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Abstract. We introduce a measure for the starshapedness of the level sets of solutions of
certain nonlinear elliptic equations in a starshaped ring 2 of IR™. We prove that a function which

characterizes the starshapedness does not attain its minimum in Q.

1. Introduction

Let T be a domain in IR" with C' boundary. We can measure the starshapedness
of T with respect to the origin by considering for each point « € 9T the angle w(z)
between the outer normal to 8T at x and the radial direction z. T is starshaped with
respect to the origin if w(z) < 7/2 for every z € 0T and we say that T is properly
starshaped with respect to the origin if w(z) < /2 for every & € 9T. For brevity we
say that a set T is starshaped if 8T is C* and T is starshaped with respect to the
origin.

If T is a level set of a function u, T = {z € Q : u(z) > c}, the normal direction to
AT at z coincides with the direction of Du(z).

At a maximum point of w the normal direction is as far as possible from the radial
direction. We say that at such a point we have a minimum for the starshapedness.

We call a domain © € R™ a starshaped ring if Q = Qg \ 1, where Qy and Q, are
open starshaped domains, Q; C Q.

Consider a rotationally invariant and strictly elliptic differential equation

n
(1.1) G | r,u,|Dul?, Z wiujuij, tr (D*u), ... tr ((Dzu)n) =0,

ij=1
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where Du = (uy,...,u,) and D?u = (uij)i,j=1,..,n are the gradient and the hessian
matrix of a function u, r = |z| and G € C!(D), with D = R* x R x R* x R"*!,

We study the properties of starshapedness of level sets of solutions of (1.1) in a star-
shaped ring 2 with constant boundary values. We prove (with suitable assumptions on
G), that the level sets of u are properly starshaped and the minimum starshapedness
is achieved on 9Q. To prove this, we apply the maximum principle to the angle w(z)
as is in [3] for the angle between Du(z) and a fixed direction.

The same result was proved in [2] for solutions of the nonlinear Poisson equation
Au = f(r,u), while in [1] the starshapedness of level sets was proved for solutions of
the degenerate equation Apu = f(u).

The applicability of our result is exhibited in several remarks at the end of the

paper.

2. Minimum principle for starshapedness

Let us remark that

0G \_ 0G .  NnOG ot
(2.1) 5 [u] = 5, lului +g 3. (U] P

where, as in the following, d = |Dul?, ¢ = 37, uiujuij, tg = tr ((D?u)*) and
{U] = (T!u!d:Q:tli---!tn)-

We say that G is strictly elliptic in w € C?(Q) if there exists a positive constant u
such that

2. 8G
(2.2) 2 g WXy 2 p A
=1 t

for every z € Q and A € IR™.

Theorem 2.1. Let Q = \ Q; be a starshaped ring and G € C'(D). Letu €
Q)N C () NC%Qy) be a solution of

Glul =0 in Q,
1 in Q],
u = O an -300,

such that G is strictly elliptic at u,
(2.3) % [u] < 0 for every z €

and

(2.4) 0 <u<1l1l in Q.
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Suppose that

=, 3G aG 2 0
(2.5) 2}2};8—%[1;}&? 5 [+21Dul’ 5 [u ]+4 jzlu,,u_,u,_, % [u] >0 in Q,

then the level sets of u are properly starshaped and Du # 0 in Q. Moreover, unless
Qo and Q, are concentric balls, the angle w(z) between Du(z) and the radial direction
does not assume its mazimum value in §) (that is, the starshapedness does not assume
its minimum value in Q).

Proof. Let us first show that the level sets of u are starshaped. We introduce a
function v defined by

v(z) = (z,Du(x)) = ixiui.

On 99y, where u attains its mimimum value, Du(z) has the direction of the inner
normal to 89 at  and v(z) < 0; in the same way we can conclude that v(z) < 0 on
00 .

Let us show that v satisfies a linear elliptic equation.

Differentiating (1.1) with respect to x; we obtain

. 8G zr 0G oG
Zm[ﬂ]%k = et (U] iy o 0]
06 ==

Bd u]Zuu,; —2?[11 ?luu,;,u”,

for every x € Q. i
Let L be the linear elliptic operator defined by

n
Z u] Wiy -
ol 3u13
We can calculate

n

(2.7) Lv = 2 Z 381.',5 uu + Zxk( Z *g [u] uuk)

3,j=1 i,j=1
From (2.1), (2.6) and (2.7), and observing that

e ot
Su

ij=1

Ujj = = h-ty

and

k3
E TpUki = Ui — Uq,
k=1
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we finally get

o5 Lv+22(u1 54 +ZuJ i 5 ) vg—G[u]
2.8 =1
Z u]th—rg—-[u]+21Du[2 ES u]+4ZouuU BG[]

h=1 i,j=1

By the assumptions (2.3) and (2.5) and the maximum principle, from v < 0 on 9 we
conclude that v < 0 in Q. Note that by the strong maximum principle, Du # 0 in
unless v = 0 in §2, but this is not possible since constant functions cannot be solutions
of the Dirichlet problem. Since Du # 0 in 2, the angle w is well defined in Q and
w(z) < m/2, so the level sets of u are properly starshaped.

Let us prove that w achieves its maximum value on 9. Maximum points of w are
maximum points of ®(z) = tanw(z), which can be written as

where

1/2
1 n
h = [§ Z (zpu — x;uk)2] .
k=1
We have proved that @ is positive and differentiable in @' = Q\ {z € Q : h(z) = 0}.
In 2’ we have . & i
d;; = —f - ;‘U” ;(v_,-@,; +‘U§‘i’j)
and

(2.9) Lo +2 Z(Za [u]v,) =—%Lh—%Lv.

