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1 Introduction

Well established theories in the Calculus of Variations and in Partial Differential Equations have been
challenged in recent years by new phenomena, in solid physics and in materials sciences which demand
innovative approaches and new ideas. In this paper we address the study of the Jacobian determinant
det Du of fields u : Q — R" outside the traditional regularity space Wi (Q; R").

The primary motivation that led to this subject is threefold:

— applications of high-temperature superconducting magnetic materials have had a tremendous
impact in the development of a whole mathematical theory based on Ginzburg-Landau model, and
where vorticity plays a very important role (see [15]). As pointed out by Jerrard and Soner in [40],
the formation of vortices is accompanied by highly localized defectiveness at points or along rays, and
the ability to extend and interpret the mechanism of change of volume dictated by the Jacobian to
the range p € (n — 1,n) may shed some light into this theory;

— the formation of (radially symmetric) holes in rubber-like (nonlinear) elastic materials is studied
in the theory of cavitation, and its advance is heavily hinged on the characterization of the distribu-
tional Jacobian determinant (see (1); see also (39) below) for certain ranges of p < n. This issue has
attracted the attention of several mathematical researchers for the past twenty years, and although
some progress has been made, pioneered by John Ball [4], [5], and followed by James and Spector [39],
Miiller and Spector [53], Sivaloganathan [57], by Marcellini [46], using an alternative (and closer to the
point of view of the present paper) approach, and many others, we believe that we have only scratched
the surface of a very rich field in the Calculus of Variations virtually unexplored until recently;

— the relevance of the distributional Jacobian determinant in the study of harmonic mappings with
singularities (see [9]), and in the study of density results of smooth functions in H'(B(0,1); 5?), where
B(0,1) C R3. Bethuel [6] showed that this density result holds for v € H'(B(0,1); S?) if det Du = 0.

To fix the notations, we consider a vector-valued map u : 2 C R® — R”, defined on an open set 2

of R*, for some n > 2. We denote by Du = Du (z) the gradient of u at = = (z1,z2,... ,2,) € Q, ie.,
the n X n matrix (Jacobian matriz) of the partial derivatives of u = (ul, u?, ... ,u”) and by
0 (u',u?,... ,u"
det Du (z) := ( )
8(331,11,‘2,. .. ,:I:n)

its determinant (Jacobian determinant).
If u € WH (Q;R™), since |det Du ()| < n~"/?|Du (x)|", then the Jacobian determinant det Du
is a function of class L' (Q;R?). In this case the set function

ECQ— m(E) ::/detDu(a:) dx
E

is a measure in 2, whose total variation |m| in €2 is given by

im] () ::/Q|detDu(x)| ds.

When u ¢ WL (; R?) it may still be possible to consider the distributional Jacobian determinant

n

Det Du = 3 (~1)i+! KA (u1 0 (u?,...,u") ) "

im1 8.TZ 8(.’1)1,... sy Lj—1yLjt1ye-- ,JIn)

(or any other permutation in the set {ul,uQ,... ,u"}, with the sign of the permutation), which

coincides almost everywhere with the pointwise Jacobian determinant det Du if u € W™ (Q; R?), but
which may be different otherwise. The definition of the distributional Jacobian determinant Det Du
is based on integration by parts of the formal expression in (1), after multiplication by a test function.



To render the definition mathematically precise it is then necessary to make some assumptions on wu.
We may assume that u! (or, for symmetry reasons, also the full vector ) is bounded and the gradient
Du is of class L™~ ! (or, more generally, the (n — 1) x n matrix (DuQ, ... ,Du") is of class L"), i.e.,
u € L® (Q;R?) N W1 (Q; R™). Another possibility is to require that u € WP (Q; R?) for some
p > n?/(n+1) (the strict inequality is useful for compactness reasons); in fact, in this case by the
Sobolev Imbedding Theorem u € L™ (Q; R") and the products in (1) are well defined in L' because
1/n? 4+ (n—1)-(n+1)/n? = 1. Local summability assumptions are also allowed. In this paper we
assume that v € L (;R*) N WP (Q; R") for some p > n — 1.

Since the fundamental work of Morrey [48], who treated weak continuity properties of Det Du
in (1) (see also Reshetnyak [56]), Det Du has played a pivotal role in the calculus of variations, in
addition to its well established one in geometry. Ball pointed out in [4] some relevant applications of
the Jacobian determinant to nonlinear elasticity, and sharp weak continuity properties of the Jacobian
has been investigated in a series of papers by Miiller, starting with [49]. More detailed description of
the state of the art in this subject may be found in Section 4.

In recent years, several attempts have been made to establish relations between the distribution
Det Du and the “total variation” of the Jacobian determinant det Du (z). One possible definition is
based on the following limit formula. Given u € L, (€;R?) N WP (Q; R*) for some p > n — 1, the

loc

total variation TV (u, Q) of the Jacobian determinant is defined by

TV (u,) = inf {lim inf [ |det Dup (z)| dz : (2)
h—+oc0 0

up, — u weakly in WP (Q;R?), uj, € WhH" (Q;R")}.

Note that, a priori, definition (2) may depend on p and, more precisely, we should use the notation
TV, (u,9) instead of TV (u,(2). However, the representation formulas for TV (u,{2) given in this
paper turn out to be independent of p, and, surprisingly, it can be shown that, for certain classes of
functions u, weak convergence in WP (Q; R") may be equivalently replaced by strong convergence
(see (26)). Similar definitions may be proposed under other summability assumptions on w.

This approach has been considered by Marcellini [45], Giaquinta, Modica and Soucek [35], [36],
Fonseca and Marcellini [27], Bouchitté, Fonseca and Maly [8]. In particular, Marcellini [45] and
Fonseca and Marcellini [27] noticed that the total variation of the Jacobian determinant may have
a nonzero singular part, while Bouchitté, Fonseca and Maly [8] proved that this singular part is a
measure. Giaquinta, Modica and Souéek [35], [36] found that the lower limit in (2) can be different
from the total variation of the measure Det Du. More comments and references are given in Section
4.

Notice that it has been first noted by Maly [41] and by Giaquinta, Modica and Soucek [35] (see
also Jerrard and Soner [40]) that, for some maps u € L (;R*) N WLP (O R*) with p € (n — 1,n),
it may happen that the distribution Det Du is identically equal to zero while the total variation of
the Jacobian determinant is different from zero. Also, when Det Du is a measure, it turns out that,
in general, the total variation of the Jacobian determinant det Du (z) is not the total variation of
the measure Det Du. Some precise (from a quantitative point of view) examples illustrating this
phenomenon are proposed in Section 10. In Section 9 we compute the total variation of a class of
singular maps u : 2 — S™~! C R", playing a central role in the analysis of Jerrard and Soner [40],
defined by

~fw(@) —w () )

where w : 0 — R" is a locally Lipschitz-continuous map, classically differentiable at £ = 0 and such
that det Dw (0) # 0. We find that the total variation of the Jacobian determinant of u in © (an open
set of R” containing the origin) is equal to the measure wy, of the unit ball.



The aim of this paper is to give an explicit characterization of the total variation TV (u, ) of
the Jacobian determinant det Du (z), defined in (2), for some classes of functions u € L{ (Q;R™) N
WP (Q;R*) with p > n — 1, in particular for those u locally Lipschitz-continuous away from a given
point zy € Q (and thus with the Jacobian determinant det Du possibly singular only at zg).

Statements of the main results are given in the following Section 2. In Section 3 we relate the
notion of total variation of the Jacobian determinant to the topological degree. A relevant geometrical
interpretation is given by Corollary 16 of Section 3. In particular, denoting by B; the unit ball of
R™ and by S"~! := 0B, its boundary, we prove that, if v : S"~! — S"~! is a map of class C'! onto
S 1 locally invertible with local inverse of class C! at any point of S™ !, and if u : B;\ {0} — S !
is defined by u (z) := v (é—|), then the total variation TV (u, By) of the Jacobian determinant of u

may be expressed in terms of the topological degree of the maps v and v, where v : By — Bj is any
Lipschitz-continuous extension of v to the unit ball By. Precisely,

TV (u, B1) = wy, |degv| = wy, [deg ] . 4)

Note that formula (4) does not hold, in general, if the map v : S"~! — R" takes values on a set
v (8"7!) not diffeomorphic to S ! (see Theorem 4 and the examples of Section 10).

Section 4 is dedicated to explaining how the study of the total variation TV (u, Q) fits squarely
within the framework of relazation problems with nonstandard growth conditions. In Section 5 we
present a thorough study of the 2—d case, which plays a very special role. In fact, in two dimensions
we are able to perform a deeper analysis and to find more general assumptions which allow us to
characterize fully the total variation T'V (u,(2). In particular, it is possible to identify T'V (u,2) of
maps u : By C R? — T, with values on a set I' which is the boundary of a simply connected domain
D C R?, starshaped with respect to a point ¢ in the interior of D (for example, when I' = S is the
boundary of the unit ball B1). We emphasize Lemma 23, which we call “the umbrella lemma”, and
which plays a crucial role in our argument, as explained in Section 5.

In Section 7 we move on to the general n—dimensional framework, and in Section 8 we apply
the results thus obtained to the study of relaxation of polyconver functionals. Indeed, we provide an
explicit representation formula for the related energy associated to the polyconvex integral functional

F(u,Q) = /Q g (M (Du)) dz, (5)

where g : RN — [0, +00) is a convez function, M (Du) is the map with values in RN, N = 2?21 (’;.)2,
defined by

M (Du) := (Du,adjsDu,. .. ,adj,—1Du,det Du) ,

and where adjjDu denotes, for every j = 2,... ,n — 1, the matrix of all minors j x j of Du.

Finally, in Section 9 we study in detail TV (u, ) when u is as in (3). Additional 2—dimensional and
3—dimensional examples are proposed in Section 10. The special, but representative, case analyzed in
Section 6 concerns maps u : B; C R2 = v =yt U~~, were v is the “eight” curve, i.e., the union of the
two tangent circles 4= = {(.771,.’132) ER: (2 F1)? + (22)° = 1} in R?. In particular, we show (see
Theorem 4 and Section 10) that in general formula (4), which relates the total variation T'V (u, (2)
of the Jacobian determinant with the topological degree, does not hold if the map u : By C R? — v
takes values on the “eight” curve .

2 Statement of the main results

In this section we state several representation formulas for the total variation TV (u, ) of the Jacobian
determinant, defined in (2). We consider first the 2—d case in detail, and in the second part of this
section we describe the general n—dimensional case.
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The reason why we focus specifically on the case n = 2 is twofold: the assumptions needed are
more general than in the case n > 2; we believe that it is easier to follow the main ideas of this paper,
by dissociating the technical aspects from the methods.

In order to fix the notations, here we consider zo = 0 and © C R? is an open set containing the
origin. With an obvious abuse of notation, we write u () = u (z1, z2) = u (0,9), where (p,?9), 0 > 0,
0 < 9 < 27, are the polar coordinates in R?. We also denote by D,u the tangential derivative of u (in
the 7 = (—sin®, cos 9) direction), which is related to the (vector-valued) derivative uy by the formula

9, psind
Uy =: Ou (gcosaﬁ, osinv) = 0[—Ug, sin9 + ugy, cos 9] = pD,u.

We denote by v : [0,27] — I' C R? a Lipschitz-continuous map, with v (0) = v (27), with compo-
nents v (¥) = (vt (9),v? (9)), and with values on a curve I' D v ([0,2n]). We assume that I' can be
parametrized in the following way

I'={¢+7 (V) (cosd,sind) : 9 € [0,27]}, (6)

where r (99) is a piecewise C'-function such that r (0) = r (27), and r (9) > rq for every 9 € [0, 27]
and for some ¢ > 0. Condition (6) reduces to saying that I' is the boundary of a domain

D :={¢{+ o(cos¥,sind): ¥ €[0,2n], 0<p <7 (9}, (7)
starshaped with respect to a point £ in the interior of D. In Section 5 we prove the following result.

Theorem 1 (General result in 2—d) Let u be a function of class WP (€ ]RQ)ﬂWi):O (2\{0};R?)

for some p € (1,2). Letv:[0,2n] - T, v(d) = (v1 (9) ,v? (19)), 9 € [0,27], be a Lipschitz-continuous
map, with v (0) = v (2r) and T' as in (6), and such that

21_13% lu(2,) = ()| oo (o,2m);m2) = O- @®

If the tangential derivative D u of u satisfies the bound

1 1 ] 2T
sup —— D ulP dx = sup —— 1_pah"/ ug (r,9)|P d¥ < M, 9
wp s [, 1Dl ds = sy | [ o 0,9 ; )

for a positive constant My, then the total variation of u is given by

2T
TV(u,Q):/Q|detDu(x)|dx+%‘ B0 - o) a).

Note that, by (8), there exists 7 > 0 such that B, C  and u € L™ (B,;R?). Therefore in the
statement of Theorem 1 we have in fact u € L2 (5 R2) nWhH? (Q;R?) N Wb (2\ {0} ; R?) for some

loc loc
€ (1,2). Moreover, the assumption of Lipschitz-continuous of v can be replaced by the weaker

assumption that v € WP ((0, 2m) ;R2); however we shall not discuss this latter case in details.

Consider the particular case in which the map u = u (g,1) does not depend on p, that is u = u ().
Then, as a function of 9, u = u (9) : [0,27] — R? is a Lipschitz-continuous map and u (0) = u (27).
Considered as a function of two variables, i.e., u : Q = B; — R? constant with respect to o € (0,1],
it turns out that u € L*® ({4 R?) N WP (Q ]RQ) N Wlifo (92\ {0} ; R?) for every p € [1,2), but u ¢
W2 (Q;R?) unless u (9) is constant.

From the previous result, with u = v, we immediately obtain the following consequence.



Corollary 2 (Radially independent maps in 2—d) LetT be as in (6), and let w =v : [0,2x] —» T
be a Lipschitz-continuous map such that v (0) = v (21). Then det Du (z) = 0 for almost every x € R?
and the total variation of the Jacobian determinant is given by

TV (u,Q) = L

[ @03 @) - o 0o 9)) o] (10)

0

We observe that formula (10) has a relevant geometrical meaning; in fact the right hand side
represents the “winding number” of the curve v = (1)1,1)2). See Section 3 for a further discussion on
the geometric interpretation of (10).

With the aim to compare the previous result with the n—dimensional results given below, we
present the following equivalent formulation of Corollary 2.

Corollary 3 (Analytic interpretation in 2—d) Let I' be as in (6), and let v : [0,27] — T be a
Lipschitz-continuous map such that v (0) = v (27). Then the total variation TV (u,Q) is given by

TV (u,Q) = : (11)

/ det Du (z) dx
By

where U : By — R? is any Lipschitz-continuous extension of v to Bj.

Note the surprising fact that the integral in the right hand side of (11) (and in (10) as well) appears
with the absolute value outside the integral sign, and not inside!

Another relevant 2—dimensional result is related to the “eight” curve in R?, i.e., to the union 7
of the two circles v, , of radius 1 with centers at (1,0) and at (—1,0) respectively. Some explicit
examples related to the “eight” curve are given in Section 10. Below we present two estimates, an
upper bound and a lower bound, which will allow us to study the examples in Section 10. However,
we stress the fact that some cases related to the “eight” curve remain unsolved (see Remark 5 below).
The following Theorem is proved in Section 6.

Theorem 4 (The “eight” curve) Let v =" Uy~ C R? be the union of the two circles of radius
1 with centers at (1,0) and at (—1,0). Let v : [0,2w] — v be a Lipschitz-continuous curve, with
parametric representation v (9) = (v' (9),v% (9)), 9 € [0, 2], such that v (0) = v (2m). Let (Z3) jen be
a sequence of disjoint open intervals (possibly empty) of [0,27] such that the image v (I;) is contained
either inyT orin =, and v (9) = (0,0) when 9 ¢ UjenI;. Then, with u(z) := v (z/|z]), the following
upper estimate holds

TV (u, By) < % > : (12)

{0 @003 (0) —o? (0) v} (9)} a0
jEN

J

For the lower estimate, we denote by I]?L, with the + sign, any previous interval I such that v (I;) C v,
and by I, any previous interval Iy, such that v (Iy) C v~. Then we also have

1
TV (u,By) > 2 Z/ﬁ {v'vj —v?vy} d¥| + (13)

JEN 4

Z/I {vlv§ - 1)211,19} dd

kENY "k




Remark 5 If the curve v : [0,2n] — v = T U~y admits only two intervals I1+ and I, where
respectively v (If') cyt,w (I{) C v~, then the above estimates for TV (u,B1) are in fact equalities.
The same happens if the intervals are three, say I, Iy and I;; in fact this case can be reduced to the
previous one by periodicity. If the intervals are four, say I, I, I; and I, , then we may have a gap
between the lower bound and the upper bound stated in Theorem 4, unless the integral of vlv?} — ’1)21)119
has the same sign, respectively in I1+, Ig“ and in I, , I, . These considerations are utilized to study

some of the examples of Section 10.

Moving to the n—dimensional case, we first establish by Theorem 6 a general inequality between
the total variation of the distributional determinant Det Du (see (1)), that we denote by | Det Dul(€2),
and the total variation TV (u, ) if the Jacobian, defined in (2). Note that, in the first half of the
statement of the next theorem, we do not assume that u € WI})’COO (2\ {0} ;R™), while in the second
half, we require that u € W'li)’cn (Q\ {0} ;R™).
Theorem 6 (Comparison between |Det Du|(Q2) and TV (u,)) Letp > n—1 and letu € L™ (Q; R")N
WP (Q;RY). If TV (u,Q) < +oo, then TV (u,-) and Det Du are finite Radon measures, det Du €
L' (Q), and

TV (u, A) = /A \det Du ()] dz + s (A) | (14)

Det Du (A) = / det Du (z) dz + 15 (A) , (15)
A

for every open set A C Q, where A, s, are finite Radon measures, singular with respect to the
Lebesgue measure L™, and |ps| < A, i.e., for every open set A C Q,

| Det Dul (A) < TV (u, A) . (16)

If, in addition, u € WI})’Cn (Q\ {0} ; R™), then A\s = Ao, ps = pdo, for some constants A > 0, y € R,
with || < A, where &y is the Dirac mass at the origin.

The proof of Theorem 6 is presented at the end of Section 4. We note that one of the main
contributions of this paper is the identification of the defect constants A > 0, u € R. However, the
arguments used in this work are self contained and independent of the tools and thecniques needed to
establish Theorem 6.

Let us denote by B, the ball in R, n > 2, with center in 0 and radius r > 0. In particular, B is
the ball of radius 7 = 1 and 0B; = S™! is its boundary.

We call the attention of the reader to the fact that, in dealing with the general n—dimensional
case, we denote by v a map from S"! into R", while in 2—d v = v () does not denote a map from
St into R?, but instead a periodic function from [0,27] into R?. Therefore, if ¥ is the corresponding
map from S! into R?, then we have v () = v (cos 9, sin ).

