Convex Solutions of Certain Elliptic Equations
Have Constant Rank Hessians

NiIcHOLAS J. KOREVAAR & JOHN L. LEwIs

Communicated by J. SERRIN

1. Introduction

In this note we first consider solutions u of
(1.1) Au = f(u, Au) >0

in a region 2 of Euclidean » space (R"). Here Vu and Au denote the gradient
and Laplacian of . We assume that f has Hoélder continuous second partial deri-
vatives on some open set containing the range of the function x> (u(x), Vu(x)),
x € 2. We also assume that f is strictly positive, with

1.2) 2(£0% ¢, Vu) — fC, V) fu(, V) 2 0,

that is, 1/f(-, Vu) is convex in w.
Let H denote the Hessian matrix of u. Our main result is

Theorem 1. Let u, fsatisfy (1.1), (1.2), and suppose that H is positive semidefinite
on 2. Then H has constant rank in Q.

Thus if H is positive definite in a neighborhood of the boundary of £, then
H is positive definite in 2. CAFFARELLI and FRIEDMAN [2] have proved Theorem 1
in R? when f has the form

S, Vi) = ho) + | Vau]? k(w).

Our method is a generalization to R", n = 2, of their proof.

The minimum principle in Theorem 1 can be compared with an important
recent result of KENNINGTON [7, 8]. To state KENNINGTON’S result, suppose that
u is a solution of

(1.3) Z a’(Vu) Uy = S, Vu)

]
in £, where the sum is taken over 1= i,j =< n. Assume that each a¥, 1 < i,
J = n, has Hoélder continuous second partial derivatives. We also assume that
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(a¥) is symmetric and positive definite on some open set containing the range
of the function x> Vu(x). Define T on 2x02x(0,1) by

T(x,y,A) = Au(x) + (1 — D u(y) —uldx + (1 — D y).
If u and f satisfy (1.2), (1.3) and

0

(1.4) 5{;(-, Vu) >0,
then KENNINGTON shows that 7" cannot have a negative relative minimum at an
interior point of £2x £2x(0, 1). Previously, KorRevAaAr [9] had obtained a similar
conclusion under the assumption that f be a concave function of #, which is a
stronger restriction than (1.2). KAwoHL [6] has found results between those of
KOREVAAR and KENNINGTON.

Theorem 1, combined with the method of continuity (see [2]), can often be
used to establish that certain solutions of (1.1) are convex functions in 2. To
illustrate the method, let £ be a convex region and suppose that

(1.5) Aw= —1 in 2,

while w = 0 on 622 (boundary of £2). Put u = —w!'2, Then u satisfies the equa-
tion

(L.6) Au= —(Vul®> + Pfu = fu, Vu) > 0
in 2. Note that 1/f(-, Vu) is convex. Now, if £ is the unit ball B, then
u(x) = —[(1 - lxIZ)/zn]IIZ’ X € B;

so clearly u is a convex function. For an arbitrary convex region 2, deform B
continuously into 2 by a family (£2,), 0 = ¢ < 1, of strictly convex regions in
such a way that 2, = B, 2, = £, and 00, 08, as ¢t— s in the sense of
Hausdorff distance, whenver 0 =< s < 1. The deformation also is chosen so
that ¢02,, 0 <t <1, can be locally represented for some «, 0 << &« << 1, by a
function whose norm in the space C,, of functions with Holder continuous second
derivatives depends only on §, whenever 0 < ¢t < é << 1.

Let u(-, t) be the solution of (1.6) in £2, with boundary value zero on 622,
Let H, be the corresponding Hessian matrix. Then from standard estimates and
the choice of deformation, it follows that for each 6, 0<C << 1, there exists
& = &(6) > 0 such that H, is positive definite in an ¢ neighborhood of 8£2,, when-
ever 0 <C ¢ = J. This fact, Theorem 1, and convergence of u, to u, locally in
the C,, norm as ¢— s imply that H = H(l) is positive definite. Indeed, using
the above observations and the explicit nature of u(-, 0), it is easily seen that H,
is positive definite in () when ¢ > 0 is sufficiently small. If H were not positive
definite, then it would follow for some 8, 0 << § << 1, that Hj is positive semi-
definite but not positive definite in £2(6). From Theorem 1, H, has constant
rank < n in £2(d), which is impossible since H, is positive definite in an ¢ neighbor-
hood of 2£2(8). Hence, if w satisfies (1.5) in a convex region £2 and has boundary
value zero on 4R, then w'? is a strictly concave function in £2. We note that
KENNINGTON [7, 8] used his previously mentioned minimum principle to show that
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w!? is concave in £. His method, though, does not appear to imply the strict
concavity of w'?2,

