2);AutGrel := [ F.1^2, F.2^4, F.1*F.2*F.1^-1*F.2 ];;AutG := F/AutGrel;;F := FreeGroup(3);AutHrel := [ F.1^2, F.2^4, F.3^3,F.1*F.2*F.1^-1*F.2,F.3*F.2*F.3*F.2, F.3^2*F.1*F.3*F.2^-2 ];;AutH := F/AutHrel;;## ---------------------------------------------------------## Some checking that all went well so far.## ---------------------------------------------------------Print("Size of G = ",Size(G)," and size of Aut G = ",Size(AutG),"\n");Print("Size of H = ",Size(H)," and size of Aut H = ",Size(AutH),"\n");a := AbstractGenerator("a");;b := AbstractGenerator("b");; 126



## ---------------------------------------------------------## Find all pairs of elements of G which can be images## of the generators under an automorphism. ( ie check## which pairs satisfy the relations etc ). This is the## third version of Aut(G).## ---------------------------------------------------------imG := [];elG3 := [];absG := [];for imx in Elements(G) dofor ima in Elements(G) doif Order(G,imx) = 2 and Order(G,ima) = 4and imx*ima*imx^-1*ima in TrivialSubgroup(G)and Size(Subgroup(G,[imx,ima])) = Size(G) thenAppend(imG,[[imx,ima]]);## ---------------------------------------------------------## Now the elemets imx and ima are just as good a generating## set as the elements we started with G.1 and G.2.## elG is a list of the elements of G written in the gen## set G.1 and G.2.## What will each of the elements of elG look like when## written in the generating set [imx,ima]?## ---------------------------------------------------------elG2 := List(elG,kk->MappedWord(kk,[G.1,G.2],[imx,ima]));for n in [1..Length(elG)] doel2 := elG[n];found := false;k := 0;while found = false dok := k+1;if el2*elG2[k]^-1 in TrivialSubgroup(G) thenelG3[n] := MappedWord(elG[k],[G.1,G.2],[a,b]);found := true;fi;od;od;elG4 := Copy(elG3);Append(absG,[elG4]);## ---------------------------------------------------------## Print out the results so we can check.## ---------------------------------------------------------Print("a =",imx,"\t b = ",ima,"\t",elG3,"\n");fi;od;od;#Print("\n\n");## ---------------------------------------------------------## Do the same for H## ---------------------------------------------------------127



imH := [];elH3 := [];absH := [];for imx in Elements(H) dofor ima in Elements(H) doif Order(H,ima) = 4and imx^2*ima^-2 in TrivialSubgroup(H)and imx*ima*imx^-1*ima in TrivialSubgroup(H)and Size(Subgroup(H,[imx,ima])) = Size(H) then## ---------------------------------------------------------## Again what will each of the elements of elH look like## when written in the generating set [imx,ima]?## ---------------------------------------------------------Append(imH,[[imx,ima]]);elH2 := List(elH,kk->MappedWord(kk,[H.1,H.2],[imx,ima]));for n in [1..Length(elH)] doel2 := elH[n];found := false;k := 0;while found = false dok := k+1;if el2*elH2[k]^-1 in TrivialSubgroup(H) thenelH3[n] := MappedWord(elH[k],[H.1,H.2],[a,b]);found := true;fi;od;od;elH4 := Copy(elH3);Append(absH,[elH4]);## ---------------------------------------------------------## Print out the results so we can check.## ---------------------------------------------------------Print("a =",imx,"\t b = ",ima,"\t",elH3,"\n");fi;od;od;## ---------------------------------------------------------## ImG and imH are now arrays of automorphisms of G and H## respectively. We choose two elements of imG (one for## each generator of H) and check that it is an action## (ie that it satisfies the relations for H).## ---------------------------------------------------------# All pairs of actionsactions := [];; mark := [];;for i in [1..Length(imG)] dophiG1 := imG[i];for j in [1..Length(imG)] dophiG2 := imG[j];## ---------------------------------------------------------## Need to check that this choice is an action128



## The idea is that we map the chosen elements onto the## corresponding elements in AutG and check the relations## there. (Only AutG has a GAP group structure).abstractact1 := AutGabsels[i];abstractact2 := AutGabsels[j];act1 := MappedWord(abstractact1,[u,v],AutG.generators);act2 := MappedWord(abstractact2,[u,v],AutG.generators);## ---------------------------------------------------------## If not an action go back and pick again.## ---------------------------------------------------------if act2^4 in TrivialSubgroup(AutG)and act1^2*act2^-2 in TrivialSubgroup(AutG)and act1*act2*act1^-1*act2 in TrivialSubgroup(AutG) then## ---------------------------------------------------------## Now pick two elements in the automorphism list of H## Check that it is an action of G on H.## ---------------------------------------------------------for k in [1..Length(imH)] dophiH1 := imH[k];for l in [1..Length(imH)] dophiH2 := imH[l];abstractact1 := AutHabsels[k];abstractact2 := AutHabsels[l];act1 := MappedWord(abstractact1,[u,v,w],AutH.generators);act2 := MappedWord(abstractact2,[u,v,w],AutH.generators);if act1^2 in TrivialSubgroup(AutH)and act2^4 in TrivialSubgroup(AutH)and act1*act2*act1^-1*act2 in TrivialSubgroup(AutH) then## ---------------------------------------------------------## Found a pair of actions. Append to list actions.## ---------------------------------------------------------acts := Copy([ phiG1, phiG2, phiH1, phiH2 ]);Append(actions,[acts]);Append(mark,[true]);fi;od;od;fi;od;od;actions := Set(actions);;actionscpy := Copy(actions);;Print("Number of actions = ",Length(actions),"\n");## ---------------------------------------------------------## Part II## Go through all actions and find the equivalence classes.## ---------------------------------------------------------129



for i in [1..Length(actions)] doif mark[i] = true then ## mark[i] being true means we have## not already found it equvalent to## an earlier action.## ---------------------------------------------------------## These are arrays for the actions used by GactsonH## ---------------------------------------------------------actHG := [ [ actions[i][1][1], actions[i][1][2] ],[ actions[i][2][1], actions[i][2][2] ]];actGH := [ [ actions[i][3][1], actions[i][3][2] ],[ actions[i][4][1], actions[i][4][2] ]];orig := Copy(actions[i]);fndacts := [];## ---------------------------------------------------------## What will this action do to the equivalent generating## sets in imG and imH? What will the action look like## from these equivalent generating sets.## ---------------------------------------------------------for l in [1..Length(imG)] dophiG := imG[l];for m in [1..Length(imH)] dophiH := imH[m];## g1h1 stands for g1 acting in h1 etcg1h1 := GactsonH(G,H,phiG[1],phiH[1],actGH);g1h2 := GactsonH(G,H,phiG[1],phiH[2],actGH);g2h1 := GactsonH(G,H,phiG[2],phiH[1],actGH);g2h2 := GactsonH(G,H,phiG[2],phiH[2],actGH);h1g1 := GactsonH(H,G,phiH[1],phiG[1],actHG);h1g2 := GactsonH(H,G,phiH[1],phiG[2],actHG);h2g1 := GactsonH(H,G,phiH[2],phiG[1],actHG);h2g2 := GactsonH(H,G,phiH[2],phiG[2],actHG);## ---------------------------------------------------------## Each of these elements is in the groups G or H.## They represent our given action from the perspective## of the new generating sets phiG and phiH. However## they are still written in terms of the old generators.## We now find what they look like when written in terms## of the new generating sets.## First find the elements in G (or H) and from its position## in the list elG (elH) we know its abstract form in the## abstract generators a and b.## By mapping this back into G (or H) we can then find try## and find it in the action list actions.## ---------------------------------------------------------for k in [1..Length(elG)] doif h1g1*elG[k]^-1 in TrivialSubgroup(G) thenah1g1 := absG[l][k]; 130