Let wy € S™! be fixed. For every j € {1,2,... ,n— 1} let 7 : S""'\ {wy} — OBy by a vector field
of class C! such that, for every z € S" !\ {wp}, the set of vectors {1 (w), 7 (w),... ,7Tn—1 (w)} is an
orthonormal basis for the tangent plane to the surface B; at the point w.

The following theorem provides a general representation formula for the total variation of the
distributional determinant |Det Du| (©2). Note that, under the assumption u € WI})’COO (Q\ {0} ; R™), by
formula (19) we give a representation of the total variation of the singular measure pgs in (14).



Theorem 7 (Total variation of the distributional determinant) Let n > 2 and let Q be an
open set containing the origin. Let u € WP (Q;R*) N Wli’coo (Q\ {0} ;R™) for some p € (n—1,n).
Letv:0B; = S" ! >R, v € Wh™® (S"_l;]R"), v = (01,112, e ,v”), be a Lipschitz-continuous map

such that

lim max {|u (ow) — v (w)| : we S" '} =0. (17)

0—0t

Let us assume that

sup

D,ul? dz < My 18
Q>OQRP/BQ|T| (18)

for a positive constant My. If det Du € L' (Q) then Det Du is a Radon measure and its the total
variation |Det Du| is given by

Det Dul () = /Q \det Du ()| do (19)

(9(@1,... Jot L it ,U")

3 — H'lfui w . w n—1
/BBIZ.E_;( 1) ( ) 6(7'1,7'2,...,7'”,1) ( )dH

1
+—
n

Moreover, if we denote by w : By — R"™ any Lipschitz-continuous extension of v to By, then

IDet Dul (Q) = /Q \det Du (z)| do + (20)

/ det Du (z) dx| .
B

By assumption (17) there exists 7 > 0 such that u € L* (B,;R?). Thus, in the statement of
Theorem 7 (and in Theorem 10 below), we actually have that u is a function of class L%, (Q; R™) N
WP (Q;R") 0 W,5%° (Q\ {0} ;R") for some p € (n — 1,n).

Remark 8 A simple calculation shows that in 2—d the last term on the right hand side of (19) reduces
to

1

27
S| 0 @) ) v @) vh 9)} av)

0

where v : [0,27] — R? is the asymptotic limit map in (8). Indeed, denoting by v : S' — R? the map
related to v through the condition v (9¥) := v (cos ¥, sind), we have
dvt 0% o’
oY —sind
dd 8:1:1 ( St ) + (9.’132

cos?, 1=1,2,

and, since the unit tangent vector 7 : [0,27] — 0B1 can be represented by 7 (0) = (—sind, cos ), we
obtain

dv’ _ oot

@~ o ThE

With the notation w = (x—l, m—Q) = (cos¥,sin®¥) € OB = S', we finally have

|z |z

o% {v" (9)v5 (9) —v® (9) vy (9)} d9 = /0% {51%—6: - 52?9_6:} &

8



) dv’
/ D7 () 2 () dH?
6B1 i 1 dr
Therefore (19) in 2—d becomes
|Det Dul| (2 / |det Du (z)| dz + — ‘/ {v'v} — vy} dd|,
and the conclusion of Theorem 1 now can be restated in the form

TV (u,) = |Det Du| (2) .

Remark 9 In the case of the “eight” curve studied by Theorem 4, with v : [0,27] — v =T Uy~ C R?
and u (z) = v (z/|z|), we have

V(uBl)Z% Z/ {v'vj — v?vy} d9| +

jEN

Z/ {0103 — v?ud} df

keN

{v" (9) v (9) — v* (9) vy (9)} dﬁ‘ = |Det Du| (By) . (21)
0
Therefore, as in the general case (see Theorem 6 and (16) in particular), TV (u, B1) > |Det Du| (By).

Moreover, in view of the inequalities in (21), we can easily find an example such that the strict
inequality TV (u, B1) > |Det Du| (B1) holds. See Section 10.

Next we state the main result for the n—d case, analogous to Theorem 1. The proof of the theorem
may be found in Section 7.

Theorem 10 (General result in n—d) Let n > 2 and let Q be an open set containing the origin.
Let u € WY (Q;R?) N VVlé’Coo (Q\{0};R") for some p € (n—1,n) and let v € Wh™ ($""L;R")
satisfying (17) and (18). If det Du ¢ L' (Q) then TV (u,Q) = +oo. If det Du € L' (Q), then the total
variation of the distributional determinant |Det Dul| () is given by (19) and TV (u,2) > |Det Du| (£2).
Moreover, if the quantity

n ) 0 1“. i—1 z'—l—l'” n
3yt A V) (22
im1 8(7'1,7'2,... ,’Tnfl)
has constant sign H" ' —almost everywhere on 0By, then
TV (u,Q) = |Det Du| () . (23)

In Section 9 we apply Theorem 10 to calculate explicitly the total variation of the singular map
u: Q\{0} - R, u(z) = %, where w is a map differentiable at z = 0, with det Dw (0) # 0,
to obtain TV (u,Q) = |Bi| = wy,.

Remark 11 We conjecture that formula (23) holds independently of the sign condition (22) for a
certain of subclass of mappings u with asymptotic limit v at x = 0, in particular if v : S* 1 — R®
takes values in S"~1. Theorem 1 above asserts that this conjecture is true in the 2—dimensional case,
and when v (Sl) is the set ' in (6), boundary of a starshaped set. With the Ezample 48 we propose a
3—d case where the conjecture is also true. However, if v (S”_l) is not diffeomorphic to S, as in
the case of the “eight” curve considered in Theorem 4 (see also the examples of Section 10), then the
representation formula for TV (v, B1) should take into account the topology of v (S”fl).
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As further applications of Theorem 10, now we consider radially independent maps u : Q@ — R”,
defined through a Lipschitz-continuous map v : S*~! — R” by the position

u(z) =v (i> . VzeB\{0}.

|z]

Clearly u € WP (Q; R™) N W2 (Q\ {0} ; R*) for every p € [1,n), but u ¢ W™ (Q; R") unless v is a

loc
constant function. We obtain immediately from Theorem 10 the following result.

Corollary 12 (Radially independent maps) Let v : B; = S" ! — R*, v = (v!,v?,...,v"),
be a Lipschitz-continuous map. For every open set 0 containing the origin we consider the map
u:Q — R defined by u (z) := v (z/|z|) for x € Q\{0}. For every p € (n — 1,n) the total variation
of the Jacobian of u is given by

1 i—1 i+l
8(1}, B R T

n . Z'_l_lvz' w P
/a Z( 1 () 0 (71,72,..

B1 i1

TV (u,Q) = % ") (w) dH" ], (24)

5 Tn—1)

provided the quantity (22) has constant sign H™ ' —almost everywhere on 0B .

The following result is similarly to Corollary 3, valid in the 2—d case.

Corollary 13 (Analytic interpretation in n—d) Let v : S"~! — R™ be a Lipschitz-continuous
map, let ) be an open set containing the origin, and let u : Q@ — R™ be defined by u (z) := v (x/ |z|) for
z € Q\ {0}. Denote by u: By — R" the Lipschitz-continuous extension of v to By given by u (0) =0
and

u(z) = ‘:L‘|U<|f;—|>, Vz e B1\{0}.
If the Jacobian det D% (z) has constant sign H" ' —almost everywhere on By, then
TV (u,Q) =

det Du (z) dx| . (25)

By

Remark 14 Let us assume that v : S*~' — S™ 1 is a map of class C* onto S™ ', locally invertible
with C' local inverse at any point of S*~ 1. If u is defined as before by u(x) = |z| - v (z/|z]), then
also u : By — By is a map of class C' and it is locally invertible with C1 local inverse at any
point of B1\{0}. Then the assumption of Corollary 13 is satisfied. Indeed, det Du (x) # 0 for every
x € B1\ {0} and, by continuity, det Du (x) has constant sign in B\ {0}. We also notice that, by (101)
of Lemma 89, when n (t) =t we have

det D (z) = zn:(_l)m,ui (£> 9 (vl,... ,vi—l,vi+1,_,j o™ (m ) |

i—1 |.T‘ 8(7‘1,’7’2,... sy Tn—1 m

therefore the sign assumption in Corollary 13 is equivalent to the sign assumption of Theorem 10.

A final remark about the definition (2) of the total variation TV (u,$2) of the Jacobian determinant
det Du (z). As before, consider u € L™ (Q;R*) N WP (Q; R") for some p > n — 1. The definition in
(2) of TV (u,Q) is based on the convergence of a generic sequence {up},cy C WH" (€ R") to u in

10



the weak topology of WP (€;R"). Instead, we could consider the strong norm topology and give the
following definition of TV? (u,):

TV? (u,Q) = inf {lim inf / |det Dup, (z)| dz : (26)
h—+oo Jq
up, — u strongly in W (Q;R™), up € WH™ (Q;R™)}.
Clearly we have
TV (u,Q) <TV® (u,9), Yue L™ (LR NWLP (Q;R") . (27)

However it is interesting, and somewhat surprising, to observe that Theorems 1, 4 and 10 (as well
as Corollaries 2 and 12) still hold if we replace TV (u,) by TV*® (u,). In particular, under the
assumptions of Theorems 1 and 10 we have indeed

TV (u, Q) =TV? (u, Q) , (28)

for every open set Q C R?, and for every u € L™ (Q; R*) N WP (Q;R?) with p > n — 1.

3 Geometrical interpretation

In this section we give a geometrical interpretation of the results stated in Section 2, by means of the
notion of topological degree of maps between manifolds.

We recall that if w : Q@ — R" is a Lipschitz-continuous map, then the topological degree of the map
w at a point y € R is

deg (w,Q,y) := Z sign (det Dw (z)) ,
z€w =1 (y)NA(w)

where A (w) = {z € Q: w is differentiable at z}. The degree of the map w in the set €2, denoted by
degw, is

1
degw := 7/ sign (det Dw (z)) dy, (29)
|U] (Q)| w(§2) me—l(%ﬂA(w)
1 / .
= sign (det Dw (x)) d
0@ ooy D sign( (z)) dy

zew!(y)

(above we used the fact that, since w is a Lipschitz-continuous map, then the measure of the sets
O\ A (w) and of its image w (2\A (w)) are equal to zero). See the books by Giaquinta, Modica and
Soucek [36] and by Fonseca and Gangbo [24] for more details.

It is well known that

/ det Dw (z) dz :/ deg (w,Q,y) dy,

and thus

1
|w ()]

degw = / det Dw (z) dx . (30)
Q

11



Using of the symbol # to denote the cardinality of the set, we have
/|detDw(ac)|dac=/ #{zeQ:w(z) =y} dy. (31)
Q w(Q)

For our purposes it is also useful to recall the definition of degree of a map v : S*~' — §™~1 v onto
S"~1. To this aim let us denote by T,, the tangential plane to S” ! at the point w € S L. If v is
Lipschitz-continuous, then for H" '—a.e. w € S"~! the differential dv,, : T, — Ty(w) exists. Similarly
to the Euclidian case (29), the degree of v is defined by (see Chapter 5 of the book by Milnor [47])

1
degv = — / Z sign (det dv,,) dHZ—L_l ) (32)
'n/wn Sn—1 wE’u_l(o')

where, with an obvious abuse of notation, we denote by dv,, also the (n — 1) x (n — 1) matrix repre-
senting the differential with respect to two fixed bases in T;, and T,(,,). Using again the area formula
for maps between manifolds, as in (30) we get

degv =

det dv, dH" *. 33

nwy, /Sn1 e O lw (33)
Fix wy € 0B; and denote by 7j : S" '\ {wo} — R, for j € {1,2,... ,n — 1}, a vector field of class C"
such that, for every z € "1\ {wo}, the set of vectors {1 (z),72 () ,--. ,7Tn—1 (z)} is an orthonormal

basis for the tangent plane to the surface S~ ! at the point z. The following representation formula
(34) for degv holds.

Theorem 15 Let v: S™ ' — S™ ! be a Lipschitz-continuous map onto S* 1. Then, for H" ' —a.e.
w € 8" L we have

n 1 i—1 ,a+1 n
o (vt ... v ot L™

det d — 1 i+1 3
e A Z:ZI( )7 () O (11,725« yTn-1)

(w) - (34)

Theorem 15 is proved below in this section. We deduce from Theorem 15 and Corollary 12 the
following consequence.

Corollary 16 (Geometric interpretation) Let v : S ! — S" ! be a map of class C' and onto,
and let u : B\ {0} = S™7! be defined by u (x) := v (z/|z|). If dv,, is not singular at any w € S~ 1,
i.e., if v is locally invertible with C' local inverse at any point of S, then

TV (u, B1) = wy, |[degv| = wy, |deg | , (35)

where ¥ : By — R" is any Lipschitz-continuous extension of v to Bj.

Remark 17 In two dimensions the total variation TV (u, B1) can be expressed in terms of the degree
as in (85) under the sole assumption that v maps S' into a simple curve enclosing a starshaped domain
(see Corollary 2). However, as shown in Section 10, this is not true anymore if v maps S into a
non-simple curve, such as the “eight” curve.

Proof of Theorem 15. Fix w € S"~! and denote by {71,72,... ,7Tn_1}, {01,092, ,04_1}, two

orthonormal bases for the tangent planes to T, and T, respectively. With respect to these two
bases the linear map dv,, : T, — Ty,) is represented by the (n — 1) x (n — 1) matrix with coefficients

(@)= (1o @)

12



Therefore the matrix dv,, is the product of A and B, where A is the (n — 1) X n matrix whose rows

are g—;’i and B is the n x (n — 1) matrix whose columns are ¢;. By (iii) of Lemma 41 we have

n
detdv, = Y _det X ; (A) - det X; (B) ,
i=1

where

9 (vhy... vttt o)

and in view of (114)

det X;, (B) = (-1 v (v (w)) ,
where v; (v (w)) is the i-th component of the outward unit normal "~ ! at v (w), i.e., v; (v (w)) = v* (w).
This concludes the proof of (34). m

Proof of Corollary 16. From the previous theorem we deduce that, if dv,, is not singular at
w € S" ! then detdv, # 0. Therefore, the right hand side of (34) is different from zero and has
constant sign, since by assumption the map v is of class C'. The first equality in (35) follows from
Theorem 15 and (24). The second equality is consequence of (25) and of (30). m

We conclude by giving a geometrical interpretation of some of the estimates given in this paper.
In the following statement we use again of the symbol # to denote the cardinality of a set.

Theorem 18 Let v : S" ' — S"! be a Lipschitz-continuous map and let u : B1\ {0} — S™ 1 be
defined by u (z) := v (z/ |z|). The total variation TV (u,B1) of the Jacobian of u can be estimated by

TV (u, B1) > wy |deg| (36)

TV (u,By) < 1 / #{zeS" " v(z)=w}dH". (37)
n JoB;

Proof. Inequality (36) follows from inequality T'V (u, B1) > |Det Du|(B1), equality (19) of The-
orem 7 on the representation of |Det Dul| (Bj), and formula (34) of Theorem 15.

To prove (37), we apply the estimate (108) and formula (31). Precisely, we denote by v : B; — R”
the extension of v defined by v (0) = 0 and

v(x) = |z| v (li—l) , Vz € B\ {0}.
Let o, — 0" and define

up, () = é%’(x), if @ € By,
h (2) —{ w(z) :==v(z/|z|), if z € B1\B,y,

Clearly up — u in WP (;R") and, by (31),

1
det D—7 (z)
©h

TV (u,Bp) < lim inf/ |det Dup, (z)| dz = lim inf/ dx
B B

h—+00 h—+00

:/ |detm(x)|dx:/ #{z € By :7(z) =y} dy,
By

v(B1)

13



and, since v (B;) C By,

TV (u,By) < /

B

#{xES"I:U(w):—y}dy

! 1
_ n—1 n—1 . _ n—1_ ~ n—1 ., — n—1 .
_/OQ dg/aBl#{:L‘ES v (z) =w} dH] _n/aBl#{xES v (z) =w} dH]

4 Det Du versus det Du

In this section we give a brief overview of relations between Det Du, det Du and T'V (u,2). We recall
that the Jacobian det Du is given by

8(u1,u2,..

8(561,.’132,.. , X

det Du (z) := Z 9 adJ Du)t, (38)

where adj Du stands for the adjugate of Du, i.e., the transpose of the matrix of cofactors of Du. It is
clear that when u € W,"™ (Q; R") then det Du € Lloc (©). However, it is well known that, within some

loc
ranges of lower regularity for u, it is still possible to introduce a new concept of determinant which
agrees with det Du when u € VVﬁ)C" (Q;R™).
Consider the distributional Jacobian determinant, which, as usual, is denoted by Det Du capital-

ized, and is given by
n

im1 y Li—1y Lit1y- - - Zq

Note that Det Du is a distribution when v € WiP (Q;R"), adj Du € LI(Q; R**"), with 1/p+ 1/q <
1+ 1/n (in particular, when u € Wl’p (Q; R") for some p > n?/(n + 1)), or when u € L2 (;R*) N
WI})C" L R™) (actually, it suffices to require that u' € LS (;R"), and that the vector field of
derivatives (Du2, Du?,...,Du" ) € L’f)cl (Q, R("— 1)X")). In the latter case, it is clear that the products
in (39) are in L], .(Q2). Also, if u € WP (Q;R") and adj Du € LI(Q; R™*") with 1/p+1/g <1+ 1/n,
then this integrability property still holds by virtue of Holder’s inequality together with the fact that
1/g+1/(p*) <1 and, due to the Sobolev Embedding Theorem, u € L (Q;R").

For smooth functions the Jacobian determinant det Du (x) and the distributional Jacobian deter-
minant Det Du coincide. In fact, if u € W1 (Q; R") then using the fact that the adjugate is divergence
free, it is easy to see that (38) reduces to (39). Also, Miiller, Tang and Yan proved in [54] that if
u € WL (Q; R") and if adj Du € L™ (=D (Q; R"*") then Det Du = det Du and it belongs to L*(Q).
This relation may fail if u is not sufficiently regular. As an example, consider (see [36])

loc

u(x)::“a”—l—lx|"i, Q:= By,

||

where B, as in the previous sections, stands for the open ball in R™ centered at zero and with radius
one. Then u € WHP(By;R™) for all p < n, det Du = 1 a.e. in By, but

Det Du = L"| By + wy a” do,

where L™ denotes the Lebesgue measure in R” and w,, is the volume of the unit ball By. Similarly, as
shown in [27], if u(z) := z/|z| then det Du = 0 a.e. in B and Det Du = wy, dy.
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These examples suggest that, at least for some ranges of p, when Det Du is a Radon measure then
its absolutely continuous part with respect to the n—dimensional Lebesgue measure reduces to det Du.
Indeed, this holds when v € WP (Q; R?) and adj Du € LI(Q;R™") with 1/p + 1/q < 1+ 1/n (see
[50]); see also Theorem 6.