As another example, suppose £ is a bounded convex ring. That is, R” — Q
consists of two components and if E denotes the bounded component of R” — Q,
then E and 2V E are convex. Let w be a solution of Laplace’s equation in £,
and suppose that w has boundary value zero on 92 N E, while w has boundary
value 1 on the rest of 82. Let u = w* and observe that

1
Au= (1 _T) |Vul?fu = f(u, Vu) > 0

in 2. Clearly f satisfies (1.2) but not (1.4). Again from standard estimates, it can
be seen that if k is sufficiently large and 92 is locally of class C,, for some
(0 < & < 1), then the Hessian matrix of u is positive definite in a neighborhood
of 8Q. Also, if n>2 and Q2 = {xcR": 1< |x|< 2], then

wx) = [1 — |xP7"I/(1 — 2277,

so clearly u is convex when k is large.

The method of continuity and Theorem 1 can now be applied to a strictly
convex ring £2 of class C,,, to deduce that u is strictly convex when k = k(£2)
is large enough. Thus in this case the level sets of w = u!’* are strictly convex.
Approximating a general convex ring by strictly convex rings with smooth bound-
aries, it follows that the corresponding w has convex level sets. This method,
however, does not seem to be strong enough to show that the level sets of w are
strictly convex, a fact which was proved by GABRIEL in [3] from a rather involved
computation. Also, we note that KENNINGTON’s method does not appear to imply
that w as above has convex level sets, since (1.4) is false. For further applications
of Theorem 1 in R?, as well as more details in the above examples, see [2].

We next consider solutions » of (1.3), under the assumption that 1/f(-, Vu)
is strictly convex, that is

(1.7 210 C, V) = £, V) FC, V) > 0.

We prove

Theorem 2. Let u and f be as in (1.3) and (1.7). Then H has constant rank r
on Q. Moreover, u is constant in n — r coordinate directions.

The proof of Theorem 2 is somewhat complicated and, in fact, will be deduced
from some inequalities we derive in proving Theorem 1. If in addition to the above
assumptions we also assume that

(1.8) a’ (1 <1i,j<n) and f are real analytic,

(on their respective domains), then a straightforward and relatively simple proof
of Theorem 2 can be given. Moreover, the proof parallels in several respects the
ideas of KENNINGTON’S convexity minimum principle. This proof is given in
Section 2. The proofs of Theorems 1 and 2 are given in Sections 3—4. In Section 5
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we show that if A has rank r in Theorem 1, then through each point in £ there is
an (n — r)-dimensional plane on which u is linear. We also consider other impli-
cations of Theorems 1 and 2 in Section 5.

2. A Weak Form of Theorem 2

Let u and f satisfy (1.3), (1.7) and (1.8), and suppose that H has rank r <n
at x, in 2. By performing a translation and rotation, we may assume that x, = 0
and ”y,'Yi(O) =0, r+1=Zi<n, where y,, 1=<i<n, is an orthonormal
coordinate system. Given a function F, in the sequel we shall write Fj; for F, ..

Let v = (vy, vy, ..., v,) be an arbitrary unit vector whose scalar projection
on y, is v, 1 =<i=<n We know that H(zv) = 0 for small ¢. In particular, if
o = (0,0, ...,0,_;) and |w| = 1, we consider second derivatives of u in the
directions (suw, 1), p€R, whence

2.0 Up(ev) + 23 epu(ev) w; + e2u* Y, uylev) wyw; = 0.

i<n i,j<n

Since #,,(0) = 0 and u is convex, we have
(22) urm(o) = nnk(o) = nk(o) =0, 1=k=n.