xh1g1 := MappedWord(ah1g1,[a,b],[G.1,G.2]);fi;if h1g2*elG[k]^-1 in TrivialSubgroup(G) thenah1g2 := absG[l][k];xh1g2 := MappedWord(ah1g2,[a,b],[G.1,G.2]);fi;if h2g1*elG[k]^-1 in TrivialSubgroup(G) thenah2g1 := absG[l][k];xh2g1 := MappedWord(ah2g1,[a,b],[G.1,G.2]);fi;if h2g2*elG[k]^-1 in TrivialSubgroup(G) thenah2g2 := absG[l][k];xh2g2 := MappedWord(ah2g2,[a,b],[G.1,G.2]);fi;od;for k in [1..Length(elH)] doif g1h1*elH[k]^-1 in TrivialSubgroup(H) thenag1h1 := absH[m][k];xg1h1 := MappedWord(ag1h1,[a,b],[H.1,H.2]);fi;if g1h2*elH[k]^-1 in TrivialSubgroup(H) thenag1h2 := absH[m][k];xg1h2 := MappedWord(ag1h2,[a,b],[H.1,H.2]);fi;if g2h1*elH[k]^-1 in TrivialSubgroup(H) thenag2h1 := absH[m][k];xg2h1 := MappedWord(ag2h1,[a,b],[H.1,H.2]);fi;if g2h2*elH[k]^-1 in TrivialSubgroup(H) thenag2h2 := absH[m][k];xg2h2 := MappedWord(ag2h2,[a,b],[H.1,H.2]);fi;od;## This is an equivalent action.eqiv := Copy([ [xh1g1,xh1g2], [xh2g1,xh2g2],[xg1h1,xg1h2], [xg2h1,xg2h2] ]);Append(fndacts,[eqiv]);od;od;## ---------------------------------------------------------## fndacts are all the equivalent to the given action.## ---------------------------------------------------------fndacts := Set(fndacts);Print("Number of equivalents = ",Length(fndacts),"\n");## ---------------------------------------------------------## We don't want to consider any of the equivalent actions## again, so we find their position in the set actions## and mark the equivent position in mark as false.## ---------------------------------------------------------RemoveSet(fndacts,orig);equials := [Position(actions,orig)];for acts in fndacts do 131



pos := Position(actions,acts);mark[pos] := false;Append(equials,[pos]);RemoveSet(actionscpy,acts);od;Print("Found for action ",i," eqivalents = ",equials,"\n");fi;od;Print("Number of Actions = ",Length(actions),"\n");Print("Number of eqivalent actions = ",Length(actionscpy),"\n");Print("The first member in each equivalent class is\n");Print(actionscpy,"\n");
Program: compatible actions.gLogTo("compatible_actions.out");## ----------------------------------------------------------------## @(#) compatible_actions.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.compatible_actions.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This program computes all pairs of actions between D4 and Q8## where D4 is the dihedral group of order 8 and Q8 is the## Quaternion group of order 8. It then decides which of these## pairs of actions are compatible.## ----------------------------------------------------------------Read("/usr/users/aidan/reruns/ap1/ActSupport.g");## ---------------------------------------------------------## Initialize some variables## ---------------------------------------------------------imx := 0;; ima := 0;; count:=0;;## ---------------------------------------------------------## Make the two groups, G = D4 and H = Q8.## ---------------------------------------------------------F := FreeGroup(2);x := F.1;; y := F.1;; a := F.2;;relG := [ x^2, a^4, x*a*x^-1*a ];; G := F/relG;;relH := [ a^4, y^2*a^-2, y*a*y^-1*a ];; H := F/relH;;#ord := List(Elements(G),j->Order(G,j));132



#Elements(G);#ord := List(Elements(H),j->Order(H,j));#Elements(H);#ord;### ---------------------------------------------------------## The automorphisms of the groups G and H.## The automorphism group of G=D4 is D4 itself and## the automorphism group of H=Q8 is S4.## We need three versions of these, one written in the## abstract words u,v, and w and one as finitely presented## groups. A third one is below.## ---------------------------------------------------------u := AbstractGenerator("u");;v := AbstractGenerator("v");;w := AbstractGenerator("w");;AutGabsels := [ IdWord, u, v, v*u, u*v*u, u*v, v^2, u*v^2 ];;AutHabsels := [ IdWord, v, u*v*u, v^2, w*v, w, w*v^2, w*u*v*u, w^2,w^2*v, w^2*v^2, w^2*u*v*u, w^2*u, w^2*v*u, w^2*u*v^2,w^2*u*v, u, v*u, u*v, u*v^2, w*v*u, w*u, w*u*v^2, w*u*v ];;F := FreeGroup(2);AutGrel := [ F.1^2, F.2^4, F.1*F.2*F.1^-1*F.2 ];;AutG := F/AutGrel;;F := FreeGroup(3);AutHrel := [ F.1^2, F.2^4, F.3^3,F.1*F.2*F.1^-1*F.2,F.3*F.2*F.3*F.2, F.3^2*F.1*F.3*F.2^-2 ];;AutH := F/AutHrel;;## ---------------------------------------------------------## Some checking that all went well so far.## ---------------------------------------------------------Print("Size of G = ",Size(G)," and size of Aut G = ",Size(AutG),"\n");Print("Size of H = ",Size(H)," and size of Aut H = ",Size(AutH),"\n");## ---------------------------------------------------------## Find all pairs of elements of G which can be images## of the generators under an automorphism. ( ie check## which pairs satisfy the relations etc ). This is the## third version of Aut(G).## ---------------------------------------------------------imG := [];for imx in Elements(G) dofor ima in Elements(G) doif Order(G,imx) = 2 and Order(G,ima) = 4and imx*ima*imx^-1*ima in TrivialSubgroup(G)and Size(Subgroup(G,[imx,ima])) = Size(G) thenAppend(imG,[[imx,ima]]); 133



fi;od;od;## ---------------------------------------------------------## Do the same for H## ---------------------------------------------------------imH := [];for imx in Elements(H) dofor ima in Elements(H) doif Order(H,ima) = 4and imx^2*ima^-2 in TrivialSubgroup(H)and imx*ima*imx^-1*ima in TrivialSubgroup(H)and Size(Subgroup(H,[imx,ima])) = Size(H) thenAppend(imH,[[imx,ima]]);fi;od;od;## ---------------------------------------------------------## ImG and imH are now arrays of automorphisms of G and H## respectively. We choose two elements of imG (one for## each generator of H) and check that it is an action## (ie that it satisfies the relations for H).## ---------------------------------------------------------for i in [1..Length(imG)] dophiG := imG[i];for j in [1..Length(imG)] dopsiG := imG[j];## ---------------------------------------------------------## Need to check that this choice is an action## The idea is that we map the chosen elements onto the## corresponding elements in AutG and check the relations## there. (Only AutG has a GAP group structure).abstractact1 := AutGabsels[i];abstractact2 := AutGabsels[j];act1 := MappedWord(abstractact1,[u,v],AutG.generators);act2 := MappedWord(abstractact2,[u,v],AutG.generators);## ---------------------------------------------------------## If not an action go back and pick again.## ---------------------------------------------------------if act2^4 in TrivialSubgroup(AutG)and act1^2*act2^-2 in TrivialSubgroup(AutG)and act1*act2*act1^-1*act2 in TrivialSubgroup(AutG) then## Haction is how H acts on G.Haction := [ phiG, psiG ]; 134