The presence of singular measures in Det Du is in perfect agreement with recent experiments,
which suggest that, in addition to bulk energy, surface contributions and singular measures may also
be energetically relevant, thus disfavoring the creation of extremely small cavities (see [16], [30] and
[31]). These considerations have motivated the search for a characterization of the singular measures
which may appear in the description of the distributional Jacobian determinant. If we do not impose
any geometrical or analytical restrictions on the function u, then it is possible to attain Radon measures
with support of arbitrary Hausdorff dimension. Precisely, it was proven by Miiller [52] (see also [50])
that, given a € (0,n), there exists a compact set K C B; with Hausdorff dimension «, and there
exists u € W1P(By;R*) N CY(By) for all p < n, such that

Det Du = det Du L™| By + s, (40)

where ug is a positive Radon measure, singular with respect to £L", and such that supp us = K. The
situation is dramatically different if u € W"~1(Q, S"~1), as it can be shown that if Det Du is a finite,
signed, Radon measure then Det Du is a finite integer combination of Dirac masses (see Brezis and
Nirenberg [11], [12]). The use of BMO and Hardy spaces allows one to obtain higher integrability
results along the lines of Miiller [49], [51], and Coifman, Lions, Meyers and Semmes [17]. As an
example, it can be shown that if u € W™ (Q;R") is such that det Du > 0, then (see also Brezis,
Fusco and Sbordone [10] and Iwaniec and Sbordone [38]) det Dulog(2 + det Du) € L. ().

As mentioned before, in this paper we assume that u is a function of class

W (QR) N W, (O\ {0} )

for some p € (n — 1,7n) and for an open set 2 C R” containing the origin. The definition of the total
variation TV (u, Q) introduced in (2) follows the approach commonly used for variational problems
with non-standard growth and coercivity conditions (see [1], [2], [8], [14], [25], [27], [43], [36], [45],
[46]). The aim of this paper is to characterize T'V (u,(2). In [27] Fonseca and Marcellini accomplished
this for u (z) = =/ |z|. Fonseca and Maly [25], and Bouchitté, Fonseca and Maly [8] set up the problem
into a broader context. Precisely, if f : Q x R"*"™ — R is a Carathéodory function, then the effective
(or relazed) energy is defined as

Fp,q(u, Q) := inf {liminf/ f(z,Dup)dz : uy € Wllﬂl up, — u in Wl’p} . (41)
Q

h—o0 oc?

In the case, where f(z,€) := g (det{) and g :— [0, +00) is a convex function, then (see [14], [21], [25])
Fpn(u, ) > /Qg (det Du (z)) dx ifp>n—1,
and if p > n — 1 then (see [8])
Fpm(1, ) = /Q g (det Du (z)) dz + 14(9) .

for some Radon measure p, singular with respect to the Lebesgue measure £L". For a general integrand
f, and under the growth condition 0 < f(z,&) < C(1 + [€]9), with p > 21, we have

n

fp,q(u’Q) = hy L" LQ + As, (42)
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where (see [1]) hy < Qf(z, Du), and A, is a singular measure. If f = f(£) then it can be shown that
(see [8], [25])

hu = Qf(D'u') ) (43)

where @Qf stands for the quasiconvezification of f, precisely (see [18], [48])

Q1) = inf{ [, F€+ Dotands: o e 0 m;R")} .

This may no longer be true when f depends also on z and p < ¢ (although it is still valid if f(z, )
is convex, see [1]). Indeed, Gangbo [29] constructed an example where f(z,£) = xx(z) |det€|, and
h, = f if and only if LY (0K) = 0. Hence, in general, (43) fails and f**(z, Vu) < h, is the only known
lower bound (see also [1], [8], [25], [27], [43], [44]).

Further understanding of the total variation TV (u, ) asks for mastery of weak convergence of
minors for p < n. Works by Ball [4], Dacorogna and Murat [20], Giaquinta, Modica and Soucek [36],
and Reshetnyak [56], established that

up —u in WH (Q;R") == det Du — det Du

in the sense of measures, where we recall that a sequence {uj} of Radon measures is said to converge
in the sense of measures to a Radon measure g in Q if for every ¢ € C, (2;R) we have

/soduh—>/<pdu-
Q Q

Miiller [49] has shown that, if in addition det Duj > 0, then det Dup — det Du weakly in L' (Q).
Moreover, if up — u in WP (;R*) and {adj Duy} is bounded in L? (Q;]Rdxn) with p > n —1,
g >n/(n — 1), one of these two inequalities being strict, then

det Dup, — det Du in the sense of measures.
Also, if up € W™ (Q;R?), up, — u in WP (Q;R?) and p > n — 1, then
adjDup, = adjDu  in LX) vp>n—1. (44)

A complete characterization of weak convergence of the determinant has been obtained by Fonseca,
Leoni and Maly in [26], where it was shown that, if the sequence {up} C Wb (Q; R") converges to a
function » in L' (Q;R"?), if {us} is bounded in W1~ (Q;R"), and if det Duj, — p for some Radon
measure p, then

dp

—— =detDu, a.e.z €. 45
dcnr

For related works we refer to [2], [4], [14], [18], [19], [21], [28], [29], [32], [36], [42], [48], [49], [54].

What can we then say about the singular measure ps in (40), its significance and interpretation,
and what are the relations, if any, between the total variation of Det Du, i.e. |Det Du|(2), and
TV (u,2)? An answer is given by Theorem 6, which contemplates a general framework where only
integrability assumptions are considered, and no structural properties of the function u are prescribed.
Next we present the proof of this result.

Proof of Theorem 6. Since TV (u,) < +oo, by (42) and (43) TV (u,-) is a finite Radon
measure, and it admits the Radon-Nikodym decomposition (14). In particular, it follows that det Du €
L' (Q).
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Let § > 0 be fixed and consider a sequence {up },cny C C (€3 R") such that up — uin WP (Q; R?),
with p > n — 1, and

TV (u,Q) + 6 > lim |det Duy| dz . (46)
h—+00 0
We first observe that, without loss of generality, we may assume that the sequence of the first compo-

nents {u}l}heN is bounded in L* (). Indeed, under the notation M := ||u1 ||Oo, it suffices to consider
the truncation

-M if ufl () <—-M
wy (z) =4 u) () if —M<uj(z)<M ,
M if u) (z) > M
and to set wy, := (w}l,u%, ... ,uﬁ), for every h € N. It is easy to verify that, as h — +o00, wy, converges

to u in the weak topology of WP (2; R") and, since |det Dwy| < |det Duy|, for almost every z € 2,
inequality (46) still holds with {up,},y replaced by {wp}cn-

Since TV (u, Q) < 400, by (46) the sequence {det Duy},  is bounded in L' (), therefore, up to
a subsequence (not relabeled) det Dujp —* 1 as h — 400, where p is a finite Radon measure. By (45)
we have

dp

= =detDu, a.e.z€Q. (47)

Next we prove that the distribution Det Du coincides with i on C} (2) and hence, by regularization
and density, on CJ (€2). To prove this, for fixed ¢ € C} (Q) we have

(Det Du, p) = /Zu (adj Du)} 8 d

n
. . ; 0
= — lim / ZU}L (adj Dup)§ 9% gz = lim det Duppdx = (i, o) .
h—oo Jo i1 6 h—o0
Here we have used the facts that, since up — u in WP (Q;R*) for p > n — 1, then adj Duy, weakly
converge to adj Du in LP/(n=1) " and since the sequence {u} is bounded in L*° (2) and converges
hJheN g
as h — +oo to u! in IP (Q), it also converges to u! in L7(Q), for every ¢ < +ooc, in particular for
q = —F~—p, the conjugate exponent of -L5. Therefore, in view of (47), we deduce the Radon-Nikodym
p—(n-1)°
decomposition for Det Du as asserted in (15).
Let A be an open subset of Q and let ¢ € C§ (A4;R) be such that [¢]|, < 1. By (46), a similar
argument yields

= lim
h—o0

|(DetDu<p|—‘/ Zu (adj Du)§ 3_80

/Zuh adj Dup)} %dm
2

= lim
h—o0

det Dup, @ dz
A

< limsup||<p||oo/ \det Duy| dz < TV (u, A) + 4.
k—00 A

It suffices to let § — 0", and to take the supremum over all such functions ¢, to conclude (16), i.e.,
|Det Du| (A) < TV (u, A).
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Suppose now, in addition, that u € Wli’cn (Q\ {0} ;R™). Let A be an open subset of {2 such that

0 ¢ A. We recall that for every sequence u; which converges to u in the weak topology of WP (4;R?)
for some p > n — 1, with u,up, € Wlé’n (A;R") for every h € N, we have (see [19]; see also Theorem 35)

C

h—+00

liminf/ |det Duy| dz > / |det Du| dz .
A A
Hence
TV (u, A) :/ |det Du| dz ,
A

whenever A is an open subset of Q and 0 ¢ A. Therefore we conclude that supp A; C {0}, and thus
As = Adg for some constant A > 0, where §y is the Dirac measure at the origin.

On the other hand, in view of the inequality |Det Du|(A4) < TV (u, A) in (16), it follows that
supp s C supp As C {0}, therefore us = pdg, for some constant p € R, with |u| < A, where we have
used (16).once more. ®

Remark 19 The result stated in Theorem 6 holds also under the assumption that v € WP (Q; R?)
for some p > n?/(n +1). Indeed, in this case, instead of truncating the sequence {u}z}heN we use

the fact that, by Kondrachov’s Compact Embedding Theorem, up — u strongly in L"2, with n? being
the conjugate exponent of n?/(n? —1). Again, {Dup}pen weakly converges in LP (Q;R™™™) and the
sequence {adj Dup}j, o weakly converges in L/ (n?=1),

5 The general 2—d case

Let n = 2. For every & = (¢,£2) € R?, £ # 0, we denote by Arg¢ the unique angle in [—m,7) such
that

¢ £

cos Argé = =, sinArgé = =-.

€] €]
As before, we denote by B, the circle in R? with center in 0 and radius » > 0. Then B is the circle
of radius 7 = 1 and 0B; = S! is its boundary. If o, 8 € [0,27], a < f3, then S (a, ) stands for the
polar sector given by

S(e,B) == {¢=0p(cosV,sin?d) €R*: p<1, V€ [af]}.

In the sequel v : [0,27] — R? is a Lipschitz-continuous closed curve, i.e., v (0) = v (27), that we
represent as v = (v',v?) = (v' (9),v%(9)), with 9 € [0,2n]. We shall denote by vy := (vj,v3) the
gradient of v, which exists for almost every 9 € [0,2n]. If v(9) # 0 for every ¥ € [0,2x], then we
denote by A, (¢) the quantity

Av ('19) = AI‘g’U (0) + /()"’9 1)1 (t) U129 (rll); (_t)T; (t) ’0119 (t) dt .

There exists a simple relation between A, and Argwv, which is inferred from the next lemma.

Lemma 20 Ifv : [0,27] — R2 is a Lipschitz-continuous curve such that v (9) # 0 for every 9 € [0, 27],
then, for every a, 8 € [0,27] with o < 3, there exists k € Z such that

A, (8) = Ay (@) = Arg v (8) — Argo (a) + 2k (48)
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Proof. Assume first that v € C? ([0, 27];R?) and that there exist at most a finite number of angles
9; € [0,27) such that either v! (9;) = 0 or v2 (9;) = 0. Then, for every ¥ # ©; (since v! (9;) # 0) we
have
d 4 (9) vl (9)0d(9) = o (9) v (9)
—A 9¥) = — arct =
79 rgv (9) g Arctan oL () o (@)

The result then follows by integrating this equality and recalling that, each time that v (9) crosses
the half line {(w,y) ER?: <0, y= O}, and this may happen at most a finite number of times
(necessarily for 9 equal to some 1J;, where v? (9;) = 0), the function Argv (9) has a jump of +2.

In the general case, we approximate v by a sequence {v;} jeN of curves of class C! ([O, 27| ;]RQ) such
that {v;} .y uniformly converges to v and {dv;/dd}, y converges to dv/dd in L? ([0, 2]) for every

p € [1,+00). We may construct the curves v; so that v, (9) # 0 for all 9 € [0, 2] and either v! (9;) =0
or v2 (9;) = 0 only for finitely many i. Moreover, if Argv (9) # —, then Argwv; (9) — Argv (), while,
if Argv (¢9) = —m, then, up to a subsequence, Argv; (9) = Argv (9) = —7 or Argwv; (¢) — 7. Finally,
the quantity
B Ul,l)?_ — IUQ.IUI.
Avj (ﬂ) - Avj (05) = / e U e 1A 2J Bl dt

a |vj

converges, as j — +00, to A, (8) — A, (). From the relation
Ay, (B) — Ay, (@) = Argu; (B) — Argv; (a) + 2k;m,

valid for every j € N and for some k; € Z, we see that the sequence k; is bounded, since Argv; (8) , Argv; (a) €
[, 7). Then, up to a subsequence, we obtain the conclusion (48) as j — +occ. m

As in Section 2, we denote by I a curve in R? parametrized in the following way
[:={{+7(9)(cosd,sind) : ¥ € [0,2n]}, (49)

where 7 (1) is a piecewise C* function such that r (0) = r (27), and r (9) > 7o for every ¥ € [0,27] and
for some 19 > 0. Condition (49) means that I" is the Lipschitz-continuous boundary of a domain

D :={£+ o(cos?,sind): ¥ €[0,2n], 0< p<r(9)},

starshaped with respect to a point £ in the interior of D. In the sequel it is understood that the
function r () is extended to R by periodicity.

Lemma 21 LetT be asin (49) and let v : [0,27] — T be a Lipschitz-continuous map. If Arg (v (0) — &) =
0, then the curve v may be represented in the form

v(9) =&+ 1 (Ay—g (9)) (cos Ay_g (9) ,sin Ay_¢ (09)) (50)
for all ¥ € [0, 27].

Proof. Since A, ¢ (0) = Arg (v (0) — &) = 0, by Lemma 20 for every 9 € [0, 27] there exists k € Z
such that A,_¢ (9) = Arg (v (¥) — &) + 2kn. Also, as v (¢) € T for all 9, we have

T (Ay—g (9)) =7 (Arg (v (9) = §)) = [v (9) = ],
and we obtain

7 (Ay—g (9)) (cos Ay_¢ (9) ,8in Ay_¢ (9))

= [v (9) — &] (cos Arg (v () — &) ,sin Arg (v (J) — §)) = v () —¢.
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Remark 22 Under the assumptions of Lemma 21, from the representation formula (50) for v () it
follows that, if A,_¢ () = Ay—¢ (B), then v (a) = v (B). Conversely, if v (a) = v (B), then there exists
k € Z such that A,_¢ (o) = Ay_¢ (B) + 2kw. However, notice that if T is the boundary of a simply
connected domain which is not starshaped with respect to &, then the conclusion of Lemma 21 may not
be true. In particular, the condition A, ¢ () = Ay_¢ (B8) may not imply that v (o) = v (B).

The next Lemma 23 plays a central role in this section.

Lemma 23 (The “umbrella” lemma) LetI' = {{ + r (¥) (cos ¥, sind)} and let v : [0,27] = T be a
Lipschitz-continuous map. If o, € [0,27], o < B, are such that Ay,_¢ (o) = Ay_¢ (B), then for every
€ > 0 there exists a Lipschitz-continuous map w : S (o, B) — R? satisfying the boundary conditions

{w(w): v (9), V9 € [a, f] (51)
’LU(Q, )_w( ﬂ) §+Q( ( )_é), VQE[O’I]

and such that

/ |det Dw (z)| dz < € . (52)
S(a,B)

Proof. We can assume, without loss of generality, that Arg (v (0) — &) = 0. Fix h € N and set

wy, (0,9) ==& + or (pn (0,9)) (cos pp (0,9) ,siny (0,9)) , (53)

where, for every p € [0,1] and for every 9 € [o, (],

on (0,9) = 0" Ap_g (9) + (1 - Qh) Ap—g (a) .

Since @p, (1,9) = Ay—¢ (9), ¢n (0,a) = ¢n (0,8) = Ay_¢ (), by the representation formula (50) of
Lemma 21 we obtain the validity of the boundary conditions (51).
Now we evaluate the left hand side in (52). We observe that, for a generic function u(z) =

(u! (0,9) ,u? (0,9)), with the notation %ig = ué, %11*9 = u}, (i = 1,2), in general we have

1
det Du (z) = —
o

’U,1 ’U,1
4e0 den|

S

For the function wy, we obtain

1 B
/ |det Dwy, (x)| dz :/ dg/
S(a,B) 0 e

Let us compute the partial derivatives of wy,

whawi)

0 (w}
0. 0) dd .

1
B =1 (on) cos g + 0%

a 1
o = %n [y (‘Ph)COS(Ph_T

2
Ok = 1 (n) sin gy + 0% [t/

Q

a% [ (n) cos @, — 1 (p) sinpy]

(on)

(¢n) sin pp]
do, (¢n) sinpp, + 7 (@p) €os @p)
aa% = Qaa(p [ (¢on) sin gy, + 1 (@) cos @)

and the Jacobian determinant of wy,

9 (wy, wp)

a !
3 (0, 9) = or? (pp) 220 Ph _ Qh+1,r2 (on) - ) .

oY
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Thus we obtain

1 3 c
det Dwy, (z)| dz = / o dp / 2 (op) |AL_; (9)] d® = ,
/S(a,ﬁ)‘ | 0 a [4u-¢ @) h+2

where we denote by ¢ the constant

¢ 1= sup {/ﬂ r (on) |y (0] o

heN

The conclusion follows by choosing h € N sufficiently large. =

Remark 24 As we pointed out already, the previous Lemma 23 plays a central role in our analysis.
We informally call Lemma 23 as “the umbrella lemma”, since the geometric representation of the graph
of the map w : R2 — R? considered in Lemma 23 is some sort of “umbrella” (under some mathematical
tolerance and human imagination!). In fact, let us consider for simplicity the case where the image T'
of the map v is the unit circle [0,27] C R? centered around ¢ = 0. Then the graph of w is a subset
of St: it “starts” from the center & = 0 (the starting point of the “umbrella-stick”, in correspondence
to o = 0) and it “ends” for o = 1, at the surface {w (1,9) =v (9): 9 € [, 8]} C S, which can be
interpreted as the upper surface of the open umbrella, to protect one from the rain. Moreover, by (52),
like an umbrella, the total volume of the image of w is small (large upper surface, small volume! In
our 2—d case, we have a 2—dimensional “picture” of an umbrella, with large upper length and small
area,).

We refer to Figures 1, 2 and 3, where we represented the image of the map wy, (9,9) in (53) under
three particular choices of the parameters. Precisely, for fized h € N we considered wy, : S (o, ) — B
(i.e., r (¢n (0,9)) in (53) identically equal to 1 and £ = 0) given by

{ wy, (0,9) = o (cos pp (0,9) ,sin @y, (0,7))
on(0,0) = 0" Ay (9) + (1 — 0") Ay () 7

where A, : [a, 8] = R is a function such that A, (o) = A, (B). The common value of A, at 9 = «
and 9 = B is the asymptotic value of the angle oy (0,9) as 0 — 0T and it represents the angle which
the umbrella-stick forms with the z—azis. At o = 1 the angle @, (1,9) holds A, (9); therefore the
mazimum M and the minimum m of A, (9) represent the bounds for the angle ¢y (1,9) of the image
w (1,9) at the surface S' of the ball By. These pictures has been made by Emanuele Paolini, starting
from the analytic expression of w in (55). We thank him for the beautiful job.