Since u has continuous fourth partials derivatives, we get (using (2.2) to eliminate
some terms)

2.3) Unn(80) = % €% D] 10s(0) 00, + 0(£),
ol
Uy = & Y, Upy(0) v + 0(e),
k

u(sv) = uy(0) + o(1),

where o() denotes a term which tends to 0 as & — 0.
Substituting (2.3) into (2.1), dividing by &> and letting ¢— 0 yields

(24 3 Z UnnklUkV1 + 24 Z Z UiV + Mz Z U005 =0,
. ]

i<n k i,j<n

)

where all derivatives of u have been evaluated at the origin. Letting w be the pro-
jection of v, w = (vy,...,0,_;), we find that

3D Uit + 20 ) Y im0 + Y wyviv; = 0.
kil

i<n k i,j<n
From (2.2), we observe that this expression is unchanged if i and j are allowed to

vary from 1 to n. Using this fact, we see that the above inequality can be expressed
in terms of directional derivatives by

2.5) 3 (Upa)o + Zﬂ(un)vv + ,uzuvu =0,

where all expressions are evaluated at the origin.
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Before proceeding further, we mention that the key expression (2.5) was de-
rived by looking at second derivatives of u(ev) in directions (u(vy, ..., v,—y), 1).
The same idea is used in KENNINGTON’s proof of his convexity minimum principle.
Near three colinear points {y, z, x = (1 — 1) y + Az} of minimum convexity,
he considers small perturbations and studies their effect on the function T(y, z, A)
defined in Section 1. One can derive his inequalities by perturbing each of {y, z, x}
in the direction of a vector v, but different magnitudes determined by u. Thus if
{», z, x} are assumed to lie on a line in the y” direction, then KENNINGTON studies
the convexity of u along lines displaced by multiples of ¢ in the v direction from
{», z, x} with direction vectors (euw, 1), 0 = (1, 0y, ..., Us_y).

To continue the proof, choose an orthonormal system of vectors {o', ..., v"}
so that, with respect to these coordinates, [a¥(Vu(0))] is diagonal with eigenvalues
Ay ... A, By adding multiples of (2.5) n times, we get

(26) % E )"kunnukuk + 2/" 2 Akunukvk + 1”2 Z lkuukvk g 0.
k k k

From (2.2) we find that

Q7 (@ Vuwuy,

Also,

= a"(Vu(0)) 1;;(0).

x=0

i i
= (2 aukukn) uy + a'uy,
x

x=

(2.8) (@ (V) ) pm

— ij
- (E aukuluknuln) uij
0 k1l

X =

ij ij
+ 2 (Z aukukn) uijn + ajuijnn
k

= a7 (Vu(0)) 4y, (0).

x=0

From (1.3), (2.7) and (2.8) it follows that (2.6) can be written as
Yfon + 2uf + =0 at x=0.

This inquality can hold for all xR if and only if the discriminant is < 0, that
is

2.9 26—~ fi=0 atx=0.
But at x =0 we have

(210) .f;l = Ef;«kukn +f;4un :./I.lun’
k
f;m = Z f;lkuluknuln + Z (ﬁlkuknn + 2.ﬂ4ukuknun) +f;4unn +f;4uu121 =f;4uur21'
k1 k

Hence (2.9) becomes
QfF— M)t <0 at x=0.
By (1.7), we must have u,(0) = 0.
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Finally, observe from (1.8) and a theorem of HopF [5] that u is real analytic
in . We shall use the real analyticity of ¥ to show that if #,(0) =0, then u is
constant on lines on the y, direction. Differentiating (1.3) and evaluating at a
point x near 0, we obtain

211 X dVu0) tyyy = 3 [@"(Vu(0)) — a¥(Vu)] ey
ij i
- Z [zal?;cuknuijn] - Z [at?;culuknulnuij] +.f;m
ijk ijk,l
Now, in a neighborhood of the origin it follows from the real analyticity of u
that either u,, =0 or there exists a positive integer m such that

unn(x) = P(x) + Q(x),

where P is a homogeneous polynomial of degree m and Q is the remainder in the
power series expansion for u,,, starting with terms of degree m + 1. Since u,,
has a minimum at 0, we see that m is even. From the positive semi-definiteness
of H, we deduce that

(uin)z é Unnliis 1 é i é n,
so there exist ¢ >0 and ¢ >0 small enough so that
| < € |x"2, ] < | x]270, 0 Ju,| S e X[,
Iunnkléclxlm—l’ Iunnijléclxlmaz’
when |x| < p. Representing f,, as in (2.10) and using the above inequalities in
(2.11), we find that
3 a¥(Du(0)) Py(x) = ¢ | x|m—1
ij
for |x| <. The left-hand side of this inequality must be identically zero, since
it is a homogeneous polynomial of degree m — 2. Thus

2 a"(Vu(0)) P,; =0.