## ---------------------------------------------------------## Now pick two elements in the automorphism list of H## Check that it is an action of G on H.## ---------------------------------------------------------for k in [1..Length(imH)] dophiH := imH[k];for l in [1..Length(imH)] dopsiH := imH[l];abstractact1 := AutHabsels[k];abstractact2 := AutHabsels[l];act1 := MappedWord(abstractact1,[u,v,w],AutH.generators);act2 := MappedWord(abstractact2,[u,v,w],AutH.generators);if act1^2 in TrivialSubgroup(AutH)and act2^4 in TrivialSubgroup(AutH)and act1*act2*act1^-1*act2 in TrivialSubgroup(AutH) then## Gaction is how G acts on H.Gaction := [ phiH, psiH ];## ---------------------------------------------------------## Found a pair of actions. See is it compatible.## ---------------------------------------------------------compat := true;for g in Elements(G) doif compat = true thenfor h in Elements(H) dogonh := GactsonH(G,H,g,h,Gaction);hong := GactsonH(H,G,h,g,Haction);for kk in Elements(G) do## --------------------------------------------------## is ^(^g h) kk = ^{g h g^-1} kk ??## --------------------------------------------------lhs := GactsonH(H,G,gonh,kk,Haction);rhs := g*GactsonH(H,G,h,g^-1*kk*g,Haction)*g^-1;if not lhs*rhs^-1 in TrivialSubgroup(G) thencompat := false;fi;od;if compat = true thenfor kk in Elements(H) do## --------------------------------------------------## is ^(^h g) kk = ^{h g h^-1} kk ??## --------------------------------------------------lhs := GactsonH(G,H,hong,kk,Gaction);rhs := h*GactsonH(G,H,g,h^-1*kk*h,Gaction)*h^-1;if not lhs*rhs^-1 in TrivialSubgroup(H) thencompat := false;fi; 135



od;fi;od;fi;od;if compat = true thencount := count + 1;Print("Haction = ",Haction,"\n");Print("Gaction = ",Gaction,"\n");fi;fi;od;od;fi;od;od;Print("There are ",count," compatible actions\n");
Program: TProd D4Q8.gLogTo("TProd_D4Q8.out");## ----------------------------------------------------------------## @(#) TProd_D4Q8.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.TProd_D4Q8.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## For the first member of each class of compatible actions## between D4 and Q8, this program computes the tensor product## of D4 and Q8.## ----------------------------------------------------------------RequirePackage("anupq");Read("/usr/users/aidan/reruns/ap1/ActSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquareSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorProduct.g");## ---------------------------------------------------------## Initialize some variables## ---------------------------------------------------------el:=0;; A:=0;;## ---------------------------------------------------------## Make the two groups, G = D4 and H = Q8.## ---------------------------------------------------------136



F := FreeGroup(2);x := F.1;; y := F.1;; a := F.2;;relG := [ x^2, a^4, x*a*x^-1*a ];; G := F/relG;;relH := [ a^4, y^2*a^-2, y*a*y^-1*a ];; H := F/relH;;## ---------------------------------------------------------## This is a list of representatives of each compatible## class as computed by the program compatible_classes.g.## They are written in the abstract generators a and b.## Note each element of actlist represents a## pair of actions. The first is the action of H on G## the second the action of G on H.## ---------------------------------------------------------a := AbstractGenerator("a");;b := AbstractGenerator("b");;actlist := [[ [ a, b ], [ a, b ], [ a, b ], [ a, b ] ],[ [ a, b ], [ a, b ], [ a, b ], [ a, a^2*b ] ],[ [ a, b ], [ a, b ], [ a, a^2*b ], [ a, b ] ],[ [ a, b ], [ a, b ], [ a, a^2*b ], [ a^3, b ] ],[ [ a, b ], [ a, a*b*a ], [ a, b ], [ a, b ] ],[ [ a, b ], [ a, a*b*a ], [ a, b ], [ a, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a, b ], [ a^3, b ] ],[ [ a, b ], [ a, a*b*a ], [ a, a^2*b ], [ a, b ] ],[ [ a, b ], [ a, a*b*a ], [ a, a^2*b ], [ a, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a, a^2*b ], [ a^3, b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a, b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a, a*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a^3, b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a^3, a^2*b ] ],[ [ a, b ], [ a*b^2, b ], [ a, b ], [ a, b ] ],[ [ a, b ], [ a*b^2, b ], [ a, b ], [ a, a^2*b ] ],[ [ a, b ], [ a*b^2, b ], [ a, b ], [ a^3, b ] ],[ [ a, b ], [ a*b^2, b ], [ a, a^2*b ], [ a, b ] ],[ [ a, b ], [ a*b^2, b ], [ a, a^2*b ], [ a^3, b ] ],[ [ a, b ], [ a*b^2, b ], [ a^3, b ], [ a, b ] ],[ [ a, b ], [ a*b^2, b ], [ a^3, b ], [ a, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a^3, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a^3, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ a, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ a^3, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ a^3, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a^3, b ], [ a, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a^3, b ], [ a^3, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a^3, a^2*b ], [ a^3, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ b, a ], [ a^3, a^2*b ] ]];;## ----------------------------------------------------------------## For each pair of actions compute the Tensor product and try## and identify it.## ----------------------------------------------------------------for i in [1..Length(actlist)] do 137



## ---------------------------------------------------------## rewrite the action in terms of the generators of G and## H.## ---------------------------------------------------------a11 := MappedWord(actlist[i][1][1],[a,b],G.generators);a12 := MappedWord(actlist[i][1][2],[a,b],G.generators);a21 := MappedWord(actlist[i][2][1],[a,b],G.generators);a22 := MappedWord(actlist[i][2][2],[a,b],G.generators);ActHG := [ [ a11, a12 ],[ a21, a22 ]];a11 := MappedWord(actlist[i][3][1],[a,b],H.generators);a12 := MappedWord(actlist[i][3][2],[a,b],H.generators);a21 := MappedWord(actlist[i][4][1],[a,b],H.generators);a22 := MappedWord(actlist[i][4][2],[a,b],H.generators);ActGH := [ [ a11, a12 ],[ a21, a22 ]];## ---------------------------------------------------------## Find the tensor product and identify the group.## ---------------------------------------------------------A := TensorProduct(G,H,true,ActGH,ActHG);## ---------------------------------------------------------## The GroupId function takes too long with group 13 and 32## Instead print out its size, is it abelian and orders of## its elements.## ---------------------------------------------------------if i <> 13 and i <> 32 thenGpid := GroupId(A);Print("i = ",i,"\tSize = ",Size(A),"\t Abelian = ",IsAbelian(A),"\t name = ",Gpid.names,"\n");elseord := List(Elements(A),el->Order(A,el));Sort(ord);Print("i = ",i,"\tSize = ",Size(A),"\t Abelian = ",IsAbelian(A),"\norders = ",ord,"\n");fi;od;
Program: TProd D4Q8 In2.gLogTo("TProd_D4Q8_In2.out"); 138