(55)

Lemma 25 Let f : [a,b] — R be a continuous function, piecewise strictly monotone in [a,b] (with
a finite number of monotonicity intervals) and such that f (a) < f (b). Then there ezists a partition
a=o0p <o <...<any=D>bof [a,b] such that, for every i =1,2,... N, either f is strictly increasing
in (i1, 0], or f(ai—1) = f ().

Proof. Let ag = a. If f is (strictly) decreasing in a right neighborhood of «q, then we define
ap == max {3 € [ag,b] : f(I)=f(ap)} .

Since f is continuous, oy is well defined. Moreover, since f (1) = f (o) < f(b), then oy < b and f
is (strictly) increasing in a right neighborhood of a;. Next we define

ag :=max {d € [a1,b] : f(J) < f(b) and f is strictly increasing in [aq, 9]} .

If ap = b then the lemma follows. Otherwise, if ay < b and f (ag) = f (b), then we set az3 = b and
again the lemma follows. Finally, if ap < b and f (a2) < f (b), then f is strictly decreasing in a right
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Figure 1: A 2 — d image of the map w defined in (55), with h = 4, for a particular (piecewise linear)
function A, (¢9). The angle which the umbrella-stick forms with the z—axis is given by A, (o) =
Ay (B) = m/2. The mazimun M and the minimum m of A, (9) = ¢ (1,9), which give the bounds for
the angles of the image w (1,9) at the surface S' of the ball By, in this case are equal to m = 7/6,
M = 5m/6, respectively. Note that the map is radially linear when 9 = a and ¥ = 3, where the angle
of the image is equal to /2.

neighborhood of a9, and we may argue as we did before starting from «g. If, instead, f is (strictly)
increasing in a right neighborhood of ¢, then we may use the same argument as we did before starting
from «;7.

Since the number of intervals of monotonicity is finite, after a finite number of iterations we reach
the conclusion. m

Lemma 26 Let v : [0,27] — I’ be a Lipschitz-continuous map. Let o, € [0,27], o < [, be such
that Ay—¢ () = Ay—g (B). If Ay—g (9) is piecewise strictly monotone in [c, 8] (with a finite number of
monotonicity intervals) then

B
/ {(v () — &) v3 (9) — (V2 () — E2) vh (9)} d¥ = 0.

Proof. Without loss of generality we assume that £ = (0,0). Since A, () is piecewise strictly
monotone in [, ] and 4, (a) = A, (8), there exists a partition of the interval [, 8], @ = 9y < 91 <
...< 9y =p, N > 2, such that, for every : = 1,2,... N, the real function A, (9) is strictly increasing
in [¥;_1,9;] and is strictly decreasing in [9;,9;11] (or viceversa). We will prove the lemma by an
induction argument based on the number N of these maximal intervals of monotonicity.

Let us first assume that N = 2. Hence there exists ¥; € (o, ) such that A, (9) is strictly
increasing in [, 1] and is strictly decreasing in [¢1, 8], or conversely. To fix the ideas, let us assume
that A, () is strictly increasing in [a, ¥1]. For every (p,9) € S («, 8) let us define v (g, 9) := pv (9).
If A, (91) — Ay (o) < 2w, then v restricted to the interior of S (a,%1) and S (91, ) is one-to-one.
Moreover the images v (S (o, 91)) and v (S (¢1, 8)) are equal. Therefore, by the area formula,

/ \det D (z)| da = area (5 (S (a, 01))) = area (3 (S (91, 8))) :/ \det D (z)| da.
S(a,81) S(41,8)
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Figure 2: Another 2 — d image of the map w defined in (55), with A = 4, for a different choise
of the piecewise linear function A, (¢). In this case we obtain an asymmetric umbrella. Again
Ay (o) = Ay (B) = 7/2, while in this case m = —x /6, M = 57/6. The map is not one-to-one: only
the image points with angles —n/6 and 57/6 may be assumed once; all the other points are hit at
least twice; the points with angle 7/2 are hit at least three times.

Since det Dv > 0 in S (o, ¥1) and det Dv < 0 in S (1, 8), we obtain

/ det D () dz = area (5 (S (a, 1)) = area (3 (S (91, B))) = — / det D (z) dz.
S(a,%1) S(91,8)

By using again (54), we have

~ 1w
det Dv (o, 9) =5 o2 (

1 (’19; Q'Ué ('19) ‘ =l ('19) ’1)129 (’19) — 2 ('[9) ,U119 (19) =4, (.19) |’U (19)‘2 ) (56)

Therefore, as claimed,

1 B
= et Dv (z) dz = vt v32 — 2 v
°‘L<a,ﬁ)dtD (z) d /0 gdg/a {0 (9) 03 (9) — v (8) v (9)} dv

B
5 [ DB -2 ) aw.

If 2km < Ay (91) — Ay () < 27 (k+ 1) for some k > 1, then we denote by ¥ € (a, 1), " € (91,0)
the points such that A, (') = A, (9") = 2kxw. Again, using the area formula, we have

/ \det D ()| dz = / det D3 (z)| da +/ \det D7 ()| dz = karea D + area
S(ayﬁl) S(a,'ﬂ’) S(ﬁlaﬂl)

where D is the domain in (7) enclosed by I' and FE is the domain represented in polar coordinates by

E = {o(cos A, (9),sind, (9)) : 9 € [¢,91], 0< o< r(9)}
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Figure 3: Map w : S (a,8) — Bj in (55). Here we fixed h = 3, while the angle which the umbrella-
stick forms with the r—axis is equal to A, (o) = A, (8) = 0. The bounds for the angle of the image
w (1,9), at the surface S* of the unit ball By, in this case are equal to m = 0, M = 27 + w/2. The
map is radially linear when the angle A, (¢) of the image is 0 (and this happens only if 9 = a = 3,
when ¢ (1,9) = A, (9) = 0). The map w is not one-to-one: due to the overlaping phenomenon, some
points with p close to 1 and 0 < ¢ < m/2 are assumed at least four times.

= {o(cos A, (9),sin A, (9)) : ¥ € [91,9"],0< o< r(9)} .

Therefore, we also have
/ |det Dv (z)| dz = / |det D ()| da:+/ |det Dv (z)| dx = area E + karea D .
5(91,8) S(91,9") S(9",8)

Arguing as before we get the thesis (with N = 2)

B
% /a {'ul (9) '0129 () — v% (9) fu}9 (19)} dd = st det Dv (z) dz

:/ \det D7 (z)| da:—/ \det D (z)| dz = 0.
S(a"ﬂl) S(ﬁl 1ﬁ)

By induction, we assume that the result is true if there are N — 1 maximal intervals of monotonicity
for the function A, (9¥). Then we consider the case where there are N of such intervals, with endpoints
a=19 <9 <...< Iy = p. Without loss of generality, we can assume that A, (9) is strictly
increasing in [@, ;] and is strictly decreasing in [¢1,92]. If A, (a) > A, (¥2), then there exists
v € (91,92) such that A4, (y) = A, («); since the thesis holds for the case of two intervals [, 4],
[91,7], we obtain

v
/ {v'vj —v?vy} dv = 0; (57)
o7
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the thesis also holds for the N — 1 intervals [y, J9], [J2,73],- .. ,[In—1, 5], and so we have

B
/ {vlvg - ’U2’Ué} dy =0,
v

which, together with (57), yields the conclusion if 4, (a) > A, (92).

If A, (o) = A, (92), the same argument works with v = 95. If 4, (a) < A, (¥2) then there exists
d € (a,¥1) such that A, (6) = A, (¥2) and, as before, by considering the two intervals [6,91], [91, 2],
we have

¥2
/ {v'vi — v} d9 =0. (58)
4

Then we “modify” the function v () by “cutting out” the interval (§,792) from [«, 5]; more precisely,
we define in the interval [« + [J9 — 4], ]

[ w@—[93-0]), ifa+[h-0<P<Y
w(ﬂ)'_{v(ﬂ), : ifq292519gﬂ i

Then A,, (9) is piecewise strictly monotone in [a + [ — 4], ], with N — 1 monotonicity intervals. By
the induction assumption we have

B J B
0= / {fwlw% - w2w119} dd = / {vlug - 021)119} dd —I—/ {1)11)129 - 0211119} dd,
a—|—[19276] a D)

which, together with (58), yields the conclusion. m

Lemma 27 Let v : [0,2r] — T be a Lipschitz-continuous map. Let A,_¢ () be piecewise strictly
monotone in [a,b] (with a finite number of monotonicity intervals). For every € > 0 there ezists a
Lipschitz-continuous map w : By — R? such that w (1,9) = v (9) for every ¥ € [0,27], and

/ \det Dw ()| dm<e+1‘ Lot (9) 03 (8) — o (9) 0} (9} )]
B 2 /o

Proof. If A,_¢ (0) = Ay—¢ (27) then the result follows from Lemma 23. Otherwise, we may assume,
without loss of generality, that A, ¢(0) < A,_¢ (27r). By Lemma 25 we can consider a partition of
[0,27] by means of points 0 = ap < a1 < ... < ay = 27 such that, for every i = 1,2,... N, either
A,_¢ is strictly increasing in o1, o], or Ay—¢ (@i—1) = Ay—¢ (). Denote by I the set of indices

I:= {’L € {1,2,...N} : Av—{ (aifl) = A,,,_g (041)}

Given ¢ > 0, if i € T we denote by w; : S (a;_1, ;) — R? the Lipschitz-continuous map provided by
Lemma 23, satisfying the boundary conditions

{ w; (1,'[9) = (’19), VoI e [ai_l,ai]
w; (0, 1) = wi (0,) =& +o(v(ai1) —§), Yeel[0,1]

and the bound
/ |det Dw; (z)| dz < ¢ . (59)
S(oi—1,04)

We then define the Lipschitz-continuous map w : By — R? by setting

_ £+Q(v("9)_f)a V'ﬁe[aiflaai]a lf1¢I
w (0,7) '_{wi(@,ﬁ)’ VO € [, 04), ifiel
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and for every p € [0,1]. In particular, w satisfies the boundary condition w (1,9) = v (¢). Moreover,
if 9 € [aj_1, ;] for some ¢ ¢ I, in view of (56), we have

|det Dw ()] = |det D [§ + o (v (d) — &) (60)

= (0" (9) — &) vy (9) = (v* (9) — &) vy (¥) ,

where we have used the fact that A,_¢ () is strictly increasing for ¢ € [0;_1, ;). By (59) and (60)
we obtain

det Dw (z)| dz = det Dw; (z)| dz det Dw (z)| dx
/|t ) ;/(Mm\t ) +Z/Mm\t (=)
<e #(I +Z/ gdg/ {(0" (9) — €") 03 (9) — (v (9) — €2) v} (9)} ¥

i¢T

N+ 5 / {0 (9) — €1 02 (9) — (o2 (9) — £2) b (9)} .

i¢T Qi

By Lemma 26, for every ¢ € I we have

/a {(v" (9) = €") v5 (¥) — (v* (9) — &) }dy =0
hence
2
/B|detDw(x)|dx§&:-N+% i {(v" (9) = ") v5 (9) — (v* () — &) vy (9)} do
2T
:s-N-l—% o) - ) o)) .
|

Next we consider maps u = u (p,?¥) depending explicitly on p as well. We assume first that  is a
smooth map in the unit ball B; C R?.

Lemma 28 (The integral of the Jacobian for smooth maps) Let u € W1 (By;R?). For ev-
ery r € (0,1] we have

/T det Du (z) do = ~ /%{ ; (r,9) — 2 (r, 0) 8;91 (r, 19)} d . (61)

Proof. If first u € C? (Bl; ]RQ), by the divergence theorem, we have for every r € (0,1)

L 0u? 18u L0u? 18u2 9 1
— — = = = H 2
. det Du (z) dx / div ( D2y’ 8:1:1) dz /BBT {u 8@1/ e v } dH", (62)

T

where v = (1/1, 1/2) is the exterior normal to 0B, and dH' = ds = rdJ is the element of archlenght.
A standard approximation argument yields formula (62) for every u € W™ (By;R?).and for every
r € (0,1) (since u € WH™ (9B,;R?) for for every r € (0,1) too).
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With an obvious abuse of notation we write u in polar coordinates (g, d), i.e., u (z1,z2) = u (0, 9).
We have

Ou  Ou 8@ n @ oY 8u 051 — B_usim‘}
8z Bp 8z = 09 Oz, Bp o9 o
Ou  Ou 8@ +@819 au . 19+8_ucos19
O0zy  Op Oz | 09 Oz 8,0 o ’

Since on OB, the exterior normal reduces to v = (v!,12) = (cos 9, sin4), from (62) we obtain

a—uzl/l—all/2 aisin +8_uzcosz9 cos v — a—flﬁcosﬁ—a—iﬂsmﬂ sin ¥
0xo ox1  \ Op 09 0 09
2 1 2 2 1 2 1 2
:%%51n1900319+—%c Qﬁ—aalpsmq?cosz?—l-—%si 2192568%.
Thus on 0B,, since dH' = rdd, we get
1 0u? ou? o ou?
det D dr = ! dH' = / ul——do.
/r et Du () do /BBT { omy " 0w } o 09
For symmetric reasons, starting now from det Du (z) = — (u? - u}w)xl + (u? -u}cl)m, we also obtain

2m Out
_ u>
det Du (z) dz = /0 59 dd,

By

and thus, for every value of a real parameter A,

2T auQ 27 au
det D dz =\ 22 g9+ (11— ul——dy
/T et Du(z) dx /0 u 59 + ( )/0 59

and, in particular, for A = 1/2, the conclusion in (61). m

Now we start to consider functions u of class WP (Q RQ) N VVIOC

(2\ {0} ; R?) for some p € (1,2).

Lemma 29 Let u be a map satisfying the assumptions of Theorem 1. There exists a sequence oj — 0
such that
2w au2 aul
. 1 2
i [ {u (0.0 G (000 - 0,0) G (00)} as

_ /027r {vl (19)%2(19) _o? (0)‘%(19)} 9.

Proof. First we use assumption (9). Recall that u € WP (Q;R?) N WI})COO (2\ {0} ; R?) for some
€ (1,2).. By Lemma 38 (valid in the general n—dimensional case) there exists a sequence g; — 0

such that

(07" / DyulP dH' < cMp.

95
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Since

p

ou o |

27
(0" / \Dyuff dH' = /
OB,. 0

2j

we deduce that {g—g (0, ')}jeN is a bounded sequence in L? (0,27). By assumption (8) {u (0;,-)}
converges to v (-) in L ((0,27) ;R?). Since {% (0;,-)}

jEN
remains bounded in L? ((0, 27) ; R?), then

JEN
it converges to % in the weak topology of LP ((0, 2m) ;]RQ) as 7 — +oo. We obtain the conclusion
2m au2 aul
li Y(0j,9) o= (0j,9) — u® (0j,9) == (0j,9) p dV
i [ {00 5 @) -2 00 55 @)}

_ /027r {vl (19)‘;—7::(19) 2 (ﬁ)‘%(ﬁ)} a9.

We are ready to give the proof of Theorem 1. We divide the proof into four steps, and we will
refer to the preliminary lemmas above and to Lemma 37, valid in the general n—dimensional case.

Proof of Theorem 1. Step 1 (lower bound). Let u be a function of class W'? (Q;R?*) N
WI})’COO (Q\ {O};]RQ) for some p € (1,2). Let us observe that, by assumption (8), there exists r > 0
such that B, C Q and u € L™ (B,; ]RZ). Let o; — 0 be the sequence of the previous Lemma 29 and
let j € N be sufficiently large so that B,, C B;. For such values of j € N, we use the estimate (97) of
Lemma 37 to obtain

7

TV(u,Q)E/ \det Du (z)| dz +
\By,

/ det Du (z) dx
By,

where & : B,, — R? is any Lipschitz-continuous map such that @ (z) = u(x) on dB,,. By formula
(61) of Lemma 28 (valid on each ball By, ), since u = u, 9u/09 = Gu/09 on 0B,,, we have

TV (u,Q) > / \det Du (z)| dz
O\By;

L IR U T 2 g OU
+‘5/0 {u (Qjaﬂ)W(Qj,??)—u (Qj’ﬁ)w(gj’ﬁ)} dﬁ‘_

Letting § — +o00, by Lemma 29 we obtain the lower bound

TV (u,9) 2/Q|detpu (@) dx+% ‘/O% {Ul (9) ‘2—15(19) 02 (9) ‘2—1;(19)} d«?‘ L (63)

Step 2 (upper bound - first part). To assert the opposite inequality in (63), let us first assume
that u is radially symmetric, i.e., u = v = v () = u (), and that it satisfies the assumptions of Lemma
27. By the conclusion of Lemma 27, given £ > 0 there exists a Lipschitz-continuous map w : B; — R?
such that w (1,9) = v (9) for every 9 € [0,27] and

/B \det Duw ()| dx<€+%‘ [ " (0! (9) 02 (9) — v (9) v ()} df)| .
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For every h € N we set

[ wleh), 0<p<1i/h
v (@,9) "{ v (9), if o> 1/h

Then {up} ),y converges to u in LP (Q) and

/ \Dup (z) — Du (z) dz = / hDw (oh, ) dz = k72 [ |Dw ()] da
Q Bl/h Bl

and so, since 1 < p < 2, {Dup}),cy converges to Du strongly in LP (By; R**?) and finally

/ |det Duy, ()| dz :/ ‘hQ det Dw (oh,d)| dz :/ |det Dw (z)| dz
Q Bl/h Bl

2T
<€+% {v' (9)v5 (9) — v* (9) vy (9)} dq?‘.

0

Therefore, making use of the definition (26) of the total variation of the Jacobian TV? (u, ) in the
strong topology, we can conclude that

1
TVS (’U,, Q) S 5

27
i {v' (9)v5 (9) — v* (9) vy (9)} dz?‘ )

This inequality, together with
TV (u,Q) < TV® (u,Q) , Yu e L™ (Q;R)NW'P(Q;R?),
and with Step 1, yields the conclusion

1
TV (u,Q) = TV® (u,Q) = =

27
5 {v! (9) 05 (9) = v* (9) vy (9)} &9 (64)

0

when u = v = v (9) = u () satisfies the assumptions of Lemma 27.

Step 3 (upper bound - second part). As in the previous Step 2, we still assume that u =v =
v (9) = u (9), but we no longer require that the conditions of Lemma 27 are satisfied. Without loss
of generality, we can assume that Arg (v (0) — &) = 0 and thus, by Lemma 21, the map v (¢) may be
represented as

v (9) = E+1 (Ayg (9)) (cos Ayp_¢ (9) ,sin Ay_g (9)) .