Observe that P(0) = 0 and P = 0, as follows from u,, = 0. Using the strong
minimum principle for uniformly elliptic equations, we conclude that P =0.
Hence u,, =0 in a neighborhood of 0. Consequently u,, =0 in L. Moreover,
since u is convex, we also have u, =0 in 2, 1 =i < n. Hence u, is constant.
Since u,(0) = 0, it follows that u, =0. Thus u is constant in {2 on lines parallel
to y,.

Since u;(0) =0 when r+ 1 =<i=<n, we can repeat the above argument
with u,, replaced by u;, 1 + r =< i =< n. This completes the proof of Theorem 2
under assumption (1.8).

3. Proof of Theorem 1

Let u and f be as in (1.1) and (1.2). As in Section 2, we assume that H(0) has
rank r << n. Observe from (1.1) that r= 1. Let ¢ be the sum of all r -1 by
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r + 1 principal minors of H. We shall show that ¢ ==0. Following CAFFARELLI
and FRIEDMAN, we say that A(y) << k(y) provided there exist positive constants
¢; and ¢, such that

h—-BO)=(, |V¢| + ).

We also write A(y) ~ k(y) if h(y) < k(y) and k(y) < h(y). Next , we write
h < k if the above inequality holds in a neighborhood of the origin, with the
constants, ¢; and ¢, independent of y in this neighborhood. Finally, A~k
if h<<k and k < h. We shall show that

@3.1) 4¢ < 0.

Since ¢ = 0 in 2 and ¢(0) == 0, it then follows from the strong minimum prin-
ciple (see [4], p. 34) that ¢ =0 in a neighborhood of the origin.

Hereafter, if we say that a condition is satisfied “locally,” we mean that there
exists ¢ > 0 such that the condition is satisfied for all |z| <. To begin the
proof, pick ¢ > 0 so that the r non-zero eigenvalues of H(0) are bounded below
by 2¢. Thus H(z) has r eigenvalues = ¢, locally. For such a z, choose a coordinate
system {y,, ..., J,} as in Section 2 so that H(z) is a diagonal matrix. Then

(3.2) y2)=c, 1=j=r; uz) =0, 1=isj=n.

Let G={l,...,r} and B={r+ 1,...,n} be the “good” and “bad” sets
of indices, and define
Q= H u(2),

j€G
Q;=Qfuyz), JjeG; R=3 0
j€G
Let o and § be two unit vectors. We compute ¢ and its first and second deriva-

tives in the directions « and 8. (In this section only &, € {Jy, ..., y,}.) We find,
for ¢ and ¢,,

6y 040~ (Su@) o~ Tue (o u@~0ich),

icB i€B
(34 0~d,(2)~0 2 Upi(Z) ~ Z Uyii(2) .
i€B i€B
Because of (3.2), the positive constants in the definition of ~ can be chosen

locally, here and in what follows. To compute ¢4, we use the second part of (3.2),
and then use (3.3) and (3.4) to discard terms uneffected by the ~ relation. We

obtain
¢aﬁ ~Q Z uiiaﬂ(z) —2 Z E O ittyiabliss
i€B i€B j€G
+ R Y [uittys — tyjattyis],
i,j€B
where 2’ means the sum is taken over i == j. Using (3.4), we may replace ¢ u,
with —u;,, thus

3.9 ¢zxﬁ ~Q GZ uiiaﬁ(z) -2 E Z quijzxuijﬁ — R Z Ujjallijp -
i€B

i€B j€G i,j€B
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If we pick &« = 8 = and sum over k, (3.5) yields
(3.6) A¢NQZ(Au)ﬁ—2Z > |Vuy|?Q; — R Y} | V|
ich i€B j€G ijeB
We relate the terms in (3.6) to derivatives of f as follows. If i€ B, then from
(3.2), (3.3) and (3.4), we have

3.7 Ji= D St + St ~ fi,

K

fi="3 G it + 2 ot + 2asths) + it + fuui?

ki k

(3.83) ‘ > fa~ S 2 UL
i€B i€B
Finally we show that
(3.9) 02 fis (Z 2 | Vuyl? Qj)f-
i€B j€G i€B

Indeed from (1.1), (3.4), the Schwarz inequality and (3.3), we find

fi= (z? "jﬁ)2~ (;G ujjt‘)2 = LGZG (”.iji)z/uﬁ] (,‘?‘é ujj)

J
~ 0[S wr ol
j€G
and (3.9) follows. Substituting (3.8) and (3.9) into (3.6), and using (3.7), we obtain
A9 < Ofu — 27210 X 4t
i€B
at z. It then follows from (1.2) that A¢(z) <5 0. Since the constants can be chosen
locally, we conclude that (3.1) is valid. From the remark following (3.1), we
conclude that ¢ =0 locally. Thus, the set F = {x:rank H(x) = r} is open.