## ----------------------------------------------------------------## @(#) TProd_D4Q8_In2.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.TProd_D4Q8_In2.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## For the first member of each class of noncompatible## actions this program calculates the tensor product between D4## and Q8 as defined by Niko Inassaridze.## (Note the actions here are all non-compatible.)#### This program simply calculates the Tensor Product directly## from the generators and relations presentation.## ----------------------------------------------------------------Read("/usr/users/aidan/reruns/ap1/ActSupport.g");## ---------------------------------------------------------## Make the two groups, G = D4 and H = Q8.## ---------------------------------------------------------F := FreeGroup(2);x := F.1;; y := F.1;; a := F.2;;relG := [ x^2, a^4, x*a*x^-1*a ];; G := F/relG;;relH := [ a^4, y^2*a^-2, y*a*y^-1*a ];; H := F/relH;;## ---------------------------------------------------------## In what follows G is sometimes referred to as S1 and## H as S2. We need lists of elements etc.## ---------------------------------------------------------S1 := G;; S2 := H;;ES1 := Elements(S1);; ES2 := Elements(S2);;lenES1 := Length(ES1);; lenES2 := Length(ES2);;Rlist := [];TS1 := Subgroup(S1,[IdWord]);TS2 := Subgroup(S2,[IdWord]);st := Size(S1)*Size(S2);F := FreeGroup(st);;## ---------------------------------------------------------## This is a list of representatives of each## class as computed by the program actions.g.## They are written in the abstract generators a and b.## Note each element of actlist represents a## pair of actions. The first is the action of H on G## the second the action of G on H.## ---------------------------------------------------------a := AbstractGenerator("a");;b := AbstractGenerator("b");; 139



actlist := [[ [ a, b ], [ a, b ], [ a, b ], [ b, a ] ],[ [ a, b ], [ a, b ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a, b ], [ a, b ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a, b ], [ a, b ], [ b, a ], [ a, b ] ],[ [ a, b ], [ a, b ], [ b, a ], [ a^3, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a, b ], [ b, a ] ],[ [ a, b ], [ a, a*b*a ], [ a, b ], [ a^3, a*b ] ],[ [ a, b ], [ a, a*b*a ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a, b ], [ a, a*b*a ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a, b ], [ a, a*b*a ], [ b, a ], [ a, b ] ],[ [ a, b ], [ a, a*b*a ], [ b, a ], [ b, a ] ],[ [ a, b ], [ a, a*b*a ], [ b, a ], [ b, a^3 ] ],[ [ a, b ], [ a, a*b*a ], [ b, a ], [ a^3, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ b, a ], [ a^2*b, a^3 ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, b ], [ a*b, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, a*b ], [ a, b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, a*b ], [ a, a*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, a*b ], [ a, a^2*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, a*b ], [ a^3, a*b ] ],[ [ a, b ], [ a, a*b*a ], [ a^3, a*b ], [ a^3, b*a ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, b ], [ a, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, b ], [ a, a^2*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, b ], [ b, a ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, b ], [ a^3, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, b ], [ a^3, a*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, a^2*b ], [ a, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, a^2*b ], [ a^3, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ b, a ], [ a, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ b, a ], [ a^3, a^2*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ b, a ], [ a^2*b, a^3 ] ],[ [ a, b ], [ a*b, a*b*a ], [ a^3, b ], [ a, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a^3, b ], [ a, a*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a^3, b ], [ a, a^2*b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a^3, a*b ], [ a, b ] ],[ [ a, b ], [ a*b, a*b*a ], [ a^3, a*b ], [ a, a^2*b ] ],[ [ a, b ], [ a*b^2, b ], [ a, b ], [ b, a ] ],[ [ a, b ], [ a*b^2, b ], [ a, b ], [ a^3, a*b ] ],[ [ a, b ], [ a*b^2, b ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a, b ], [ a*b^2, b ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a, b ], [ a*b^2, b ], [ b, a ], [ a, b ] ],[ [ a, b ], [ a*b^2, b ], [ b, a ], [ a^3, a^2*b ] ],[ [ a, b ], [ a*b^2, b ], [ b, a ], [ a^2*b, a^3 ] ],[ [ a, b ], [ a*b^2, b ], [ a^3, b ], [ a, a*b ] ],[ [ a, b ], [ a*b^2, b ], [ a^3, a*b ], [ a, b ] ],[ [ a, b ], [ a*b^2, b ], [ a^3, a*b ], [ a, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ b, a ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a*b, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, b ], [ a^3, a*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ a*b, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ b, a ], [ a, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ b, a ], [ b, a^3 ] ],140



[ [ a, a*b*a ], [ a*b^2, b ], [ b, a ], [ a^3, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a*b, a^2*b ], [ a, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a*b, a^2*b ], [ b*a, a^2*b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a*b, a^2*b ], [ a^3, b ] ],[ [ a, a*b*a ], [ a*b^2, b ], [ a^3, a*b ], [ a^3, b*a ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, b ], [ a, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, b ], [ a, a^2*b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, b ], [ b, a ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, b ], [ a*b, a^2*b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, b ], [ a^3, a^2*b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ a, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ b, a^3 ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ a*b, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ a^3, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ a^3, a*b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a, a^2*b ], [ a^3, a^2*b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ b, a ], [ a, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ b, a ], [ a^2*b, a^3 ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a*b, a^2*b ], [ a, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a*b, a^2*b ], [ a^3, b ] ],[ [ a*b, a*b*a ], [ b*a, a*b*a ], [ a^3, a^2*b ], [ a, b ] ]];;## ----------------------------------------------------------------## For each pair of actions compute the Tensor product and try## and identify it. (this is a problem for a couple of groups)## ----------------------------------------------------------------for kk in [1..Length(actlist)] doRlist := [];## ---------------------------------------------------------## rewrite the action in terms of the generators of G and## H.## ---------------------------------------------------------a11 := MappedWord(actlist[kk][1][1],[a,b],G.generators);a12 := MappedWord(actlist[kk][1][2],[a,b],G.generators);a21 := MappedWord(actlist[kk][2][1],[a,b],G.generators);a22 := MappedWord(actlist[kk][2][2],[a,b],G.generators);ActHG := [ [ a11, a12 ],[ a21, a22 ]];a11 := MappedWord(actlist[kk][3][1],[a,b],H.generators);a12 := MappedWord(actlist[kk][3][2],[a,b],H.generators);a21 := MappedWord(actlist[kk][4][1],[a,b],H.generators);a22 := MappedWord(actlist[kk][4][2],[a,b],H.generators);ActGH := [ [ a11, a12 ],[ a21, a22 ]];## ---------------------------------------------------------## Find the tensor product and identify the group.## ---------------------------------------------------------141