Construct a sequence {Ay (9)},cy of piecewise affine functions, Lipschitz-continuous with bounded
Lipschitz constants, satisfying the conditions

Ak (0) =0, VkeEN,

Al (0) #0, a.e. 9 €[0,2n], VEKEN,
Ay — Ay in C° ([0, 27]),

Al (9) = A, _¢ (9), a.e. ¥ € [0,27],

|4} (9)| < Lo, a.e. ¥ €0,2n], VEEN,
and define

vk (9) 1= € + 1 (Ag (9)) (cos Ay, (9) , sin Ay, (9)) .
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Then the map vy, () satisfies all the assumptions of the previous Step 2 and

{ vV — v in C°([0,2n]),
dvg. <L k
‘ W || oo (o,2m) = VEEN,

We prove that {dd%}k N converges to d” for almost every ¢ € [0, 27], as k — +oo. To this aim, let us
€
recall that

v,k : [0,27] = T ={{+7(I) (cos¥,sind) : ¢ € [0,2n]},

where r (1) is a piecewise C'-function, i.e., there exist a finite number of points 0 < ag < a; < ... <
an < 2, such that 7 (+9) is a function of class C* ([aj_1,4a;]) for every j = 1,2,... ,N. Define

E={9e(0,2r]: 3j=1,2,... ,N: Ay_¢(9) = a;} .
Then
v—e (@) =0 and o' (¥9) =0, aedeck, (65)
and for almost every ¢ € [0, 27| we have

dv . .
d—; = A (9) {r' (A (9)) (cos Ag (9) ,sin A (9)) + 1 (A (9)) (= sin Ay, (9) , cos Ay, (9)) } (66)
As k — 400, {r' (A (9))}ey converges to r' (A,_¢) for every 9 ¢ E. Thus, by (66), we have that
{%}keN converges to d” for almost every ¥ € [0,2n] \E. On the other hand, by (65), for almost
every 9 € E, {A} ()} converges to A . (9) = 0 and, since {r' (4 (9))};y is uniformly bounded,
by (66) we can conclude that { 70 } . converges to 0 = g—g for almost every ¢ € E, as k — +o0.

Therefore {vj ()}, converges to v (9) in the strong topology of W4 (By; R?) for every ¢ > 1, as
k — 400, and this implies that the map ug (0,9) := vg (¢) (independent of p), which belongs to
WP (By;R?) for every p € [1,2) converges to u (o,9) = v (9), as k — +oo, in the strong topology of
WP (By;R?) for every p € [1,2). From Step 2, and in particular from (64), we deduce that

TV (u,Q) <TV?® (u,Q) < liminf TV?® (ug, Q) = liminf TV?® (ug, Q)

k—+o0 k—+o00
1 31} ov 1 2w dv? dvl
= lim = —k _ deﬂ:—/ T2 22— 4 g .
kotoo 2 { k99 ’“819} ‘ 2 1)y " a0 " W

By (63) of Step 1 we finally obtain

TV (u, ) =TV? (u,) ‘/ {v'vj —v?vy} dﬂ‘

Step 4 (upper bound - third part). Here we study the general case, with u = u (o, ) explicitly
depending on g too. The proof of this step, in n = 2 dimensions, is similar to the proof given in the
n—dimensional case in Step 3 of Section 7. However we are able to make some simplifications and, in
particular, we do not need the use of Lemma 39. For this reason, and also to make the idea of the
proof clearer, we provide some details of the proof in this setting.
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Using the argument of Lemma 36, for every u € L™ (Q;R?) N W (Q;R?) N WL (Q\ {0} ;R?)

loc

with p > 1, it can be shown that admissible sequences for TV* (u, ), defined in (26), may be required
to assume prescribed boundary values, precisely

TV? (u,?) = inf {lim inf / |det Duy, (z)| dz : (67)
Q

h—+o00

up, — u strongly in WP (Q;]RQ) , Up €U+ Wol’Oo (Q;RQ)} .
Thus, for every € > 0, there exists a map w € v + W01’°° (Bl; ]RQ) such that
/ \det Dw (z)]| dz < &+ TV* (v, By) . (68)
B

In view of Lemma 38 (valid in the general n—dimensional case) there exists a sequence (op),cy
converging to zero, such that

27
(gj)P—l/ Dyl dH! :/0 lug (on, O)P d9 < My, VheN (69)

9j

Introduce the sequence of functions

w(m;&)a lfOSQSQh(l_Uh)
un (0,9) = ny (@) v (9) + [1 —mn ()] u(on¥), if on(1—0n) <o <o
u(0,9), if op <o

2—

where o}, = (Qh)ﬁ and 7y is a cut-off function, i.e., 9y (0) = 1if 0 < o < g (1 —0p), np(e) =0
if op, < 0 <1, np () is linear in the interval [gp (1 — op), o). Notice that up — u in LP (Bl;]RQ), as
h — 400, and that the sequence of gradients (Duy,) nen converges in LP to Du. Indeed

P
/ |Dup, — DulP dz < cl/ ‘Dw (#) dz + cl/
Q B on (1 —on) Bo,\By, (1-0y)
9 P
+C1/ |uq9(9h;J ) dz + u(ghi>_v(i>
B,, \B |z| |z| ||
-p

ep(1-op)
27 2
SCzQip-l-CzQipUh/o |ug (0n, )" d9 + co h —— lu(on,¥) — (19)”200(0,2”)4-01/ |DulP dz,
o

Ch

ep(1=op)

dz + cl/ |Dul? dx
B

Ch

Qﬁ"h /Beh\B n(1-o1)

2—
and this quantity goes to zero since o, = (gp)?=1. Therefore, by (68) we get

h—+00

TV?® (u,) < liminf / |det Duy, ()| dz
Q

=/ |det Dw (z)| dm—l—hmmf/ |det Duy, ()] da:—i—/ |det Du (z)| dx
B h—=+oo /B, \B Q

ep(1=op)

\det D, ()] do + / et Du (z)| dz. (70
Q

h—+o00

<e+TV?(v,Bq) + liminf /
th\B

en(1-op)
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We evaluate the last integral in the right hand side. For gy, (1 — o1) < o < g, we have

1 6u}b(g,19) au}b(g,ﬁ)
det Dun =1 gui(o)  oui(ew)
do L
(9 oul 0
_ L (o) [v' ) —u! (en, )] 7 (o) 332'(919) +[1 =1 (0)] % ’
o | (o) [v? (9) = (on, )] 1n (0) 255 + [1 — mn (0)] 222
and thus, since |n;, (0)| < Uhcgh for some constant ¢i, we have
/ |det Duy,| dz
Bop\Byy, (1-a1,)

v (V) ‘

BU(Qh,’ﬂ)
) ‘}dﬁ

oY

Qh 27T
<o " W@%—u@mm«{
Uhgh gh(lfah) 0

2T (v (9) O0u (on, )
< — : . : .
< 1 sup{[o (9) —u (on, 9)] : ¥ € [0, 2]} /0 { - ‘ |2 ‘} @
By (69) there exists a new constant c3 such that
/ |det Duy| dz < ¢3 sup {|v (9) —u (g,9)| : ¥ € [0,27]}
Bon\By, (1-0)

and thus, by assumption (8) and by (70), letting € — 0 we obtain
TV (1,Q) < TV® (1, Q) < / \det Du| dz + TV (v, By) .
Q

This upper bound, together with the lower bound of Step 1, yields the conclusion. =

6 The “eight” curve

Let us denote by 7 the image of the “eight” curve, i.e., the union of the two circles y* and 4~ of radius
1, respectively of center at (1,0) and at (—1,0). Below we will use some elementary representation

formulas for y© and y~. Precisely, for v© we will use the representation formulas

vt = {(&,&) €R*: & + &5 — 26 =0},

N & =2cos? Arg ¢
£€v™\(0,0) < {52:2cosArg§-sinArgf

With the aim to prove Theorem 4, we start with some preliminary results concerning a map w with

values in the circle y*.
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Lemma 30 Let w : [0,27] — v be a Lipschitz-continuous curve such that w(0) = (2,0). The real
function R (9) defined by R () :=0 if w(F) = (0,0) and by

w (9) wj (9) — w? (9) wy (9)

¥) 1=
RO w (0]

, fw(@)#(0,0), (73)

is bounded in [0,27] by a constant depending only on the Lipschitz constant of w. Moreover, if

w0 ) — (b ()
Ay (9) = /0 o dt (74)

then, for every a, B € [0,27] such that w (a) # (0,0) and w (B) # (0,0), there exists k € Z such that

Ay (B) = Aw (@) = Arg w (B) — Arg w (o) + k. (75)

Proof. Step 1 (boundedness of R (9)). Let L be the Lipschitz constant of w. If |w (9)| > 3,
then there exists a constant ¢ such that
R(9)| < L. (76)
On the other hand, if |w (9)| < % then, since [w! (19)]2 + [w? (19)}2 —2w! (9) = 0, we deduce that
lw (9)]? = 2w (9) and w' () =1 — 1/1 — [w? (9)]*. Taking the derivative of both sides we obtain
w? (0) wy (9)
1 —[w? ()]

wy (9) =

Therefore, if w (9) # (0,0), for almost every 9 we also have

_wt () wh(0) —w? (9w (9)  wi (V) B w? (9) w) (I)
R(9) = lw (9)[% 2 2w (¥9)

- [w? (9)]?
2 (1 —1- w2 <«9)12) - 2 @)

The derivative of the real function g (f) = 1 — /1 — ¢ satisfies the condition ¢’ (f) > 1/2 for every
t € [0,1); thus we have

We deduce that

R(«9>|<;|w§<«9><1+ - )
1~ [w? (9)]"

and again (76) holds for an appropriate constant ¢ since |w2 (19)‘ < 3. This proves the first assertion

of the lemma.
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Step 2 (proof of (75) under special assumptions). To prove assertion (75) we first make the
further assumption that there exist N disjoint open intervals (o , 3;) such that

0= <Pfi<aw<fB<...<any < By =2,

and w (9) = (0,0) if and only if ¥ € [0,27] \ U, (a4, ;). Fix a, 8 € (0,27) such that w (a) # (0,0)
and w (B) # (0,0). If o, 8 € (w, ;) for some i € {1,2,... ,N}, then, using an argument similar to
that of the first part of Lemma 20, we have

Ay (B) — A (@) = Arg w (B) — Arg w (a) . (77)
Otherwise, if there exists ¢ € {1,2,... , N} such that
o <a<fi <o <B<Piv, (78)
then we apply (77) to the interval (o, 8; — €) to obtain
Ay (Bi —€) — Aw (o) = Arg w (B —€) — Arg w (a) .
In the limit as € — 0T, since when w (9) € v\ {(0,0)} then Arg w (9) € (-5, %), we obtain

Au (B) = Aw (@) = £3 — Arg w (@) , (79)

where the sign + holds if w? (9) > 0 as 9 — B; , and the sign — holds otherwise. Similarly, we have

A (B) = Au (air1) = Arg w (8) — (£3) (80)

and, adding side by side (79) and (80), yields
Ay (B) — Aw () = Arg w (B) — Arg w (a) + k,

where k € {—1,0,1}. The general case, when (78) is not necessarily satisfied, follows from the previous
case by iteration.

Step 3 (proof of (75)). Let w : [0,27] — yT be a Lipschitz-continuous map. Let {I;};en be a
sequence of disjoint open intervals (possibly empty) such that w (¢) # (0,0) if and only if ¥ € Ujen;-
For every h € N we define

S w®) i 9eut I
wp () = { (0,0) if 9 ¢ UL

Then the sequence of Lipschitz constants Ly of wy is bounded. Moreover wy, converges uniformly
to w in [0,27], as h — +o0, and the corresponding sequence { Ry, (9)},y converge to R () almost
everywhere in [0, 27r]. Therefore, integrating (73), we deduce that {A, (9)},cy converges to Ay, (1)
uniformly in [0, 27].

Let «, 8 € [0,27] be such that w(«) # (0,0) and w (8) # (0,0). For h large enough we also have
wy, (@) = w (a) # (0,0) and wy, (8) = w (B) # (0,0) and, by the previous step,

Ay, (B) = Aw,, (@) = Arg w (8) — Arg w (@) + kp .

Since the sequence kj, is bounded, we can pass to the limit in a subsequence and we arrive at the
conclusion (75). m

34



Lemma 31 Under the same assumptions of the previous Lemma 30, for every ¥ € [0,2n] we have

w () = 2cos Ay, () (cos Ay (9) ,sin Ay, (9)) - (81)

Proof. Recall that w(0) = (2,0) and so Arg w (¢) = 0. By Lemma 30, if w (¢) # (0,0), then
there exists ky € Z such that Arg w (9) = A, (9) + kym. By (72) we deduce the conclusion

wh (9) = 2cos? Arg w () = 2cos? A, (¥9)
w? (9) = sin2 Arg w (9) = sin2 4, (9) = 2sin A, (9) - cos Ay, (9)

If w(¥9) = (0,0) and there exists a sequence ¥; — 99 such that w (9;) # (0,0) for every i € N, then
(81) holds for ¢ = ¥;. Since Ay, () is a continuous function, (81) holds for ¥ = ¥, as well.

If w (9g) = (0,0) and a sequence ¥; — Jg such that w (9¥;) # (0,0) for every i € N does not exist,
then there exists an interval (99 — §,9¢ + §), with § > 0, such that w () is identically equal to (0, 0)
in (99 — 8,90+ ¢). In this case let us denote by («, ) the largest interval containing ¥y with this
property; since R (9) = 0 in (o, ) we have A,, (o) = Ay (99). On the other hand (81) holds for ¥ = «
since (a, ) is an extremal interval; hence

w (Yo) = (0,0) = w (@) = 2 cos Ay (@) (cos Ay (@) ,8in Ay (@)

= 2cos Ay (9) (cos Ay, (9g) ,sin Ay, (99)) -

The next lemma is similar to the “umbrella” Lemma 23, with the main difference that here the
starting point of the “umbrella-stick” is placed at a boundary point of the circle y+.

Lemma 32 (The “umbrella” lemma for the “eight” curve) Letw : [0,27] — T be a Lipschitz-
continuous curve. Assume that there exist o, € [0,27], a < B, such that Ay (o) = Ay (8). Then,
for every € > 0, there exists a Lipschitz-continuous map w : S (o, 8) — R? satisfying the boundary

conditions
w(L,9) =w(d), VIE]|x/p]
w(g,0) = pw (), Vp€]l0,1]
w (0, 0) = ow(B), Voel0,1]

(note that w (o) = w (B)) and such that

/ \det D (z)| dz < e .
S(asf)

Proof. For fixed h € N we set

w, (0,9) = 20cos @y (0,9) (cos p (0,7) ,sin @y (0,9)) ,

where
on (0,9) 1= 0" Ay (9) + (1= 0") Ay ()
Let us test the boundary conditions of w (p,d). By Lemma 31, for every ¥ € [a, §] we have

W (1,9) = 2cos Ay, (9) (cos Ay (9) ,sin 4y, (9)) = (w,ll (9) ,w,2Z (19)) =w(J) ,
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and, for every o € [0, 1],

Wh (0, @) = 20 cos Ay (@) (cos Ay (a) ,sin Ay () = o (wy, (@) ,w}, (@) = ow (a) .

Similarly wy, (0, 8) = ow (B) for every g € [0, 1]. Using an argument similar to the one used in Lemma
23, we can see that (we do not denote in the matrix the dependence on h)

det D (2) = - g% e g% 2 | =6 o o 0.9) 4, 9)
By Lemma 30 the function
w () w} (9) — v (9) wh (9)

[w (9)[”

Ay, (9) =

is bounded; thus there exists a constant ¢ such that

1
c
|det Dwy, (z)| dz < c/ o ldo= ——,
/S(a,ﬂ) 0 h+2

and this concludes the proof of our lemma. =

Lemma 33 Let w : [0,2n] — T be a Lipschitz-continuous map. If a,B € [0,27], a < B, are such
that Ay, () = Ay (B), and if the function A, (9) is piecewise strictly monotone in [, B] (with a finite
number of monotonicity intervals), then

B
/a {w' (9) wj () — w® (9) wy (9)} d9 = 0.

Proof. This result can be proved just as in Lemma 26. m

Lemma 34 Let u : [0,27] — v = vT Uy~ be a Lipschitz-continuous map. Assume that there exist
N disjoint open intervals I; C [0,2n] such that u (I;) is contained either in v+ or in v~ for every
j=12,...,N, and u(9) = (0,0) when 9 ¢ U;-Vzlfj. Assume, in addition, that the function

9 — u' (9) uj (9) — u® (9) uy (9) (82)

has piecewise constant sign in [0,2xw]. Then, for every € > 0, there exists a Lipschitz-continuous map
w : By — R? satisfying the boundary condition w (1,9) = u (9) for every 9 € [0,27], and such that

N

~ 1

/ |det Dw (z)| dxz < e+ =
By 32

[t @) ) - 0) uy (9)) a9 (53)

Proof. Fix j € {1,2,... ,N} and assume that u(I;) C 7. We follow the method of proof of
Lemma 27, using Lemma 32 (in place of Lemma 23) and Lemma 33 (in place of Lemma 26). Setting
I; := (aj,3j), we construct a Lipschitz-continuous map w; : S (aj, 8;) — R? satisfying the boundary
conditions

w; (1,9) = u (9), V4 € [, Bj]
w; (0,05) = ¢-u(a;) = (0,0), Veel[0,1] (84)
’U)Z(Q,,B]):Q ’U/(,B):(0,0), VQE[Oa]-]



and the estimate

w; (z Xz £ 1 ul ug _u2 ul
/S(aj,,@j) |det Dw; (z)| dz < N+2 /I]{ (9) ugy () (9) 19(19)} ao (85)

A similar conclusion holds if, instead, we have u (I;) C y~. Then the result follows by taking w :
B; — R? defined by

~ _J wi(e?), VIel(a,p) =1
w(Qﬂ(}) T { (0],0), V'l?éUJjN:lej
|

Proof of Theorem 4. Step 1 (lower bound - first part). Let v : [0,27] - v =T Uy~
be a Lipschitz-continuous map. With u(z) := v(z/|z|) then u € L*® (B;R?) n Wi (B;;R?) N
W0 (B1\ {0} ; R?) for every p € (1,2). By (90) (lower bound obtained in Lemma 36 in the general
n—dimensional case) we have

TV (U, Bl) Z

/ det Du () dz
B

?

where % : B; — R? is any Lipschitz-continuous map which assumes the boundary value % = u on 9B,
(e.g., u(z) = |z| v(z/|z|) = |z| u(z) for z € B;\ {0} and % (0) = 0). By formula (61) of Lemma 28
(valid on B, for every r € (0,1]), since u = u, 0u/09 = du/d9 on 0B, we have

1V (0,5 2 |5 [ (0 0)030) = 0) 0} )} ). (50

As in the statement of Theorem 4, we denote by (I;) jen @ sequence of disjoint open intervals in [0, 27]
(possibly empty) such that the image v (I;) is contained either in 4+ or in y~, and v (¢) = (0,0) when
¥ ¢ UjenI;. Then we can write (86) equivalently

TV (u By) > J% | 0950) - 0) 5 0} ). (87)

Step 2 (lower bound - second part). Let § > 0 and let {uh = (u}l,u%) }heN be a sequence in
wi? (Bl; ]RQ) converging to u in the weak topology of WP (Bl; ]RZ), p € (1,2), and such that

TV (u,B1) + 4 > hlim |det Duy, (z)| dx .