If x,€ 2 is a boundary point of F, then by continuity of ¢ we see that rank
H(x,) = r. Applying the above argument, we get

rank H = constant = r

in a neighborhood of x,. Thus Fis also closed in 2 and so, by connectivity, F = 0.

4. Proof of Theorem 2
Let u and f be as in (1.3) and (1.7). We again assume that 0¢ 2 and that

H(0) has rank r < n. Define ¢ as in Section 3. We first show as in Theorem 1
that ¢ =0 in a neighborhood of the origin. We shall assume that

4.1 (aij(vu(o))) = (0,
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where d;;is the Kronecker 4, that is, (1.3) reduces to (1.1) at the origin. To see that
this assumption is permissible, let u satisfy (1.3), where we have picked a fixed
x coordinate system near the origin so that a’(Vu(0)) is diagonal, with positive
eigenvalues 4;, ..., 4,. Define

W) = ul iz, ..., Viz) = uG).
Then

Wx‘.(Z) = Vziuxi(z)s wx‘-xj(z) - V}E ux,-xj(z)-

Hence, if we define

" 1 . {p p,,)
bY(pyy...,p) = —— 'J(-—_,...,——— ,
Booeeobd = 1,

then
Z b ) ()-—Z 7( ) —f( —il ('—i )
2 b (VW Wx‘:xj z = a(Vu uxixj(Z) W,V 1, ey .

Since the Hessians of w and u are ‘“‘conjugates”, their positivity and rank are
the same at corresponding points. By inspection, w satisfies an equation of the
type desired. We now re-label w again as u.

Let g, z and {);} be chosen as in Section 3. We use the notation of Section 3,
and recall formulas (3.3), (3.4) and (3.5) with «, § chosen to be X, X;. Multiplying
(3.5) by 4’ and summing yields

(42) Z akl(vu) ¢xkx, -0 g; E akl(vu) Uy i

k! k1

~ =23 33 0dVuw Uy ity — R > Y d(Vu) Uy ithiy

kl i€B j€G kI ij€B
= 23, —-X,, say.
Differentiating a"’uxkxl as in (2.7) and (2.8), and using (3.2) and (3.3), we see that

for i€ B

43 @O0 s = ( 5 et )t V0 e )

(44) (akl(vu) uxkxl)il = (Z afijuxmuﬁiuxmi) uxkxl

Jm
{ I,
+ 2 (Z atl:xjuxji) uxkx[i + ak uiixkx;
Jj
~ ak lu"

ixpxy?
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where all expressions have been evaluated at z. Using (1.3) and summing (4.4)
over k,/ and i€ B improves (4.2) to

4.5) kZI (V) by~ Q %]? Ju— 22, — 2;.
We seek to estimate Y f 7 in terms of X, as in Section 3, using the fact that

icB
a’ ~ 6; near 0. Write

2= (du) + E,

icB icB

(4.6) Zi=2 > (Vuy|? Q) + Ei,

Jj€G i€B
f= Au + Ez.

Here, the first term on the right-hand side of each equation was obtained by
replacing ¢*’ with &, in the definition of the corresponding term on the left-hand
side of the equation.