for i in [1..lenES1] dofor j in [1..lenES2] do## -----------------------------------------------------## These are Inassaridze's extra conditions## for the non-compatible case.## -----------------------------------------------------for k in [1..lenES1] dofor l in [1..lenES2] docmagd := GactsonH(S2,S1,ES2[j]^-1,ES1[k],ActHG);cmagd := ES1[i]^-1 * cmagd * ES1[i];cmagd := GactsonH(S2,S1,ES2[j],cmagd,ActHG);cmagd := ES1[i] * cmagd * ES1[i]^-1;cmahd := ES2[j]^-1 * ES2[l] * ES2[j];cmahd := GactsonH(S1,S2,ES1[i]^-1,cmahd,ActGH);cmahd := ES2[j] * cmahd * ES2[j]^-1;cmahd := GactsonH(S1,S2,ES1[i],cmahd,ActGH);cmagd2 := ES1[k]^-1 * ES1[i] * ES1[k];cmagd2 := GactsonH(S2,S1,ES2[l]^-1,cmagd2,ActHG);cmagd2 := ES1[k] * cmagd2 * ES1[k]^-1;cmagd2 := GactsonH(S2,S1,ES2[l],cmagd2,ActHG);cmahd2 := GactsonH(S1,S2,ES1[k]^-1,ES2[j],ActGH);cmahd2 := ES2[l]^-1 * cmahd2 * ES2[l];cmahd2 := GactsonH(S1,S2,ES1[k],cmahd2,ActGH);cmahd2 := ES2[l] * cmahd2 * ES2[l]^-1;for m in [1..lenES1] doif ( cmagd *ES1[m]^-1 in TS1 ) then cmagdi := m; fi;if ( cmagd2 *ES1[m]^-1 in TS1 ) then cmagd2i := m; fi;od;for m in [1..lenES2] doif ( cmahd *ES2[m]^-1 in TS2 ) then cmahdi := m; fi;if ( cmahd2 *ES2[m]^-1 in TS2 ) then cmahd2i := m; fi;od;Append(Rlist,[F.generators[lenES2*(i-1)+j] *F.generators[lenES2*(k-1)+l] *((F.generators[lenES2*(cmagdi-1)+cmahdi] *F.generators[lenES2*(i-1)+j])^-1)]);Append(Rlist,[F.generators[lenES2*(i-1)+j] *F.generators[lenES2*(k-1)+l] *((F.generators[lenES2*(k-1)+l] *F.generators[lenES2*(cmagd2i-1)+cmahd2i])^-1)]);od;od;## -----------------------------------------------------## These are the usual BL tensor product conditions.## -----------------------------------------------------for k in [1..lenES2] donnd := ES2[j] * ES2[k]; 142



nam := GactsonH(S2,S1,ES2[j],ES1[i],ActHG);nand := ES2[j] * ES2[k] * ES2[j]^-1;for l in [1..lenES1] doif ( nam *ES1[l]^-1 in TS1 ) then nami := l; fi;od;for l in [1..lenES2] doif ( nnd * ES2[l]^-1 in TS2 ) then nndi := l; fi;if ( nand * ES2[l]^-1 in TS2 ) then nandi := l; fi;od;Append(Rlist,[F.generators[lenES2*(i-1)+nndi] *((F.generators[lenES2*(i-1)+j] *F.generators[lenES2*(nami-1)+nandi])^-1)]);od;od;for j in [1..lenES1] dofor k in [1..lenES2] dommd := ES1[i] * ES1[j];mamd := ES1[i] * ES1[j] * ES1[i]^-1;man := GactsonH(S1,S2,ES1[i],ES2[k],ActGH);for l in [1..lenES1] doif ( mmd * ES1[l]^-1 in TS1 ) then mmdi := l; fi;if ( mamd * ES1[l]^-1 in TS1 ) then mamdi := l; fi;od;for l in [1..lenES2] doif ( man * ES2[l]^-1 in TS2 ) then mani := l; fi;od;Append(Rlist,[F.generators[lenES2*(mmdi-1)+k] *(( F.generators[lenES2*(mamdi-1)+mani] *F.generators[lenES2*(i-1)+k])^-1)]);od;od;od;## ---------------------------------------------------------## Compute the Tensor product and print out details.## ---------------------------------------------------------Print("The Tensor Product\n");GTH := F/Rlist;## ---------------------------------------------------------## Tietze transformations:## ---------------------------------------------------------x := PresentationFpGroup(GTH);TzGo(x);TzGoGo(x);y := FpGroupPresentation(x);Print("Action no = ",kk,"\n");Print("Size = ",Size(y),"\n");Print("Abelian = ",IsAbelian(y),"\n");Print("Cyclic = ",IsCyclic(y),"\n");Print("Generators = ",y.generators,"\n");Print("Relations = ",y.relators,"\n");Print("GroupID = ",GroupId(y),"\n");143



Print(" ===================================================\n");od;

144



Appendix CPrograms for Chapter 4
This appendix lists the programs used to produce the tables and other resultsin Chapter 4. The following table lists all the programs associated with thisappendix. Only those marked with the � symbol are actually printed here, therest can be found on the accompanying diskette.File Function Table/Pagep4.g � Computes tensor square for the three 3{generator non{abelian groups of order p4,for 3 � p � 1000: p 94p42.g � Computes tensor square for the three 3{generator non{abelian groups of order 24. p 94p3.g Computes tensor square for the three 3{generator non{abelian groups of order 23. p 91
Program: p4.gLogTo("p4.out");## ----------------------------------------------------------------## @(#) Q3.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.Q3.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This program computes the Tensor Product for all 3 generator## groups of order p^4 where p is an odd prime less than 1000.## The case when p=2 is dealt with elsewhere.145



#### The list of group presentations was taken form Burnside's,## "The Theory of Groups."#### It uses a modified version of the TensorSq function which## exploits the meta-abelian structure of the groups under## consideration. All three groups contain a normal subgroup## of order p^2 ( cylcic groups generated by a in the first## two cases and the subgroups generated by a and b in the third).## The remaining generators then provide coset representives for## the factor. It follows that when computing the words## W(x,a,b) we need only consider x \in G.generators.## The function TensorSqGen implements the TensorSq algorithm## in this way.## ----------------------------------------------------------------RequirePackage("anupq");Read("/usr/users/aidan/reruns/ap1/ActSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquareSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquareGen.g");## ----------------------------------------------------------------## Set this to zero just in case## ----------------------------------------------------------------CosetTableFpGroupDefaultMaxLimit := 0;## ----------------------------------------------------------------## All the groups will be given on four generators.## ----------------------------------------------------------------F := FreeGroup(4);a := F.1;; b := F.2;; c := F.3;; d := F.4;;## ----------------------------------------------------------------## Loop through the primes and compute the tensor square.## Note: Groups of order 2^4 are dealt with elsewhere.## ----------------------------------------------------------------for p in Primes doif p > 2 thenrel2 := [ a^(p^2), b^p, c^p,c^-1*b*c*(b*a^p)^-1, b^-1*a*b*a^-1,c^-1*a*c*a^-1,d];rel4 := [ a^(p^2), b^p, c^p, c^-1*a*c*a^(-1*(1+p)),a^-1*b*a*b^-1, c^-1*b*c*b^-1,d ];rel9 := [ a^p, b^p, c^p, d^p, d^-1*c*d*(c*a)^-1,d^-1*b*d*b^-1, d^-1*a*d*a^-1,c^-1*b*c*b^-1, c^-1*a*c*a^-1, b^-1*a*b*a^-1 ];rels := [rel2,rel4,rel9]; 146