=

Since ( g g [u]) is positively defined, we can apply the Schwarz inequality
Uij i,j=1

and obtain
n n 6‘2
2hLh > (zruy — i) s—5— (Tew — TyuE)
t',_-,i—l Bu,j k =1 3&@3%
oG
(2.10) = 4 Z —[u]ugj.(:r: up — Tju;)
i,7,l=1
e G
+ Y (zhw — ) | Z o G Z Bt @ fuiz | -
ki=1 ij=1 ij=1 T

Observe that

“~ 8G oG
Z_:-a—_ [ w; = 8_ u]Zu ujurj + Z TR u] 3u
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Since

is a symmetric matrix, while (z;u; — zju;)i=1,... n is antisymmetric,

i(“ )(zu;—x;ua)ﬂo

hence

2 aG
(2.11) Z [u) wj(ziw — zyu;) = 4 [u Z wit U (Tiu — ;) .

j,l=1 3(; i,j,0=1

From (2.10), (2.11) and (2.6) and after some calculations we conclude that
9 BG
(212) 2hLh 2.-2h° == [u ]—4h ZUJ [u] Z wiuijh; .
i,j=1
Using (2.8), (2.9) and (2.12) we can see that ® satisfies the inequality
- g
Lo +2 @+ =0 > 0,
+ ; ci®i+ 20 >

where

1 oG 8G
Ci = = Z B [u] v; + [u ui + [U] Z“}“%J
z ij

and

Z 6—6— u]th—r%—G[ | +2|Du |2~—[u]+4Z U U5 %G[]

i,j=1

By the assumption (2.5) and since v < 0 in Q, we have £ < 0. By the maximum
principle, w does not assume its positive maximum in Q unless it is constant. Let us
remark that the only admissible constant for w is zero (remember that level surfaces
are closed surfaces since level sets are starshaped). In this the case the level sets of u
are balls with centre at the origin and this is possible only if g and 2y are balls with
centre at the origin. O

3. Remarks

1. Notice that (2.4) is assured if we suppose that G is strictly elliptic in #u for
t € [0,1], $Z [tu] > 0 in Q and G[0] = 0. Indeed applying the mean value theorem to

Glu-G[0] = 0
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we can see that u is a solution of a linear elliptic equation, hence, by the maximum
principle, 2.4 follows.
2. Let us show some example of equations to which Theorem 2.1 can be applied.
2a. Consider a solution of

Apu = f(r,u) in Q,
u =0 on 0%y,
u =1 in Q]_ y
where Apu = div [}Dulp‘zDu), p > 2 is the p— Laplace operator.

Suppose that |[Du| > 0 (if p > 2) and gﬁ > 0 in Q. In this case, the assumption
(2.5) becomes
of

(3.1) pf+'r8 >0 in Q.

Observe that for the Poisson equation Au = f(r,u) the assumption (3.1) is the same
as in [2].
2b. For solutions of

div (\/—%) = f(ru) in Q,

u =20 on 00,
u =1 in Ql,

Theorem 2.1 holds if

of .
Sl -
au(r,u) >0 in Q,
0 <u<l in Q,
and - ;
0\ —=5/2 © 2 + | Du| L of ;
TR ITY _r — < .
2(1 + |Duf?) E U U — 1+|Dut2f = (€ 0 in 9

ij=1
For the minimal surface equation (f = 0) this is true if

n
Z uiujuy; < 0.

i,j=1
In particular the above relation holds when u is concave in the direction of Du.

2¢c. If we indicate as Ay (D2%u) < Ao(D%u) < -+ < Aq(D?u) the eigenvalues of the
symmetric matrix D?u, rotationally invariant operators of the form

Z a;\F(D*u) = f(r,u,|Dul?)
i=1

are elliptic when the a;’s are positive constants and either £ = 1 or & is even and D*u
is not singular. For such operators the assumption (2.5) becomes

Qkf+?' 2 O:
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Figure 1: A and B

and this holds when f(r,u,d) = e* + r?d, for example. For k = 1 this case includes
extremal operators (see [4]).

3. The assumption that G is rotationally invariant cannot be removed. Suppose
that Qg and ; are balls with centre at the origin. Consider the following problem:

8%u 8%u .
aa?-kba—y& =0 in Qo
u =1 in  Q,
u=20 on O,

where a and b are positive constants with a # b. The smoothness of the data implies
the existence of a solution. Since ® = 0 on 89, our theorem would give ® = 0 in Q
and the solution would be radial. However, it can easily be seen that no radial solution
exists for a # b.

4. If % = 0 we can consider the starshapedness of level sets with respect to any
other point of Q;. This gives more information about the shape of the level sets of
u. If Qp and Q; are starshaped with respect to each point of a set K C 4, the level
sets of u will still be starshaped with respect to each point of K. In this case we can
consider for each y € K the function wy(x) which represents the angle between Du(z)
and the direction z —y. Let M (y) be the maximum of w, on 89 and let C(y) be the
cone with axis parallel to z —y and angle M (y) with this axis. For a fixed point = € {2,

Du(z) € (] Cy).

yeK
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Observe that the maximum principle for w gives sharper information than star-
shapedness with respect to K. For example, let ) and Qg be nonconcentric balls in
IR2. The level sets of u are starshaped with respect to each point of 4, so Du(z)
belongs to the intersection of half - planes orthogonal to the directions y — x for every
y € 3, a cone E; bounded by half-lines r; and r; (see Fig. 1A). On the other hand,
if we consider the minimum principle for starshapedness with respect to the centre
Cy of 1, we see that the angle between Du(z) and the radial direction assumes its
maximum ¢ at some point z on 8§y. Hence Du(z) belongs to the cone E; bounded
by the half-lines s; and s, indicated in Fig. 1B, which is strictly contained in E;.
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