The error terms can be estimated using (4.2), (4.3) and (4.1). Given é > 0,
we obtain locally

@n Bl +1EI<8 (S S1Val), |EI<s.
i i

Now using (4.6) to modify the inequality following (3.9), we see that

2
@8 oY fi=olf (2 (Au)* + E) ~ Q/f(Z (Z; ”w) + E)
i€B i€B

i€B \j€G

<oIf [(2 2 il "”) (feza ujj) * Eo]

i€B j€G
<S VfI — ED (f — Eb) + QE)]
E E O|E

<54 1m) (102 By, 2]

_ 21_ + E.
E can be estimated using (4.7). Indeed given é > 0, we have locally
(4.9) ESS (2 2 |Vu,~,-12) :

J i€B

Using (4.8) judiciously in (4.5), along with (3.7) and (3.8), we have

2,
4.10) X (Vi) ¢y, <Q (ﬁm — 2’7ff) u} - ME — 2(1 — ) Z, — 2%,,
k1 i€B

for any 0 < 5 < 1. But by inspection of (4.2), we see that there exists a constant
¢ >0 such that locally

4.11) Z Z |Vug|? < o2y 4+ Z,).

Jj i€B
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Furthermore by the strict convexity of 1/f(*, Vu) at the origin, there is a neigh-
borhood of 0 and an 7 < 1 such that, in this neighborhood,

4.12) ( ” _217_;‘2) <0.

For this #, we see from (4.9), (4.10) and (4.11) that there exists ¢> 0 so that
locally

(413) Zl akl(vu)¢xkxl S Q(f;m - 277f1%lf) é uiz - Z 62 Ivuijlz'
k, i j i€B

In particular

%, (Vb S0,

and it follows from the strong maximum principle used in Section 3 that ¢ =0
in a neighborhood of the origin. As in Section 3, we conclude that rank H =r
in Q.

We now show that u is constant in n — r directions. Since ¢ =0 we can re-
place <{ by = in each of our inequalities. It follows from (4.13) that

(4.14) Z Z |Vu,~jl2 (Z):O.

Jj i€B
Equation (4.14) implies that the coordinates y;, r + 1 < i< n, can be chosen inde-
pendently of z locally. To see this, note from (4.14) that there exists ¢ >0 such that

4.15) luyw) — uy(2)| = luyW)| = c |z — w|?
locally, when i€ B. Also, if i3,
(4.16) lum)| = c|z — w,

for ¢ large, since uy(z) =0 for i<4=j. Let v be a null vector of H(w). If
v =Y by, then from (4.15),

0= 3 buy(w) = > biuy(w) + D buy(w), JEG.
i i€ i€G
Choose j so that |§;| = max |b.|. Using (4.15), (4.16), the above inequality
and the fact that wu;(z) = c (see (3.2),) we get locally
15| = e1 |w— z]?
for ¢; >0 large enough. Note that g= Y’ b;y; is a null vector for H(z)

i€B
since H has rank r and (3.2) holds. From the last inequality it follows that

@17 la/lg] —v| = ez lw — 2|

locally, for an appropriate choice of ¢, > 0. Note that ¢, is independent of w
and z locally. From (4.17) we conclude that each unit null vector of H(w) lies
within ¢, |z — w|? of a null vector of H(z). Since w and z are arbitrary (subject
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to |z], |w| <), it follows from a simple argument that actually the null-
spaces of H(w) and H(z) are the same. (Divide the line segment from z to w into
N equal parts, N large, and use (4.15) in each subsegment.) From (4.14) and
our choice of coordinate system, it follows that #; =0 in a neighborhood of
the origin whenever i€ B. Thus u; is constant in a neighborhood of the origin,
and so must equal zero by (4.13). Repeating the argument, it follows that the
set

{x€ 2: u(x) = uy(x) = 0 for all i€ B}

is open. Since this set is clearly closed in £2, we conclude from the connectivity
of £ that u is constant in # — r coordinate directions.

5. Remarks

Remark 1. Let # and f be as in Theorem 1 and suppose that H has constant
rank r < n. If 2 is convex, then it follows as in [2] that through each x, € 2
there is an (n — r)-dimensional plane on which « is linear in 2. To give the proof
(following [2]), suppose x, =0 and put

v(x) = u(x) — u(0) — Vu(0) - x, x¢ Q.
Since v(0) = 0, Vu(0) =0, and v is convex, we have v = 0. Also, the set
E={x:v(x) =0} = {x: v(x) < 0}

is convex in £. Next choose an orthogonal coordinate system (3;) so that, in
this system, u;(0) =0 when iZj or r{+1=i<n We claim that E is
contained in the (n — r)-dimensional vector space L generated by J, 1, ..., Ju-
Indeed, suppose v(x) =0, where x-3; =0 for some j, 1 <j=<r. Then
v(tx) > 0 for small ¢> 0, as follows from the fact that u;(0) = 0. Since E
is convex, we have reached a contradiction. Thus ECL. If E=LN £, then
u is linear on E and we are done. Otherwise, since E considered as a convex subset
of L is the intersection of (# — r)-dimensional half-spaces, there is a point zin E
and a ray / emanating from z with / — {z} CL — E. By making a rotation if
necessary, we may assume that /= {z — y,: 0 < 1 <oo}. Let = denote the
(r + 1)-dimensional plane through z generated by Ji, J,, ..., Vs Ju and let v,
be the restriction of v to this plane. If B, = {x:|x — z| < ¢} C 2, we claim
that for some ¢y, > 0,