## -------------------------------------------------## Find the Tensor Square and identify the groups## -------------------------------------------------for k in [1..3] doG := F/rels[k];A := [];A := TensorSqGen(G,false,p,60);Print("prime = ",p," gp = ",k," Size = ",Size(A)," is ea = ",IsElementaryAbelian(A),"\n");od;Print("====================================================\n");fi;od;
Program: p42.gLogTo("p42.out");## ----------------------------------------------------------------## @(#) Q3.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.Q3.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This program computes the Tensor Product for all 3 generator## group of order 2^4. The cases when the order is p^4 for## p an odd prime are dealt with in the program p4.g#### The list of group presentations was taken form Burnside's,## "The Theory of Groups."## ----------------------------------------------------------------RequirePackage("anupq");Read("/usr/users/aidan/reruns/ap1/ActSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquareSupport.g");Read("/usr/users/aidan/reruns/ap1/TensorSquare.g");## ----------------------------------------------------------------## Set this to zero just in case## ----------------------------------------------------------------CosetTableFpGroupDefaultMaxLimit := 0;147



## ----------------------------------------------------------------## All the groups will be given on four generators.## ----------------------------------------------------------------F := FreeGroup(4);a := F.1;; b := F.2;; c := F.3;; d := F.4;;## ----------------------------------------------------------------## Loop through the primes and compute the tensor square.## Note: Groups of order 2^4 are dealt with elsewhere.## ----------------------------------------------------------------for p in [2] doif p = 2 thenrel2 := [ a^(p^2), b^p, c^p,c^-1*b*c*(b*a^p)^-1, b^-1*a*b*a^-1,c^-1*a*c*a^-1,d];rel4 := [ a^(p^2), b^p, c^p, c^-1*a*c*a^(-1*(1+p)),a^-1*b*a*b^-1, c^-1*b*c*b^-1,d ];rel9 := [ a^(p^2), b^(p^2), c^p, d, b^-1*a*b*a,b^2*a^-2, c^-1*b*c*b^-1, c^-1*a*c*a^-1 ];rels := [rel2,rel4,rel9];## -------------------------------------------------## Find the Tensor Square and identify the groups## -------------------------------------------------for k in [1..3] doG := F/rels[k];A := [];A := TensorSq(G,false,p,60);Print("prime = ",p," gp = ",k," Size = ",Size(A)," is ea = ",IsElementaryAbelian(A),"\n");od;Print("====================================================\n");fi;od;
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Appendix DPrograms for Chapter 5
This appendix lists the programs and support functions used in Chapter 5. Thefollowing table lists all the programs associated with this appendix. Only thosemarked with the � symbol are actually printed here, the rest can be found on theaccompanying diskette.File Function Table/Pagecomms.g � Functions to compute the commutatorsubgroup and centre of a �nitely presentedgroup.qcapable.g � Function to decide if a �nitely presentedgroup is capable mod q.subgroups.g � Program to calculate all the subgroups ofthe elementary abelian group of order 64.elabelian64.g Program fragment to give all the sub-groups of the elementary abelian group oforder 64 written in abstract generators.pcomm2.g � Computes [G;G]Gp for p = 2 Table 5.1pcomm3.g Computes [G;G]Gp for p = 3 Table 5.1pcomm5.g Computes [G;G]Gp for p = 5 Table 5.1pcomm7.g Computes [G;G]Gp for p = 7 Table 5.1Program: pcomm2.gLogTo("pcomm2.out");## ----------------------------------------------------------------## @(#) pcomm2.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.pcomm2.g149



## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## For each the 2--group Q of order less than 32 this program## decides if it is Capable mod 2 and if so computes all possible## [G,G]G^2 (ie Frattini Subgroups) where Q = G/Z(G,2).#### It uses the commutator functions from comms.g and a list of## all subgroups of the elementary abelian group of order 64## (there are over 2800) of these and are computed elsewhere.## Here they are read in form the file elabelian64.g.## The function IsCapableModq is read from qcapable.g.## ----------------------------------------------------------------Read("comms.g");Read("qcapable.g");Read("genset2.g");Read("elabelian64.g");## Here q = 2 change this for other q'sq := 2;RandomSeed(481913);## Initialize some variables:x := 0;; F:=0;; Firstparto:=0;; Firstpart:=0;; D:=0;; Fact:=0; FpInt:=0;;gen:=0;; fact:=0;; subsgens64:=0;;count := 0;for pow in [1..4] doall2gps := AllTwoGroups(Size,2^pow);for s in [1..Length(all2gps)] do## --------------------------------------------------## First find a presentation for the group all2gps[s]## and identify the group.## --------------------------------------------------count := count+1;sz := Size(all2gps[s]);gen := all2gps[s].abstractGenerators;rel := all2gps[s].abstractRelators;F := FreeGroup(pow,"X");xgen := List(gen,x->MappedWord(x,gen,F.generators));xrel := List(rel,x->MappedWord(x,gen,F.generators));X := F/xrel;Xid := GroupId(X);Print("Group number ",count," is ",Xid.names,"\n");## --------------------------------------------------## Next decide if the group is Capable mod q## this is a bit redundant since CapableModq also## computes D -- but it's fast enough here.150



## --------------------------------------------------if CapableModq(X,q) then## -----------------------------------------------------## Taking F/R to be a presentation for X we compute## D = F/[R,F]R^q## CommD = [D,D]## HashD = D #^q D = [D,D]D^q## CenD = Z(D) the centre## PCenD = Z(D,q) the centre mod q## Int = HashD \cup PCenD the intersection## -----------------------------------------------------D := CoverfpGroup(F,xrel,q);Print("Is abelian D? ",IsAbelian(D),"\n");Print("Order of D is ",Size(D),"\n");CommD := CommfpGroup(D);ellist := Elements(CommD);for el in Elements(D) doAppend(ellist,[el^q]);od;ellist := Set(ellist);HashD := Subgroup(D,ellist);## -----------------------------------------------------## This is a check : the presentation below assumes that## HashD is abelian## -----------------------------------------------------pqD := Pq(D,rec(Prime:=q,ClassBound:=63));pqCommD := CommutatorSubgroup(pqD,pqD);ellist := pqCommD.generators;for el in Elements(pqD) doAppend(ellist,[el^q]);od;ellist := Set(ellist);RemoveSet(ellist,pqD.identity);pqHashD := Subgroup(pqD,ellist);Print("Order of [D,D]D^q is ",Size(pqHashD),"\n");Print("[D,D]D^q is abelian? ",IsAbelian(pqHashD),"\n");Print("[D,D]D^q is Elementary abelian? ",IsAbelian(pqHashD),"\n");CenD := CentrefpGroup(D);pCenD := [];for el in Elements(CenD) doif el^q in TrivialSubgroup(D) thenAppend(pCenD,[ el ] );fi;od;PCenD := Subgroup(D,pCenD);inter := Intersection(Elements(HashD),Elements(PCenD));Int := Subgroup(D,inter);Print("Size of Int = ",Size(Int),"\n");## ----------------------------------------------------------151