—+00 B

Let u; = ( u,ll‘ ,u%) € Wt? (Bl;]RQ), which converges to ut = (|u1| ,u2) in the weak topology of
WP (By;R?*) as h — +o0. Since |det Duf (w)| = |det Duy, (z)| for almost every = € B;, we obtain

TV (u,B1) + 6 > hlim |det Duyp, (z)| dz = lim |det Dujf (z)| dz > TV (u',By) .
B

—+o0 Jp, h—+o00

The total variation of the map u* : B; — 41 can be obtained using the formula (10), with u™ =
(|u1‘ ,u2) = (‘v1| ,112); therefore, as § — 07 we have

2w d’l)2 d"l)l‘
1= 271" 1
/0 {"u | 0" o }dﬂ
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Recall that v (9) > 0 if ¥ € I, where v (I;) C v+ (and analogously v' (9) < 0 if v( ) C v, while
v' (9) = 0if 9 ¢ Ujenl;). Again, as in the statement of Theorem 4, we denote by I ;' with the + sign,

any interval I; such that v (I;) C 4T, and by I,_ any interval I} such that v (Iy) C v~. Thus

TV (u,B1) >— Z/ {v'v —v?vj} do — Z/ {v'v} — v?vj} dY|. (88)

keN

Step 3 (lower bound - conclusion). Using the results of the previous Steps 1 and 2, in
particular (87) and (88), we have

TV (u,By) > % Z/ {v'vj — v2v119}d19:|:2/ {v'vj — v*v} dd|.

j€EN keN

Since maxy |a & b| = |a| + |b|, we finally obtain the lower bound (13).

Step 4 (upper bound). Assume first that u : [0,27] — v =y Uy~ is a Lipschitz-continuous map
satisfying the further assumptions of Lemma 34. In particular, we assume that there exist NV disjoint
open intervals I; C [0,2n] such that u (I;) is contained either in v or in y~ for every j =1,2,... ,N,
and u (¢) = (0, O) when ¥ ¢ UFlI We also assume that the function 9 — u! (9) u3 (19‘)—u2 (19) u} (19)
has piecewise constant sign in [0,27]. Then, for every ¢ > 0, there exists a Lipschitz-continuous map
w : B; — R? satisfying the boundary condition w (1,%9) = u (9) for ¥ € [0,27], and (83). For every
h € N we define

[ u®), if 1/h<eo<1,
up, (0,79) -—{ w (oh,9) , if 0<p<1/h

As in Step 2 of the proof of Theorem 1, uy, converges to u strongly in W 1P (Bl; RQ) for every p € (1,2),
as h — +oo. Finally, by (83),

/ |det Duy, ()] d:v:/ ‘hQ detDw(gh,ﬂ)| d:v:/ |det Dw (p,9)| dz
B By B1

1 N
<€+§Z
7j=1

and thus we obtain the conclusion (12) in this case, i.e.,

[ )65 0) o @)y 0)} a0

TV (u,B1) <TV?® (u, By)

/ {u ud — u2u119} ddv

Step 5 (upper bound again). Consider first the case where u : [0,27] — ~ satisfies the
conditions of the previous Step 4, with the possible exception that the function ¥ — u! () u3 (9) —
u? (9) u)) (9) has piecewise constant sign in [0,27]. Assume further that there exist N disjoint open
intervals I; C [0, 2n] such that u (I;) is contained either in 4 or in 4~ for every j =1,2,... ,N, and
u(¥) = (0,0) when 9 ¢ U;-V:le. We proceed in a way similar to that of Step 3 of the proof of Theorem
1. We consider one of such intervals I; such that u (I;) C 4" and, without loss of generality, we can
assume that v (0) = (2,0) € y*. By Lemma 31, the map u (9) can be represented in the form

u () = 2cos Ay, (9) (cos Ay (9) , sin Ay, (1))
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for 9 € I;. As in Step 3 of the proof of Theorem 1, we may find a sequence (ujak)keN’ with u; g : I; —
R?, such that, as k — 400,

Uj k — U in CO (E) ’
Mik — du strongly in L9 (I;) ¥ q>1

Moreover u; (9) = u (9) for 9 € 01}, and u}’kduik /dd — u?kdu}k /d?9 has piecewise constant sign in
I;. Then the map u; (¥) satisfies all the assumptions of the previous Step 4. We define

L Uj.k (’19) s if e Ij
u (9) = { (0,0), if 9 ¢ U,

Clearly the maps uy, (9) converge to u in the strong topology of WP (Bl; ]RQ) for every p € [1,2), as
k — 400, and from Step 4 we obtain the upper bound (12) under our assumptions, i.e.,

TV (u, By) < TV*® (u, By) < liminf TV?* (uy, By) (89)

k——o00
1 duik 2 du;:k do 1du2 Qdul do
/Ij Uik~ g9~ Yk gy /1 {” P %}

J
Finally, when the intervals I; are infinitely many, the upper bound (12) is deduced from the previous
case of finitely many intervals I; (j = 1,2,... ,N), by approximating u with

N

1
- lm -
k—igloo 2 ]231

LN
ZEZ

=1

_Ju@), if 9eUl I
un (V) := { (0,0), if 9 ¢ UM, I,

Indeed, applying (89) to each uy and passing to the limit as N — +o00, we obtain

TV (u,B1) <TV?® (u,By) < liminf TV?® (un,B)
N—+o0

oo

1 L du? o dut
2> /,{“ a1

=1

1 du? du!
< 1 — § T2 2
- N_>H4I.loo 2 « /IJ_ {u dd Y dd }dﬁ

7 The n—dimensional case

In this section we prove Theorem 10. We first recall a lower semicontinuity result, valid for polyconvex
integrands (and for quasiconvez integrands as well), related to the weak topology of WP (Q; R") for
some p below the critical exponent n. These may be called non-standard lower semicontinuity results,
as opposed to the classical setting of lower semicontinuity results in the weak topology of WP (Q; R?)
when p is equal to the growth exponent of the integrand f (see Morrey [48], Acerbi and Fusco [3],
Marcellini [44]). We refer to polyconvez integrals as in Theorem 35 below, of the type

/f(Du) dz, with 0 < f (&) <c(1+[¢]P) .
Q

In the case considered here, the integrand f(¢) := |deté| < n~"/2 |Du (z)|™ has growth exponent
equal to n, while we need to consider the weak topology of WP (Q; R") for some p < n.
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Theorem 35 has been proved by Marcellini [44], [45] for p > n?/(n + 1) and by Dacorogna and
Marcellini [19] for p > n—1 (p > 1 if n = 2). A limiting case, with p = n—1, has been considered under
different assumptions by Acerbi and Dal Maso [2], Celada and Dal Maso [14], Dal Maso and Sbordone
[21] and by Fusco and Hutchinson [28]. The relazation in this context has been first considered by
Fonseca and Marcellini [27].

Precisely the following theorem holds (we limit ourselves to quote here the polyconvex case, related
to maps u : @ C R — R™ with m = n). Given a map u: @ — R", we denote by M (Du) the vector-
valued map

M (Du) = (Du,adjyDu, . .. ,adj,_1Du,det Du) € R,

where, for j = 2,... ,n — 1, adj; Du denotes the matrix of all minors j x j of Du and N = Z?:1 (’;)2
(in particular N =5 if n = 2).

Theorem 35 (Lower semicontinuity below the critical exponent) Let Q) be an open set of R".
Let g : RV — R be a nonnegative convez function. Then

lim inf / g (M (Duy)) dz > / g (M (Du)) dzx,
h—+oco Jq Q

for every sequence uy, which converge to u in the weak topology of WLP (Q;R™) for some p > n — 1,

with u,up, € WI})’C" (Q; R™) for every h € N.

The following Lemmas 36, 37 and 38, are also used in the 2—dimensional Section 5. The first result
stated in Lemma 36 gives a lower bound for the total variation. It is a variant of Lemma 5.1 (see
also Lemma 2.3) by Marcellini [45], who considered the general quasiconvez case with the exponent p
below the critical growth exponent n, precisely n?/ (n+1) < p < n.

Lemma 36 (Lower bound - first estimate) Letu € L® (Q;R*)NW 1P (Q;]R")ﬂWli’COO (Q\ {0};R™)
for some p € (n—1,n). The following estimate holds

TV (u,Q) > : (90)

/det Du(z) dx
Q

whenever 4 :  — R"™ is a Lipschitz-continuous map which agrees with u on the boundary of Q, i.e.,
u(z) =u(x) on 0N.

Proof. For fixed p € (n —1,n), § > 0, consider a sequence {up}y in Wb (Q; R") that converges
to u in the weak topology of WP (Q; R*), and such that

lim / |det Duy, (z)| dz < TV (u,Q) +4. (91)
h—+oc0 Jo
Let M := [|lul| e0(rny € R Truncate each up into wy, = (wp,w?,...,w}) whose components are
given by
' -M if ul (z) <-M
w) (z) = uy () if —_MSu?L(x)SM , V5=0,1,... ,n.
M if uj (z) > M

Clearly {up},cy still converges to u, as h — +o0, in the weak topology of WP (Q;R") and the
L% —norm ||wh|| goo(qgny is uniformly bounded as h € N. Moreover, since

wy, (z) # up, () = det Dwy, (z) =0,
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we obtain |det Dwy, (z)| < |det Duy, (z)] for almost every z € €, and

h—+4o00 h—+o00

Jim inf / \det Duy (z)] dz < Tim / \det Dy, ()] dz < TV (u,9) + 4.
Q Q

Therefore, without loss of generality, passing to a subsequence, we can assume that the limit relation
(91) holds, together with the uniform bound

sup [[up|| oo (qurny = M < +o0. (92)
heN

Let 2y be an open set compactly contained in €2 and let R := dist (Q9, 02) /2, with 0 € Q. For
every k € N set

QZ’::{.’L‘EQ: diSt(.’E,Qo)<%}, Vi=1,2,... k.
For every i =1,2,... ,k, consider a Lipschitz continuous cut-off scalar function ¢; : Q2 — [0, 1], defined
by
1 if z€Q;4
gi(z) = 0< <1, |Dg;| <EEL if z€ Q\Qy
0 if € Q\Q;

Again, for every 1 = 1,2,... ,k, and for h € N, define

wp i (2) = (1= @i (2)) u () + @i (z) un (2) .-

Then wp; (z) = u(z) for every z € Q\€;, and in particular for every z € Q\Qp. Since u(z) is a
smooth map in 2\ and since wy; (z) and @ (z) are smooth maps in €2, which coincide with u () on
the boundary 02, using the fact that the integral of the Jacobian depends only on the trace at the
boundary, we have

/ det Du (z) dx / det Dwp, ; (z) dz| < / |det Dwy, ; ()| dz
Q Q Q

- / \det Duy, (z)] dz + / (det D, ()] d + / \det Du (z)| dz .
Qi1 2\ MQ;

2

Letting h — 400, taking into account the limit relation (91), summing up the above relation with
respect to ¢ = 1,2,... ,k, and dividing both sides by k, we obtain

<TV (u,Q) +6 (93)

/det Du(z) dx
Q

k

1
+—limsup ) / |det Dwp,; (z)| dz + / |det Du (z)| dz .
k h—+o00 i=1 Qi\Qi—l Q\QO

We estimate the second integral in the right hand side. To this aim, we recall the inequality (2.9)

of Marcellini [44], valid for every quasiconvez function f (¢) with ¢ € [1,+00) growth: there exists a
positive constant ¢ such that, for every &, 7,

F©@=rml<e(1+1g "+l ) le—nl. (94)
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When applied to the quasiconvex function f (£) := |det £|, since |det £| < n~"/2 |¢|", from the previous
inequality with ¢ = n we deduce that

|[det ] — [detl| < c (1+]¢"" +1n"") €~ ] (95)
As Dwp; () = D[(1 = @i () u (2) + @i (z) un (z)], in 2\ Qi1 we have

|Dwh,i (z) = ¢i (x) Dun (2)] < |Di ()] - |up (z) — u (2)|

k+1

+[1 = ¢i (@)] - |Du ()] < un (x) = u (z)| + [Du (z)] -
From (95) with & := Dwy, ; (x) and 1 := ¢; () Duy, (x) we obtain

| |det Dwp, ; (z)| — |det @; (z) Duy, ()] |
< (14 Dwng @)"™" + |05 (2) Dun (2)"™") [Duwni () — @i (2) Du ()

k+1
R

< c(1+1Dwni @+ [Duy ()" ) [ fun (2) — u (2)| + |Du (@)

Set My := ||DU||L°°(Q\QO;1Rn><n) € R Then, since p > n — 1, for the second integral in the right hand
side of (93) we have the following bound

/ \det Dun, (z)] dr < / \det ; () Dup, ()| do
Q\Qi—1 Q\ Q1

e (1 + 1Dwns @ + [Dun @) - | 2L (2) — (@) + 241 | |
Qi\Qi—1 R

n—1

_p_ P
g/ \det i () Duy, ()| d:c—i—c{/ (14 1Duny " + 1Dy () dm} _
Qi\Qifl Qi\Qi,1

.{/m\ni_1 [ﬁ lup (z) — u (z)| +M1] =5 dx}P—(:;U

The sequences {up},cy and {wp},cy converge to u in the weak topology of WP (Q;R") and the
LP—norm of their gradients remains bounded. Up to a subsequence, as h — 400, the difference
{un () — u ()}, cn converges almost everywhere to zero. By taking into account the uniform bound
(92), we can go to the limit as h — 400 and we obtain

k
lim supZ/ \ |det Dwy, ; (x)| dz
Qi\Q2i—1

h—+00 i—1

k
< limSUPZ/ \ |det @; (z) Duy, (z)| dz + c1 - My [\ Qi1 |
Q:\ Q21

1=

p—(n—1)
P
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—(n-1)
< limsup ) / i ()| - |det Duy, (2)| daz + 1 My |0\ Q1] » (96)
h—+o0 i=1 Qz\ i—1
p=(n—1) p=(n=1)
< lim sup/ |det Dup, (z)| dz + c1kM; |Q0\Q| 2 =TV (u,Q) + 6+ c1kM; |Q\Qy| 7
h—+oo J 2\

From (93) and (96) we deduce that

<TV (u,Q) +6

/det Du(z) dx
Q

p—(n—1)

1
+— {TV (u, Q) + 0 + c1kMy [Q\Qo| 7 } —I—/ |det Du ()| dz .
k 2\ Qo

Letting k — +o00, Q9 — Q and § — 0T, we conclude

/det Du(z) dz| < TV (u,Q) .
Q

Lemma 37 (Lower bound - second estimate) Letu be a function of class L= (Q; R*)NW 1P (Q; R*)N
WL (Q\ {0} ; R™) for some p € (n—1,n). For every r > 0 such that B, C Q the following estimate

loc

holds

TV (u,Q) 2/ \det Du (z)| dz +
O\B,

/ det Dii (z) ds

T

; (97)

where u : B, — R" is any Lipschitz-continuous map which coincides with u on the boundary of B,
i.e., u(x) = u(z) on OB,.

Proof. Fix § > 0 and consider a sequence {up})cy in W™ (Q; R") which converges to u in the
weak topology of WP (€; R") for some p € (n — 1,n) and such that (91) holds. For every r > 0 such
that B, C €2 we have

TV (u,Q) + 6 > lim |det Duy, ()| dz > lim inf / |det Duy, ()| dx
h—-+o00 o) Q\Br

h—+00

+1’3minf / |det Duy, (z)| dz > lim inf / |det Dup, (z)| dz + TV (u, B) .
B, O\B,

—+00 h—+o0

We estimate the term TV (u, B,.) with (90). Moreover, since u, uj, belong to W1 (Q\ B,; R*) for every
h € N (and uy, converge to u in the weak topology of WP (Q\B,; R") for p > n— 1), we can apply the
lower semicontinuity result below the critical exponent stated in Theorem 35. We reach the conclusion
(97) as 6 - 0". m

Lemma 38 Let u € WP (B;R?) N WI})’COO (B1\ {0} ;R"™) for some p € [1,n). If

1
o P

/ |Dyul? dz < M
B,

for every o € (0,1) and for some positive constant My, then there exists a constant ¢ (n,p) and a
sequence o; — 0 such that

1
7 [ IDeul dE < e(n.p) Mo,
j OBe;
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Proof. For every j > 2 we have

1/j M
do / \Douf dH™ ! < / Do do < =% (98)
1/(25) 9B, By J
Therefore there exist g; € (%, %) such that
3 M
| peap amrt < 50 (99)
0B, A

in fact, if (99) does not hold, then for every p € ( 1

Tt %) we should have

M,
/ |D7'u|p dHn_l 2 -3_ 31
8B, P
and thus
1/ My, 1 M
do [ D dmm > S0 s S
1/(25) 8B, ynr 25 gnP

n—p—1
which is in contradiction with (98). Since % <pj < %, we deduce that g; — 0, and that (%) <

p— n—p—1
o; P Lifp > n— 1, while (%) < (20;)" P71 if p < m — 1. From (99) we finally have

_ 3M, p
[ i arrt < B0 <o) g
8B, J

where ¢ (n,p) =3 ifpen—1,n),c(n,p)=3-2" P Lifpel,n—1). =m

We denote a generic element of the surface of the unit ball 9B; = S" ! by w. Let wy € S*! be
fixed. For every j € {1,2,...,n—1} let 7; : S"! — {wp} — S™ ! by a vector field of class C'! such
that, for every z € S~ — {wg}, the set of vectors {1 (w),72 (w),... ,T—1 (w)} is an orthonormal
basis for the tangent plane to the surface S?~! at the point w. Without loss of generality (up to a
change of sign to one of the vectors) we can assume that 7 (w), 72 (W) ,... ,7Th—1 (w) have the property
that, if we denote by v (w) the ezterior normal unit vector to S™ ! at w, then the system of vectors
{v(w),n (w),...,Tn—1 (w)} is a positively oriented basis of R". IL.e.,

VIW)AT (W) A ... AT (w) =e1 Aeas A Ney

or, equivalently, that the determinant of the matrix whose column vectors are the components of

v(w), 7 (w),...,Th—1 (w) with respect to ey, es,... , ey, is equal to 1.
Ify: 8" 3R, veWho (S"*I;R"), v = (’111,1)2,... ,v"), is a Lipschitz-continuous map, we
denote by D,v the vector of R*~! whose components are D, v, D,v,... ,D; _,v.