.1 w() = —v,0) — &y — 2) 5, <0,

whenever yen N\ {x:|x —z| =0} and 0=¢ =< ¢, Observe that (5.1) holds
for y in a neighborhood of z + gJ,, since v; = 0. It also holds in a neighborhood
of z — gy, for ¢, sufficiently small, since v(z — gy,) > 0. Thus we need only
consider the set of y€ # /N {x:|x — z| = ¢} such that

E[(Y—Z)'ﬁj]226>0-
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Since EC L, we see by continuity that (5.1) holds on this set also if g, >0 is
small. Hence (5.1) is true. We now apply a maximum principle of ALEXANDROV
and BAKELMAN [I] towin 2Nz If 4 = (wy) denotesthe r+1 by r+1
matrix with i, j€{l,...,r, n}, we obtain

1/r+1)
w(y)§c( fldetA|dx) =0, yenNB,
B,N\x

4

by Theorem 1. However, this inequality is clearly false when |y — z| is small

and y€l, since v(z) =0 and Vu(z) =0 (v has a minimum at z). We have

reached a contradiction. Hence E =L /N Q, and u is linear on LN Q.
From Theorem 1 and the preceding discussion, we see that either

(i) the Hessian of u is positive definite in 0, or
(ii) through each point in Q there is at least one line on which u is linear.

Moreover, from Theorem 2 we see that if 1/f(-, Vu) is strictly convex in £2, then
case (ii) may be improved to

(iii) wu is constant in at least one direction.

We now show there are functions which satisfy (ii) but not (iii). We construct
inR? a solution u of (1.1), with. f(#) = —1/u, which is convex in a suitable domain
and whose graph is part of a cone. To do so, we use polar coordinates and write
u(r, 6) = rg(6). If

Au=u, + rtu + r2uyy=—1/u,
then
gOr + g"O)/r = —1/(rg(®)),
which simplifies to

(52 g'0) = [-1—g*®)s®.

Now it is easy to see that (5.1) can be solved locally with, say, initial conditions
g0) = —go<<0, g(0)=0. Aslong as g< 0, we see that g’’ > 0. It can be
shown from this inequality that ¥ = rg() is a convex function in a suitable domain.
Clearly u is linear on rays through the origin.

If 1/f(-, Vu) is strictly convex at some point in £, then from the proof of
Theorem 2 it follows that u is constant along an entire line in 2. In applications
this possibility can often be eliminated. In these cases, if (1.2) holds and « is not
strictly convex, it must be the case that (1/f), =0 in 2. Thus

1
m = uA(Vu) + B(Vu).
In a future paper we hope to characterize those values of 4 and B for which

the lines in (ii) intersect in a cone. In R2 we believe that a necessary and sufficient
condition for this to happen is that B be a constant multiple of 4.
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Remark 2. We conjecture that Theorem 1 remains valid when (1.1) is replaced
by (1.3). The conjecture is true in R?, as can be deduced from the proofs in [2]
or in this paper.

There are also sharp results when fis allowed to have a suitable x dependence,
just as KENNINGTON’s method works for f= f(x, u, Vu) when 1/f(-, -, Vu) is a
convex function of (x, u) for fixed Vu. For example, Theorem 1 generalizes to

Theorem 1. Let the hypotheses of Theorem 1 hold, except that now f= f(x,u,Vu)
and 1/f is a convex function of (x,u) for fixed Vu. Then H has constant rank
in 2.

The proof is essentially unchanged. Indeed, the proof in Section 3 showed,
without considering any dependence on f, that

A¢$Qz(fii"2fi2/f)=szz (l/f)ii-

i€B i€B
Using the explicit dependence of f, it is easily checked that A¢ < 0.
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