## We want a presentation for the subgroup HashD = [D,D]D^q## so that we can easily identify the subgroup Int inside.## We start by finding a generating set for Int and then## extending it to a generating set for HashD.## We then build presentations built on these sets.## ----------------------------------------------------------ellist := Elements(Int);gens := [];A := TrivialSubgroup(D);while Size(A) < Size(Int) do ## Loop until a generating setElA := Set(Elements(A));for el in ElA doRemoveSet(ellist,el);od;pick := RandomList([1..Length(ellist)]);Append(gens,[ ellist[pick] ]);A := Subgroup(D,gens);od;NoIntGens := Length(gens); ## Number of generators for IntFirstparto := ShallowCopy(gens); ## a list of those generators.## ----------------------------------------------------------## Continue to build the generating set for HashD.## ----------------------------------------------------------ellist := Elements(HashD);while Size(A) < Size(HashD) doElA := Set(Elements(A));for el in ElA doRemoveSet(ellist,el);od;pick := RandomList([1..Length(ellist)]);Append(gens,[ ellist[pick] ]);A := Subgroup(D,gens);od;## ----------------------------------------------------------## the relators for Int (we know Int is elementary abelian)## FpInt is then a finitely presented version of Int## In particular we can find all its subgroups using the## function LowIndexSubgroupsFpGroup.## ----------------------------------------------------------FInt := FreeGroup(NoIntGens);RInt := List(FInt.generators,x -> x^q );for i in [1..NoIntGens] doip1 := i + 1;for j in [ip1..NoIntGens] doAppend(RInt,[ Comm(FInt.generators[i],FInt.generators[j]) ]);od;od;FpInt := FInt / RInt;## ----------------------------------------------------------## The following function LowIndexSubgroupFpGroup will not## work if FpInt is Elementary Abelian of order 64.## In that case we use the previously worked out list152



## subgps64 read in from file.## ----------------------------------------------------------tobig := 0;if IsElementaryAbelian(FpInt) and Size(FpInt) = 64 thentobig:=1;elif IsElementaryAbelian(FpInt) and Size(FpInt) = 1024 thentobig:=2;fi;if tobig=0 thensubs := LowIndexSubgroupsFpGroup(FpInt,TrivialSubgroup(FpInt),Size(FpInt));elif tobig=1 thensubs := subgps64;fi;## ----------------------------------------------------------## Now for a presentation for HashD = [D,D]D^q.## FirstpartFHashD here refers to the first set of generators## corresponding to Int.## ----------------------------------------------------------FHashD := FreeGroup(Length(gens));FirstpartFHashD := [];for k in [1..NoIntGens] doAppend(FirstpartFHashD,[FHashD.generators[k]]);od;RHashD := [];for i in [1..Length(FHashD.generators)] doif i <= NoIntGens thenAppend(RHashD,[FHashD.generators[i]^q] );elseAppend(RHashD,[FHashD.generators[i]^Order(HashD,gens[i])]);## search for powers of generators of HashD in the Int part.ogm1 := Order(HashD,gens[i]) - 1;for k in [1..ogm1] doif gens[i]^k in Int thenfor el in Elements(FpInt) dox := MappedWord(el,FpInt.generators,Firstparto);if gens[i]^k*x^-1 in TrivialSubgroup(Int) theny := MappedWord(el,FpInt.generators,FirstpartFHashD);Append(RHashD,[FHashD.generators[i]^k*y^-1]);fi;od;fi;od;fi;od;## ----------------------------------------------------------## Warning: 153



## In general the RHashD developed here is not sufficient## to produce a presentation. We make use of the fact## that all the HashD we are interested in are abelian## so we add the following relators.#### If the group you are interested in has non abelain HashD## you will have to work out a presentation yourself.## ----------------------------------------------------------for i in [1..Length(gens)] doip1 := i + 1;for j in [ip1..Length(gens)] doAppend(RHashD,[ Comm(FHashD.generators[i],FHashD.generators[j]) ]);od;od;FpHashD := FHashD / RHashD;## ----------------------------------------------------------## Make two copies of the generating sets for Int## One in FpHashD and the other in HashD itself.## ----------------------------------------------------------Firstpart := [];Firstparto := [];for k in [1..NoIntGens] doAppend(Firstpart,[FpHashD.generators[k]]);Append(Firstparto,[gens[k]]);od;## ----------------------------------------------------------## Loop through all the subgroups of FpInt finding the## corresponding subgroup in HashD and Int.## ----------------------------------------------------------markers := [0,0,0,0,0,0,0,0,0,0,0];if tobig=2 thensubs := [TrivialSubgroup(FpInt)];subs[11] := FpInt;for j in [2,3,4,5,6,7,8,9,10] dosubgens := []; k := 0; pkgp := TrivialSubgroup(FpInt);while k < (j-1) dopick := RandomList([1..Size(FpInt)]);if not Elements(FpInt)[pick] in pkgp thenAppend(subgens,[ Elements(FpInt)[pick] ]);pkgp := Subgroup(FpInt,subgens);k := k + 1;fi;od;subs[j] := pkgp;od;fi;while Sum(markers) < 11 dofor kk in [1..Length(subs)] dogp := subs[kk];if tobig=1 then 154



genlisto := List(gp,x -> MappedWord(x,subs64gens,Firstparto));elsegenlisto := List(gp.generators,x -> MappedWord(x,FpInt.generators,Firstparto));fi;gpo := Subgroup(Int,genlisto);## ----------------------------------------------------------## Compute \widetilde(gpo) that is all the elements d in## D for which [d,x] \in gpo and d^q \in gpo.## If we find an element d in \widetilde(gpo) which is not## in PCenD then stop looking go to the next subgroup gp## else we have found a candidate for G = HashD/gp.## ----------------------------------------------------------fact := D/PCenD;elmlist := List(Elements(fact),x->MappedWord(x,fact.generators,D.generators));nextgp := 0;for d in elmlist dook := false;if not d^q in gpo thenok := true;fi;for x in elmlist doif not Comm(d,x) in gpo thenok := true;fi;od;if ok = false thenif not d in PCenD thennextgp := 1; ## That is go to next subgroupfi;fi;od;## ----------------------------------------------------------## Found a candidate Print out details.## ----------------------------------------------------------if nextgp = 0 thenif tobig=1 thengenlist := List(gp,x -> MappedWord(x,subs64gens,Firstpart));elsegenlist := List(gp.generators,x -> MappedWord(x,FpInt.generators,Firstpart));fi;subgp := Subgroup(FpHashD,genlist);Fact := FpHashD/subgp;Print("Size of Factor = ",Size(Fact)," ");Print("Is abelian? ",IsAbelian(Fact),"\n");# I don't use the GroupId function - it tends to get confused.155