Lemma 39 Let v € WH® (S"~L,R), 5 € C' ([0,1]), with n(0) = 0 and let w(z) = n(|z]) v (1>

|]
oo ()] + 80 oo 3)
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For almost every x € B1 we have

2 2
X
L (|2|)
||

|Dw ()| = ; (100)




et D () = 10T e 5 (1) o', +) o) (1) o

|| i=1
Moreover, if n(t) =t for every t € [0,1], then

O (v, ..., vt o)

a (TlaTZa e 7Tn71)

(w) dH™ 1. (102)

det Dw (z / )t (w)
B 8B = 1

Proof. Since v : "' — R” is a Lipschitz-continuous map, then D,v (w) exists (in the classical
sense) H" ! almost everywhere on S"~! and the map z — v (z/|z|) is classically differentiable for
almost every = € By. Let z # 0 be a point of By where v (z/ |z|) is differentiable; since the vectors

v (Z)m=n (&) = (2))

form a basis of R", for every i = 1,2,... ,n we have

n—1 ; n—1 ;
; Ow* (x) (= n(|z]) §~ 0v* (2/ |x])
D 1 — R ! 7 e )
' (z) + 3 2y ot ol ot () o+ L S 2D

7j=1 7j=1

and thus we obtain (100). Moreover, Dw (z) is equal to the matrix { Dw! (z) , Dw? (z),... , Dw" (z)}.

If we express each column of Dw (z) as linear combination of the elements of the basis {v, 71,... , 71},

since w (z) =7 (|z]) v we obtain the matrix

T
EVX

v () o' () e o (&) o o de) o ()
- | (R E(E) - ()
we) oot (2 alad gt (2 oaeh o (2

Thus the determinant of the matrix Dw (z), computed by developing the first row, is given by (101).

By integrating over B; both sides of (101), with 5 (¢) = ¢ for every ¢ € [0, 1], since %n__:w =1,

we obtain

i1 g 0 (vh,... vttt on
/ det Dw (z dm—/ (=1)" ot (i) (v v v v") (i) dz
B Bl’i 1 |$| 8(7—177—27"' 7Tn—1) |$|
[ S () Wt ) (2
9B, 2 1 || O (71,72, s Tn-1) ||

R YL e L I
:/ i 1dg/aB )t (w) v v oY ") (w) dH™ !
14=1

0 (vt,... v ottl  n
/ Z lvz (w) ( ) (w) danl .
9B1 ;= 1
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Lemma 40 Let Q be an open set containing the origin. Let us assume that, for some p € (n —1,n),
we WP (Q;RY) N W2 (Q\ {0} ; R?) satisfies

loc

sup

— / |Du|? dz < My
>0 0"7P /B,

for a positive constant My. Let v € W™ (S”_I;R") be such that

lim max {|u (ow) — v (w)| : w € dB1} =0.
0—0+

Then there exists a sequence gj — 0 such that

lim det Dw; (z) dz = / det Dw (z) dz, (103)
J—+0o0 B B

where wj (z) := |z| u (gj%) and w (z) := |z| v (%)

Proof. Let p; be the real sequence converging to zero of Lemma 38. By assumption w; (z) :=

|| w (gj f;—|) converges to w (z) := |z| v (ﬁ) uniformly in By. Let us prove that w; weakly converge

in WP (By;R?) to w. In fact, by (100) of Lemma 39 we have

T T
u (%) Dru (9%)

and thus the LP norm of Dw; remains bounded. In fact, by Lemma 38,
z \|? 1

D, u (Qj—> dr =c1 + C2Q§/ dr/
|z| 0 3B,

1 ,r.n—l » _—
=c1+ 02927 —— dr |Dru (y) dH,
0 9 By,

2
+ 05

2
|Dw;j (z)|* =

()P
/Bl |Dw; (z)|P dz < 1 + czgg

T p
D.uloi— || dH™!
7]
B

C2 — Cc2
et —or [ D) dHyT = et Ze(np) Mo,
ng; 9By, n

By (101) we also have, with o = p/ (n — 1),

o a(n—1)

/ |det Dw; (z)|* dz < c;;g?(n_l)/ dz (104)
Bl Bl

T T
u (%) Dru (%)
1

<adl" e [ Du)P dmpt = oy [ D) amp
Bo; 9; 0By;

which is bounded, again by Lemma 38. Therefore, since @ > 1, to obtain the conclusion (103) it is
sufficient to prove that

lim pdet Dw; (z) dz = / pdet Dw (z) dzx, Yo e C)(B). (105)
J—+oo Bi B
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Since p > n —1, we apply Reshetnyak’s [56] weak continuity result on the matrix adj, 1 Dw; of minors
(n —1) x (n — 1) of Dwj, which weakly converge in L1 to the corresponding matrix adj,_1 Dw of
minors of Dw (see 44). By the uniform convergence of w; to w, for every ¢ € C} (B1) we get the
conclusion

9 (so, ,w”)
lim pdet Dwjdr = lim —/ 'wjl- 2 dg
j=+oo [, j—+o0 B 0 (.’171,.'E2, . ,.’L‘n)

0 2w
:—/ w! ((p,w il ) dw:/ pdet Dwdzx .
Bl Bl

8(.’E1,£L‘2,... ,.’En)

[
Proof of Theorem 7. Let u € L (4 R*) N WP (Q;R") N Wlicoo (Q\ {0} ;R™) for some p €

1
(n —1,n). Let {e4},n be a sequence corfwjerglng to zero and consider the convolution uy := uxn., of u
with a smooth mollifier ., . For every h € N, up, € C' (Qp; R?), where ), = {z € Q : dist (z,0Q) > &5}
Moreover, for every Q' CcC Q\ {0}, up, — u uniformly in Q', Duy, (z) — Du(z) for every z € Q\E,
where E is a Borel set of zero measure, and the sequence {u}) is Lipschitz-continuos in €', with

a Lipschitz constant independent of h. Denote by Ny the set of real numbers given by
No:={o>0: H" ' (0B,NE) >0} .
If B, cC Q then we have

T
0=|EN B, :/ H" ' (0B,NE) do,
0

and thus the one-dimensional Lebesgue measure of Ny is equal to zero. We can repeat the proof of
Lemma, 40 to reach the same conclusion for a sequence {Qj}jeN c (0,7), {Qj}jeN NNy =@, g; = 0.

Since up — w uniformly on By, D;up(z) — D;u(x) H"'—almost everywhere on By;, and the
sequence {up}cy is Lipschitz-continuos on B, with a Lipschitz constant independent of h, then
Dyup, — Dyu in L9 (0B,,;) for every ¢ > 1. Fixed ¢ € C§(Q) and denoting by v = v (z) =

(v',v2,...,v™) the exterior normal unit vector to dB,,;, we have
0 (p,u?, ... u" 0 (p,uz,...,u?
/ ut (cp, o ) dr = lim u,ll ((P’ ho' s h) dx
o\B,. O(z1,T2,...,%n) hotoo Jo\B,, 0 (z1,%2,... ,%n)

1 2
— im / (pa(uh,uh,...,uﬁ) i
h—+00 Q\ng a(il?l,.’EQ,... ,iUn)

. 0 (u2,u3,...,u}l) v
o5, hz( ) (’Oa(zl,...,zi_1,$i+1,---a$n)

%

(9(u2 ul,. .. ,u") vt

= - (pdetDudac—/ ul Lo ’ dH™ 1.
/Q\Bej 3BQJ ; 8 .1‘1, v 3 L1, Tj41y - - ,:L‘n)

By the analytic expression (114) of v, together with (iii) of Lemma 41, with the notation w; (z) :=

|| w (gj ﬁ—|>, we obtain

0 (p,u?,... ,u" 0 (u?,u?,... ,u"
/ u! (i, u) dr = —/ (pdetDudx—/ ulp (2, u) dH™ !
Q\B, O\By, 8By,

6(171,.’132,... ,.Tn) 8(7’1,7‘2,... ,,Tn—l)
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2 ,,3 n
6<wj,wj,... , Wy

=— det Dudz — / w}k W ) dH™ ! 106
/Q\ng(p 8B, 5% (e )3(71,72,--- y3Tn—1) (106)

8By im1 Tiyewe 3 Lj—19Lj419--- ,.’L‘n)

) n i 8(w]2-,w§-’,...,w§?) vt .
=— wdetDudw—/ w; e (gjw) E (=)~ dH™™
/52\ng 7 a(

B B(wl,xg,... ,.Tn)

:_/ @detDudw_/ a(w}(p(gj%')’w?,“.’w?) dz
Q\B,,

8(.’[)1,IE2,... ,.’L‘n)

T 2
T lﬁ(go(gjm>,wj,...,w?)
=— pdet Dudx — ¢ | 0j | det Dw;dx — wj dz .
0\By; B || B

As j — 400 the quantity ¢ (Qj |2—|) converges to ¢ (0) uniformly in B;. Then, by the bound (104) and
by (105), we obtain

lim 7 (jS) det Dw; (z) dx = / ¢ (0)det Dw (x) dz .
B1 |‘T| B

j—+oo

Moreover, as in the proof of Lemma 40, the sequence {|Dwjl},cy is bounded in L? (B1) and

0 (go (jS) ,wl, ... w’?) n—1
3 » Wy w;| |Dw;
/ wj -z dz| < Cle/ Joogl 1Dwil™ g, < 05,
Bl Bl

0(z1,2z2,... ,2Tp) |z|

which converges to zero as j — +o0o. Therefore, since det Du € L' (), letting j — 400 in (106) we
obtain

0 (p,u?, ..., u"
/ul (i, u w) d;c:—/gadetDuda:—go(O) det Dwdzx,
Q a(wla:ﬂ?a"' 7'T7l) Q B

with w (z) == |z| v (i); ie.,

E
Det Du = det Du + mgdp where mg = /B det Dw dzx .
1
Then, the total variation |Det Du| (2) of Det Du is equal to
Det Du| () = /Q \det Du dz + |mo| |

which agrees with the conclusion (20). m

Proof of Theorem 10. Step 1 (lower bound). We first notice that, by virtue of (17), there
exists 7 > 0 such that v € L™ (B,;R"). Let p € (n — 1,n). Let o; — 0 be the sequence of the Lemma
38, and consider j € N sufficiently large so that B,, C B, C Q. By the estimate (97) of Lemma 37 we
have

TV (u,Q) > / \det Du (z)| dz + , (107)

O\B,,

/ det Du (z) dx
B

¢j
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where % : By, — R" is any Lipschitz-continuous map which assumes the boundary value % (z) = u (z)
on 0B,,. In particular, we consider the extension u = w; given by w; (z) := % u (gﬁ), and, using
a change of variables, we have

J

where w; (z) := |z| u (m%). Letting j — +o0 in (107), by Lemma 40 we get

det Dw; (z) dx = / det Dw; (z) dz,

. B
0; 1

j—+oo j—+oo

TV (u,2) > liminf / |det Du (z)| dz + lim
O\B,,

/ det Dw; (z) dx
By,

Jj—+o0 ’

=/ \det Du (z)] dz + lim
Q

/ det Dw; () dx
B

=/ |det Du ()| dz + / det Dw (z) dz
Q B,

where w (z) = |z| v (ﬁ) We represent det Dw (z) using (102) of Lemma 39, and we obtain the

lower bound

det Dw (z) dx

B

TV (u,9) 2/ \det Du (z)] dz +
Q

:/ |det Du ()| dz
Q

n ) ' 1.__ i—1 i+1.“ n
/ Z(—l)z‘lvz(w)a(”’ W ) Gy |
o]

L1
n B: im1 8(’7’1,’7’2,... ,Tn—l)

Step 2 (upper bound in the radially symmetric case). Here we assume that u(z) :=
v(z/|z|). Let gp be a sequence of positive numbers converging to zero as h — +oo and let h € N be

sufficiently large so that B,, C . As before, we use the notation w (z) := |z|v (z/ |z|), and we define
| B (E) = mv@=u(E), foeb,
h = .
u(zr)=v 7)o if z € Q\B,,

Then {up},cn converges to u in in the strong norm topology of W2 (Q; R"). Therefore we can use
the definition (26) of TV (u, ) and, since det Du (z) = 0 in Q\B,, we have

det Dw (z) dz

h——+4o00 ’

TV?® (u,) < liminf /
B

1
——det Dw <i>‘ dr = / |det Dw (z)| dz =
Op, Oh B;

op B

(108)

where the last equality follows from the fact that, by assumption, det Dw (z) has constant sign in Bj.
In fact, by (101) of Lemma 39, with 7 (|z|) = |z|, we have

det Du () = Zn:(—l)i_l’l}i (;_O d(vt,... ,m—1’vz'+1,..). ,o™) (;—O |

— O(T1, T2y, Tn—1

and thus, by the sign condition (22), the left hand side has constant sign as well as the right hand
side. Therefore, from Step 1 and from (108), when u (z) := v (z/ |z|) we get

TV (u, Q) =TV?® (u, Q) =TV (v, B1)
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/ 3 (1) (o) L ) ) g
a

1
= 5, O(T1, T2y - yTn-1)

We explicitly observe that, as a consequence of what we have shown in Steps 1 and 2, we have achieved
the proof of Theorem 12 in the radially symmetric case; moreover, the representation formula for
TV (v,9Q) is independent of the open set € containing the origin.

Step 3 (upper bound in the general case). By Lemma 38 there exists a sequence (op),cn;
converging to zero as h — 400, and such that

1
ﬁ/ |Drul? dH™ ' < ¢(n,p) My (109)
Oy 9By,

For every h € N, we denote by o}, a real sequence in (0,1) to be chosen later (see (112)). For every
h=1,2,..., let n, (0) be a cut-off function such that n, (0) = 1if 0 < o < g (1 —0ap), nr(0) =0
if o, < 0 <1, n, (0) is linear in the interval [g, (1 — op), 0p]. Fix € > 0. From Step 2 there exists a

Lipschitz-continuous map w : B; — R™ such that w (z) := v ‘;”—| on a neighborhood of dB; and

/ \det Dw ()| dz < TV (v, By) +¢. (110)
B

Then, with the notation w := z/ |z|, we define

w(gh(ﬁah)), if0 < |z| < op (1 —0p)
un (2) = gy (J2]) v (@) + [T = (|2)] w(onw), if on(1—on) < |z < on - (111)
u(z), ifx € Q\B,,

We first prove that {up},cy converges to u in the strong topology of WP (;R"). In fact

/\uh—u|p dw:/ lup, — ul? dmgc/ ‘w (#>
0 B, B (1 on (1 —on)
en(1-op)

+c/th\B { v (%) u (gh%) p} dx—l—c/th |u ()P d

< CQZ {HwHioo(Bl) + HUHpoo(aBl) + [Ju (opw) — v (“’)”iw(aBl)} + c/ | (3;)|p dx,

Ch

p
dr

p
+

en(1—op)

which goes to zero as h — +o0, since gp, — 0 and ||u (opw) — v (w)||1£w(831) — 0. Moreover, by (100)

of Lemma, 39, we have
z P
/ |Dup, — Dul? dz < cl/ Duw (7) dx + cl/
Q B on (1 — o) th\th(lfah)
P
dzr + C—lp/ ‘u(gh£> —’u(i>
Qﬁah th\BQh(l_"'h) |‘,E‘ |‘T|

+01/ ‘Dfu (Qh£>
By, \B ) ||
1

<oy P(1- Uh)n_p/ P
) |z|

|Drvl”

|$|p dz

ep(1-op)

P
dz + cl/ | Du|? dz

@h

op(1-op

\Dw (2) dz + c» / dz

Bi B,, \B

ep(1-op

50



on " p
—l—cz/ dr/ D;u (Qh ) dH™ ' + ¢ h 7 [lu(opw) — v (w )H]i(”(aBl) + cl/ |Dul? dz
on(l—0s)  JoB, ] oh o
n—p
_ Y
< ngh Py —0h h/ |Dyu (y)P ng Lyes 0’;71 lu (opw) — v (w)||1£°°(831) + 01/ |DulP dz .
Qh aBEh h Beh

By the bound (109) we obtain

p

n
/Q|Duh = Duf? do < c(w,0,Mo) &+ ¢ 2y (e4) ~ 0 (@) e o, + cl/B \Dup dz

h oh
and this quantity goes to zero as h — +o00 if we assume that

n—p
op =07 (112)
(we use here the fact that p < n). Therefore, as h — 400, up converges to u in the strong norm

topology of WHP (; R*). Thus, by (110) and by the lower semicontinuity of TV* (u, Q) with respect
to the strong convergence in WhP (; R"), we have

TV (u,Q) < TV (u,Q) < liminf / \det Duy, ()] dz
Q

h—+00

< / \det Dw ()| dz +/ \det Du ()| dz + lim inf / \det Duy, (z)| dz
B Q h=oo Bop\By, (1-03)
<TV (v,B1)+e+ / |det Du (z)| dz + lim inf / |det Duy, (z)| dz.
2 12420 JBey\By, (1-y)
If we prove that
lim |det Dup, (z)| dz =0, (113)

h——+o00 BQh\Béh(lfah)

then, letting ¢ — 0" we reach the upper bound

TV (u, Q) <TV® (u, Q) <TV (v,B1) + /Q |det Du (z)| dz
which, together to the lower bound in Step 1, yields the conclusion

TV (u, Q) =TV® (u, Q) =TV (v,B1) + /Q |det Du (z)| dz .

Therefore it remains to prove (113). To this aim, arguing as in the proof of (101), we can evaluate
det Duy, (z) by taking first the derivative of uj with respect to the radial direction, and then the

tangential derivatives. We get
/ \det Duy, (x) Hu (th) . (i) ‘ .
By, \B ~ OnOh JB,, \B ) || ||

op(1-op)

ep(1-op
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7l

c1 1 On0h
< (o) v @)lmiomy 2 [ e+ 2%
2o Bo,\B,, (1-0y) |7] ep  JoB,

|Dyu|™ ! dH”—l}

h

<c3 ||u (Qhw) - (w)HL‘X’(aBl) {02 +/3 |D7u|n71 dHn_l} .

By,
Finally, since by (109) we also have

n—1

1 »
/ |Dyu|” ! dH" L < 04{ n_p_l/ |Drul? dH"l} <ecs,
9By, oy, 0By,

then, from the above inequality, we deduce that

/ |det Duy, (z)| dz < cg ||u (opw) — v (w)HLOO(BBl) )
By, \B

en(1-on)
which converges to zero as h — +oo. Thus (113) is proved. m

We conclude this section with some algebraic results used in the paper. We introduce some
notations. Denote M™*" by the family of m X n matrices. If A is an n X n matrix (4 € M™*"),
Xi.j (A) is the matrix obtained from A by deleting the i—th row and the j—th column of A. If S is
an (n — 1) x n matrix (§ € M(~D*") X ;(8) stands for the matrix obtained from $ by deleting the

j—th column of S. Tf T is an n x (n — 1) matrix (T € M™*™=1)) then X; (T) is the matrix obtained
from T by deleting the i—th row of T'.
The properties stated in the next two lemmas are known and we do not give their proofs. We refer

the reader for instance to the book by Cartan [13].

Lemma 41 (Algebraic lemma) The following properties hold:

(i) Let &,m € R™ and let B € M™". If A;; = &n;j and A = (A;j) € M™ ™, then

det (A+ B) = Zn: (—1)""7 & det (X j (B)) + det (B) .

(i) Let T € M™ Y be o matriz whose column vectors {T1,Ta,... ,Tn_1} form an orthonormal
basis of R*. Then

> [det (X, (T))]* = 1.
=1
(iii) Let S € M%7 gnd T € M™ =1 Then

det (S-T) = znjdet (X, (9)) - det (X5, (T)) .

52



As in Section 2, fixed wg € 0By, for every j € {1,2,... ,n — 1} we consider a vector field 7; :
0B1\ {wo} — R™ of class C! such that, for every z € 8B1\ {wo}, the set of vectors {71 (z), 72 (z),... ,7Tn_1 (z)}
is an orthonormal basis for the tangent plane to the surface 0B; at the point z. For every z €
0B1\ {wo} we denote by T (z) the n x (n — 1) matrix whose columns are given by the vectors
{m (z),m72(z),... ,7-1(x)}. Consider the vector

n

v(z) = (=1)"*'det(X; (T (z))) e;. (114)

=1

Up to a change of sign to one of the vectors 71 (z) , 72 (z),... ,7Th—1 (z), we can assume that, at every
z € 0B1\ {wo}, v (z) represent the ezterior normal unit vector to 0B;. That v (z) is a normal unit
vector to the surface 0B; follows from the following result.

Lemma 42 (On the normal unit vector) For every x € 0B1\{wo} the vector v (z) has norm
equal to 1 and it is orthogonal to the vectors 71 (z), 12 (z), ... ,7n-1 (Z); i.€.,

{|V(.’L')|: , V€ 0B\ {wo};
(v(z),7i(x)) =0, VzedB\{w}, Vi=1,2,...,n—1.

8 Relaxation in the general polyconvex case

As mentioned in Section 4, the characterization of TV (u, ) may be viewed within a broader context,
namely as part of a program to search for the description and identification of the defect measure
obtained through relaxation of energies when there is a gap between the space of coercivity and the
space guaranteeing apriori continuity. Indeed, TV (u,(2) is a particular case of a functional of the type
Fpq(u, Q) in (41).

Here formally we may consider

h—+o00

F (u,9) := inf{liminf /Qg(M (Dup, (x))) dz - (115)

up, — u weakly in WHP (Q;R"), uj, € W™ (Q;R™)} .

Then F (u, () is the relazed functional of the integral functional

F(w,9) = [ 904 (D) ds.
Q
where u : Q — R". The vector-valued map M (Du) of minors of Du is given by
M (Du) := (Du,adjsDu, . .. ,adjp_1Du,det Du) € RV,

where, for j = 2,... ,n — 1, adj; Du denotes the matrix of all minors j x j of Du and N = Z?:1 (7;)2
(in particular N = 5 if n = 2). Finally g : RY — [0, +00) is a conver function satisfying the growth
conditions

goo [det §| < g (M (§)) < L (1 + [€[°) + goo [det €] , (116)

for some constants L > 0, goo > 0, for all matrices £ € R"*" and for some exponent p € [1,n).
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A particularly important case of F (u,(2) is the area integral

A (u,Q) ::/Q\/l+\M(Du)|2 dz, (117)

which in the 2 — d setting reduces to

A(u,Q):/Q\/1+|Du(:z)|2+|detDu(:v)|2 dz. (118)

It has been shown in [8] that, if p > n — 1, then F (u,-) is a Radon measure and, for every open
set A C Q,

F (u, 4) = g (M (Du)) L[ A + p, (4) |

where p; is a finite Radon measure, singular with respect to the Lebesgue measure £". A longtime
question has been to identify the singular measure us. In Theorem 43 we achieve this for the class of
maps u € VVI})’COO (©2\ {0} ; R™) considered in Section 2. Precisely, using Theorem 1 in 2—d and Theorem
10 for the general n—d case, we can prove the following relaxation result.

Theorem 43 (Relaxation in n—d) Let Q be an open set of R®, n > 2, containing the origin. Let
w e WhHP (Q;RY) N W2 (Q\ {0} ; R*) for some p € (n — 1,7n), such that, for a positive constant My,

loc

sup

— / |DulP dz < Mj.
>0 0"7P Jp,

Letv:0B;, =S - R, v e Wh® (S”_I;R”), be a Lipschitz-continuous map such that

ORI [T =

Moreover, if n = 2 we assume that the map v has values in the set T' defined in (6); while, if n > 3,
then we assume that the quantity

lim max
o0—0t

n _ _ 1 i—1 i+l n
E: i+l i
(_1)4_1“8(1),...,'0 , U ,...,’U)

=1

O(T1,72y -+ ,Tn—1)

has constant sign H"~'—almost everywhere on OBy. Then the relazed functional F (u,Y), defined in
(115) with g : RN — [0,4+00) satisfying (116), is given by

w9 = [ g0 (Du(e) do + 9TV (v.B1)
Q
where the total variation TV (v,B1) of v is given in (24).

Proof. Step 1 (lower bound). Consider a sequence {up},y of class W™ (Q; R") converging
to u in the weak topology of WP (;R"), as h — +o0o. Let o € (0,1) be fixed. By Theorem 35, on
the lower semicontinuity below the critical exponent, using the bound on the left hand side of (116),
we have

h—+00 h—+00

liminf F (up,?) > liminf / g (M (Duy, (z))) dz + lim inf goo/ |det Duy, (z)| dz
Q\B, h—400 B,

> / g (M (Du(2))) dz + gooTV (v, By) .
O\B,
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Letting o — 0 we deduce the lower bound

F(u,0) > /Q g (M (Du (2))) dz + o TV (v, B) .

Step 2 (upper bound). For every ¢ > 0 there exists a Lipschitz-continuous map w : B; — R”
satisfying

/ \det Dw (z)| dz < & +TV (v, By) (119)
B

and such that w = v on 0B;. Indeed, if n = 2 we use (67), while if n > 3 we use (110). By Lemma
38 there exists a sequence (op),cy, converging to zero as h — +o00, and such that

1
m/ |D7-U|p dH'n_1 S c(’n,p) M() .
o 0By,

p

For every h € N we set op, := g,fj, and we define up, (z) as in (111). As in Step 3 of the proof of
Theorem 10, we can show that

lim |Dup|P dz = lim |det Dup, (z)| dz =0 (120)

h—+00 th\B h—+00 th\B

op(1-ap) op(1-ap)

and, by also using the inequality on the right hand side of (116), we can prove the upper bound

F (u,Q) < liminf F (u,9) S/Qg(M(Du(:c))) ds

h—+00

{L(1+ |Dup|?) + goo |det Duy|} dz + goo/ |det Dw ()| dz .

B

+ lim inf /
h—+o00 th\B

By (119) and (120), letting £ go to zero, we conclude that

op(1-op)

F(u,0) < /Q o (M (Du(2))) dz + g TV (0. By) .

9 A relevant n—dimensional class of maps

The singular map u : R"\ {0} — R", defined for z # 0 by

u(zr) = —, (121)

belongs to the class WP (B; R") N Wﬁ)’coo (Q\ {0} ;R?) for every p € [1,n), but u ¢ WL (By;R).
In this case a formula for the total variation TV (u,2) was already known. Indeed, (122) below has
been first given in 1986 by Marcellini [45] (see also Fonseca and Marcellini [27]). In this section we
generalize the formula to more general maps.

To deduce (122) using the tools developed in this work, write u (z) = v (z/|z|), where the map v :

O0B; — R is the identity on 0By = S"!. The map © (z) = |z|-v (z/|z]) = x is the smooth extension

55



of u according with Corollary 13. Clearly Dv (z) = Id is the identity matriz and det Dv (z) = 1.
Therefore, if €2 is any open set of R” containing the origin, Corollary 13 gives

Tv(fﬂa):
||

Next we generalize the structure (121) and we consider a class of maps recently studied by Jerrard
and Soner [40]. Consider a function w € C* (£2;R) (or, more generally, a locally Lipschitz-continuous
map w :  — R" classically differentiable at z = 0) such that det Dw (0) # 0. Let Q be an open set
containing the origin and define u : Q\ {0} — R" by

/ det Dv (z) dz
B1

:/ dz = |By| = wn. (122)
By

u(z) = M (123)

Note that the condition det Dw (0) # 0 ensures the existence of » > 0 such that w (z) # w (0) for
every z € B;\ {0}, and in the sequel we limit ourselves to open sets {2 C B, containing the origin.

First we show that, without loss of generality, we may assume that Dw (0) = Id is the identity
matriz. Indeed, by assumption, the gradient Dw (0) of w at z = 0 is a nonsingular matrix n x n; let
us denote by A := Dw (0) this matrix, and by A~! its inverse matrix. Define on Q\ {0}

w(A7lz) —w
z(z) =u(A7'z) = m Ei_lmg — ((3))| , VzeQ\{0}.

Let {up},en be a sequence in W™ (€; R") which converges, as h — +00, to u weakly in WP (Q; R").
Then zj, () := up (A~'x) converges weakly in WP ((;R") to z (z) = u (A™'%). Since

/ |det Dz, (z)| dz = / |det Duh(Afla:)‘ . |det A71| dr = / |det Duy, ()| dz,
A(Q) A(Q) Q

we deduce that TV (z, A (Q)) = TV (u,Q). We also have [Dw (A™'z)] _, = Dw(0)-A~' = Id, where
Id is the identity matrix. Therefore, the above computations show that, without loss of generality, to
evaluate the total variation TV (u,(2) of the Jacobian determinant we may assume that

A=Dw(0) =Id. (124)

Under (124), with u given in (123), we define v : 9B; — R” by v (y) := vy, for every y € 0B;. We
have

tim max {Ju (o) — v ()| @ € B\ {0}} =0, (125)
Indeed, since w is differentiable at x = 0, we obtain

wlon) — ) = D) 0O ayrole) v+
@) =00 = ) —w o] Y T Ty role) T

-Y,

which converges to zero as ¢ — 0. Thus assertion (125) is proved.
Moreover, for every z € B,\ {0} with B, compactly contained in 2, if we denote by L the Lipschitz
constant of w in B,, we have

| Dw ()] L

1= Tw@ —w )]’

PuOS G —w o
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for a constant ¢i. Since A = Dw (0) = Id, then
1
lw(2) —w(0)] = [Dw (0) -z +o(|z))| = |z +o(|z)] 2 5 |a]

for every z € B,, with gy sufficiently small; thus

L _2al
w (@) —w(0)] = |z -

|Du(z)] < 1

Also, for every p < n, we have

1 c 1
sup —— |Dul? dz < sup n—2/ — dz
0<p<po @ p B, 0<p<po @ p B, |$|

C2 - Wp _q_ C2 - Wnp
< sup — / PVl Py = 2 T
0<o<oo 0P Jo n—p

Therefore the assumptions (17), (18) are satisfied, and we can apply Theorem 10, when v : $"~1 —
S"~1 is the identity map. Since |u (z)| = 1 for every = € Q\ {0}, then det Du (x) = 0 in Q\ {0}, and
hence, by (122) we finally get

TV (u,Q) = TV <|“°—|Q> =w,,  with u(z):=
A

10 Some 2— and 3—dimensional examples
We start with a simple application of the general 2—d result of Theorem 1.

Example 44 Let u(z) := v (z/|z|), where v : [0,27] — S' is the map v (9) = (cos g (9),sing (9)),
with g : [0,27] — R Lipschitz-continuous function such that g (2w) = ¢ (0) + 2k=, for some k € Z.
Since v' (9) v3 (9) — v (9) vy (9) = ¢’ (I) , by Theorem 1 we obtain

1

TV (’LL, Bl) = 5

27
/ g (9) dq?‘ = |k x.
0

Note that here g is not necessarily a monotone function and that TV (u,B;) = 1 ‘ 2m g (9) dv

=3 Jo i with
the absolute value sign outside the integral sign, and not inside as could have been ezpected. On the
other hand, if w(z) = |z|u(z) is the radially linear Lipschitz-continuous extension of v, we have

instead TV (w, By) = § OZW lg" (9)] d9.

We propose below some examples related to the “eight” curve, i.e., to the union «y of the two circles
4*,~~ of radius 1 with centers at (1,0) and at (—1,0) respectively. We consider a Lipschitz-continuous
closed curve v : [0,2n] — <y, with parametric representation v (9) = (v! (9),v? (9)) and with v (0) =

v (27). As in Section 2, we denote by {I;’} and by {I o } ., sequences of disjoint open intervals of
j
[0, 2] such that v (I;) C 4" and v (I;) C v~ (and v (J9) = (0,0) when 9 ¢ (U]-I]T") U (Uel; ). With

u(z) := v (z/|z|), we stated in Theorem 4 the following upper and lower estimates

1
TV (u, Br) < 5 >

f {v' (9) v} (9) = v* (9) v5 (9)} d¥
jeEN

J

: (126)
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TV (u, By) 2% Z/ {v'vi — v} dI| + (127)

JEN

2/ {U’U —vful}dﬁ

keN

We notice that, if the curve v : [0,27] — v = 4y U+~ admits only two intervals I;” and I, where
v (IfL ) Cyt,v (IQ_ ) C 7y~ respectively, then the above estimates for TV (u, B1) are in fact equalities,

and
TV (u,By) = { / {v'vj —v?vy} d9| + / {v'vj —v?vy} ¥ } (128)
Iy
Moreover, the total variation of the distributional determinant |Det Du| (B;) is given by
1 27
|Det Du| (B1) = 3 ‘ {v' (9)v5 (9) — v* (9) vy (9)} d«?‘ . (129)
0

Using these estimates we can now address the next examples.

Example 45 Let h,k € Z, and let v : [0,27] — «y be the curve whose image turns |h| times in v~ and
|k| times in v, according to the parametric representation

(9) = (—1,0) + (cos 2h¥,sin2hd) if0<I <
vy = (1,0) — (cos2k¥,sin2ky)  ifm <9 < 2w
Since

ol — v2ul — 2h (1 —cos2hd), f0<dI<m
v v 2k (cos2k9 — 1), ifn<d<2m ’

then, with u (z) := v (x/ |z|), by the representation formulas (128), (129) we have

{ TV (u, By) = (|h| + [k[) 7

Dot Du| (By) = |h — k|« VhkeZ. (130)

Example 46 We consider the map

v(¥) = { (—=1,0) + (cos 29,sin2¢9) if0<I<m7 31)

(1,0) £ (—cos29,sin29) ifmr <9 <27 ’

and we extend it by periodicity from [0,27] to R. Then we define vp(9) := v(h?), for a given parameter
h € Z. The image of vy, is contained in vy and v~ in correspondence with two sets of disjoint open
intervals of [0,2n] which, with the notations introduced above, we denote by I;’ and I, respectively.
Then v (I;) C vt and v (I;) C vy~ . With up (z) := vy (z/ |z|), by (126) and (127) we obtain

81) ov 81} ov
TV (up, B1) = Z/ﬁ{ —h haé’}dﬁ-l— { —h haq;‘}dﬁ

_ 2h(cos2hd — 1) d| = 2|h|m

1 1
= - 2h (1 — 2 —
2Z/I.+ h (1 — cos 2h9) dd| + 5
J J
In this situation we have

{Tv(uhaBl):2|h|7r YhezZ.

IDet Dup| (B1) =0
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Example 47 The map v : [0,27] — vy defined by

(—1,0) + (cos 49,sin4d), if0 <9 <m/2
(1,0) + (—cos4d,sin4d), ifr/2<I<w
(—1,0) + (cos49,sin4d), ifw <9 < 3w/2
(1,0) + (— cos4d,sindd), if3n/2 <9 <2rw

(132)

spans v~ twice counter-clockwise, and v+ twice clockwise. It is a particular case of the previous Ezam-
ple 46 and, with the usual notation u (z) := v (z/ |z|), we have TV (u, B1) = 47 and |Det Du| (B1) = 0.
Consider now the map v : [0,27] — v defined by

(—1,0) + (cos 49, sin449), if 0 <9 <m/2

oy . ) (1,0) 4 (= cos 49, sin49), ifn/2<d9<m7

o(9) := (—1,0) 4 (cos 49, —sin4d), ifm <9 <3w/2 (133)
(1,0) + (— cos4d, —sin4d), if3n/2 <9 <2«

which spans v~ twice, the first time counter-clockwise and the second time clockwise; while v is
spanned first clockwise and then counter-clockwise. Then again, with u(x) := v (z/|z|), the estimate
(126) yields TV (u, By) < 4w, while (127) gives TV (u, B1) > 0 = |Det Du| (B1). Therefore, this is an
example where there is a gap between the estimates (126) and (127).

The last example related to T was already considered by Maly [41] and by Giaquinta, Modica and
Soucek [35], who proved that the graph of w cannot be approzimated in area by the graphs of smooth
maps.

We finally consider a 3—dimensional example.

Example 48 Let us consider the map v : S — S? C R3 defined, in spherical coordinates, by

vt = cos g () sinep

v (9,1) :={ v?=sing (¥)siny

v3 = cos

for 9 € [0,2x], 9 € [0, 7], where g : [0,27] — [0,27] is a Lipschitz-continuous function such that
g(2m) —g(0) = 2kx

for some k € Z. By formula (101) we can see that, if w is a generic point of S%, represented in the
form w = (cos ¥ sinp, sin ¥ sin, cos 9), then we have

8(1}2,'03) 8('01,'03)
8(7’1,7’2) 8(7’1,7’2)

0 ('02,'01)

1
K (w 8(7’1,7’2)

w) —v? (w (w) + 23 (w) w)=4g (9).
Thus, if the function g is monotone, then the sign assumption (22) is satisfied and, by Theorem 10,
we obtain
2 4
TV (v,B1) = 219 (2m) — g (0)] = g7 |k, (134)

which, as ezpected, is equal to the absolute value |k| of the topological degree of the map times the
volume wz = %ﬂ' of the unit ball in R3.

However, formula (134) also holds if the function g is not monotone, i.e., if the sign assumption
(22) is not satisfied. To assert this fact (that we do not want to prove in all details), we can follow the

argument used in Section § to prove Theorem 1. In particular, if for some o, B, with 0 < a < 8 < 2,
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we have g (o) = g (B), then for every € > 0 we can construct a Lipschitz-continuous map w : S, g — R?

such that w(z) := |z|v (ﬁ) if £ € 0Sqap and

/ |det Dw (z)| dz < €,
Sa,B

where Sop is the subset of By of points x = (pcosdsiny, psindsiny, pcosvp), with 0 < p < 1,
a <9< B,0< Y < 7. The map w can be defined similarly to the one used in the proof of
the “umbrella” Lemma 23, setting w(o,9,v) = p(cosy (g,9)sin,sin ¢ (o,9)sinp,cosv), where
¢ (0,9) == o'g (9) + (1 — 0") g (), with h sufficiently large.
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