# Can identify group from the IsAbelian and orders.# gpid := GroupId(Fact);# Print(" name = ",gpid.names,"\n");elord := List(Elements(Fact),x -> Order(Fact,x));Sort(elord);Print("Order of elements are\n",elord,"\n");if tobig=2 thenmarkers[kk] := 1;fi;fi;od;if tobig=2 thenmarkers[1] := 1;markers[11] := 1;## Pick a new bunchfor j in [2,3,4,5,6,7,8,9,10] dosubgens := []; k := 0; pkgp := TrivialSubgroup(FpInt);while k < (j-1) dopick := RandomList([1..Size(FpInt)]);if not Elements(FpInt)[pick] in pkgp thenAppend(subgens,[ Elements(FpInt)[pick] ]);pkgp := Subgroup(FpInt,subgens);k := k + 1;fi;od;subs[j] := pkgp;od;else## Set all markers to 1 so we don't go down the loop again.for j in [1..11] domarkers[j] := 1;od;fi;od;fi;Print(" =============================================================\n");od;od;
Program: comms.g# ----------------------------------------------------------------# @(#) comms.g 1.1 97/12/16# @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.comms.g# ----------------------------------------------------------------156



# Author: A.~McDermott# Email: aidan.mcdermott@ucg.ie# ----------------------------------------------------------------# Computes the Commutator subgroup of a finitely presented group# ----------------------------------------------------------------CommfpGroup := function(G)#local M,N, # Subgroupsg, h, # elementscommlist; # list of elements#commlist := [];for g in G.generators dofor h in G.generators doAppend(commlist,[g*h*g^-1*h^-1]);od;od;M := Subgroup(G,commlist);repeatN := M;for g in G.generators doAppend(commlist,Generators( M^g ));od;M := Subgroup(G,commlist);until M = N;return M;#end;# ----------------------------------------------------------------# Computes the Centre of a finitely presented group# ----------------------------------------------------------------CentrefpGroup := function(G)#local c, # return centreg, h, # elementsclist, # list of elementsTG, # Trivial subgroup of Gisin; # logical is in centre#TG := TrivialSubgroup(G);#clist := [];for g in Elements(G) doisin := true;for h in G.generators doisin := isin and (Comm(g,h) in TG);od;if isin thenAppend(clist,[g]);fi;od;c := Subgroup(G,clist);return c;#end; 157



# ----------------------------------------------------------------# Computes the p Cover of a finitely presented group# ----------------------------------------------------------------CoverfpGroup := function(arg)#local crel, # relation listr,g, # elementsnargs, # number of argumentsF, # Free group used to define Grels, # relations defining Gp, # primeC; # return cover#nargs := Length(arg);F:=arg[1];rels := arg[2];p:=arg[3];#crel := [];for r in rels dofor g in F.generators doAppend(crel,[Comm(g,r)]);od;Append(crel,[r^p]);od;crel := Set(crel);RemoveSet(crel,F.identity);C := F/crel;return C;end;
Program: qcapable.g## ----------------------------------------------------------------## @(#) qcapable.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.qcapable.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This function computes the "q-cover" D := F/[R,F]R^q for the## finitely presented group F/R. It calculates R/[R,F]R^q and## Z(D,q) and tests if they have the same order. If so then## CapableModq returns true else false.## ----------------------------------------------------------------CapableModq := function(arg)local G, # the group - argument 1q, # the prime q - argument 2158



F, # Free group for the presentation of Grel, # relators from GD, # D := F/[R,F]R^qrrel, # rel mapped into DRinD, # R/[R,F]R^q as subgroup of DCenD, # Centre of DqcenD, # List of elements in CenD with x^q = 1.qCenD, # Z(D,q)el,iscapable;G := arg[1];q := arg[2];if (( not IsBound(G.isFpGroup) ) or ( G.isFpGroup = false ) ) thenPrint("G should be a finitely generated group\n");fi;## -----------------------------------------------------------------## Work out the presentation of G## -----------------------------------------------------------------F := FreeGroup(Length(G.generators));rel := List(G.relators,r->MappedWord(r,G.generators,F.generators));## -----------------------------------------------------------------## compute D := F/[R,F]R^q and RinD := R/[R,F]R^q## -----------------------------------------------------------------D := CoverfpGroup(F,rel,q);rrel := List(rel,r->MappedWord(r,F.generators,D.generators));RinD := Subgroup(D,rrel);## -----------------------------------------------------------------## Compute qCenD := Z(D,q) the centre of D mod q.## -----------------------------------------------------------------CenD := CentrefpGroup(D);qcenD := [];for el in Elements(CenD) doif el^q in TrivialSubgroup(D) thenAppend(qcenD,[el]);fi;od;qCenD := Subgroup(CenD,qcenD);## -----------------------------------------------------------------## If qCenD = RinD then capable mod q.## -----------------------------------------------------------------iscapable := Size(RinD) = Size(qCenD);return iscapable;end;
159



Program: subgroups.gLogTo("subgroups.out");## ----------------------------------------------------------------## @(#) subgroups.g 1.1 97/12/16## @(#) /usr/users/aidan/thesis/thesis2/SCCS/s.subgroups.g## ----------------------------------------------------------------## Author: A.~McDermott## Email: aidan.mcdermott@ucg.ie## ----------------------------------------------------------------## This program computes all the subgroups of the elementary## abelian group of order 64.#### It is the basis of the file elabelian64.g which is subsequently## read and used by pcomm2.g.#### The program calculates the subgroups of size 1, 2 and 4## directly and then use LowIndexSubgroupsFpGroup for## subgroups of index 8 or less.## ----------------------------------------------------------------Read("comms.g");F := FreeGroup(6);;a := F.1;; b := F.2;; c := F.3;; d := F.4;; e := F.5;; f := F.6;;rel := [ a^2, b^2, c^2, d^2, e^2, f^2,Comm(a,b), Comm(a,c), Comm(a,d), Comm(a,e), Comm(a,f),Comm(b,c), Comm(b,d), Comm(b,e), Comm(b,f),Comm(c,d), Comm(c,e), Comm(c,f),Comm(d,e), Comm(d,f),Comm(e,f) ];;G := F/rel;;Print("Size of G is ",Size(G),"\n");;xx := LowIndexSubgroupsFpGroup(G,TrivialSubgroup(G),8);;## Subgroups of size one.ellist := Elements(G);OneSub := List(ellist,x -> Subgroup(G,[x]));## Subgroups of size two.TwoSub := [];Append(TwoSub,[Subgroup(G,[ ellist[2], ellist[3] ])]);for i in [2..Length(ellist)] dotjj := i + 1;for j in [tjj..Length(ellist)] doalready := false;count := 1;while already = false and count <= Length(TwoSub) dogp := TwoSub[count];if ellist[i] in gp and ellist[j] in gp thenalready := true;fi;count := count + 1; 160



od;if already = false thenAppend(TwoSub,[Subgroup(G,[ ellist[i], ellist[j] ])]);fi;od;od;Append(xx,OneSub);Append(xx,TwoSub);for i in [1..Length(xx)] doPrint("i = ",i," ",xx[i].generators,"\n");od;
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