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1. INTRODUCTION 

WE ARE concerned with integral functionals of the form 

F(Q, u) = r f(x, u, Du) dx, (1.1) 

where L! is a bounded open set of R” and u E H1*P(Q) for some p 2 1. Throughout the paper we 
assume that f:R” x R x R” + R satisfies the following conditions: 

(a) 0 G f(x, s, 0 4 g(x, IsI, 151), with g increasing with respect to 1.~1 and 1 t 1, and 
locally summable in x. 
(b) f(x, s, 5) is measurable with respect to x, upper semicontinuous with respect to 

1 

(l-2) 

r, and continuous with respect to s uniformly as r varies on each bounded set of R”. 

Two meaningful cases in which (1.2b) is satisfied are the following: (i)f = f(x, 5) is measurable 
in x and upper semicontinuous in t; (ii)f is a Caratheodory function, i.e. measurable in x and 
continuous in (s, 5). 

Several authors have studied (and proved, under suitable hypothesis) the sequential lower 
semicontinuity (s.1.s.) of F(Q, . ) in the weak topology of HlsP(Q). A well known theorem of Serrin 
[l] assures the s.1.s. of F under the assumption that f is a non negative continuous function, 
convex in r. More recently some improvements of Serrin’s theorem have been given by De 
Giorgi [2], Berkowitz [3], Cesari [4], Ioffe [S], Olech [6] by considering the s.1.s. of the functional 

(u, c) E P(R) x [Lq(Q)]” + 
s 

f(x, u, n) dx (1.3) 

in the product topology of the L”(Q) topology and tht [L’(Q)]” weak topology. Moreover in 
[5], [6] (see also Ball’s result [7]) both necessary and sufficient conditions (such as convexity 
with respect to 5) are given for the s.1.s. of (1.3). 

In Section 2 of this paper we prove that the convexity off with respect to 5 is a necessary 
condition for the s.1.s. of F. This result was first discovered by Tonelli ([S], Chapter X, Section 1) 
in the casefE C2, n = 1; it was proved by Caccioppoli and Scorza Dragoni [9] forfE C’, n = 2 
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and for any n by McShane [lo] and later by Morrey ([ 111, Theorems 4.4.2 and 4.4.3) in the case 

thatf is a Co function of vector valued arguments. Recently Ekeland and Temam ([ 121, Chapter X) 
have proved the necessity of convexity if f is a Caratheodory function independent of s. In 
Theorem 2.4 we give a generalization of these results in the case that f satisfies (2.1). 

In Section 3 we consider the following problem: if f is not convex with respect to 5, which is 
the greatest functional (s.1.s. in the weak topology of H’,P(Q)) which is less than or equal to F(Q . )? 
We list some cases in which it is possible to characterize this functional as the integral 

s f**(x, u, Du)dx, 
R 

(1.4) 

where f**(x, s, E) is the greatest function (convex in [) which is less than or equal to J Some 
unsolved problems remain when f ** is not a Caratheodory function. 

We note a few references concerning the above discussed problem: some results of Ekeland and 
Temam ([12],Chapter X) and Theorem 2 of authors’ note [13], which we extend in Section 3 of 
this paper; a similar problem considered by Serrin [l] (see also [ 143, [15], [16]) in the space 
BP’(Q) of functions with bounded variation; the problem considered in [17] with the U’(Q) norm 
topology instead of the H’,P(ZZ) weak topology; a survey of these and other related results given 
in [ 181; theorem 3H of Rockafellar [ 193 about integrals of the type of (1.3). 

In Section 4 we apply the results of Section 3 to the relaxation (in the sense of Ekeland and 
Temam [12]) of some variational problems. Relaxation means that, starting from a minimum 
problem for F which lacks a solution, a second minimum problem (the relaxed or generalized 
problem) is formulated involving an integral of the type of (1.4), with the same inlimum and whose 
optimal solutions are the limit points of the sequences minimizing the first problem. 

We study the relaxation for the Dirichlet and Neumann problems, for the obstacle problem 
and the relaxation for the convex set of functions with a prescribed bound on the Lipschitz 
constant. 

2. NECESSARY CONDITIONS FOR THE SEMICONTINUITY 

In this section we prove that a necessary condition for the sequentially lower semicontinuity 
(s.1.s.) in the weak topology of H’,J’(Q)t of the integral (1.1) is the convexity off(x, s, 5) with respect 
to 5, under the following assumptions on f:R” x R x R” + R 

(a) /.0x, s, 5) 1 G g(x, 1 s I,1 r I), g like in (1.2a). 

(b) f(x, s, 5) measurable in x and continuous in (s, 5). 
(2.1) 

LEMMA 2.1. Let uk be a sequence converging to u in w* - H’, m such that /I Du, [IL < r. Then, for 
any E > 0 there exists D~ converging to u in w* - H’p m such that z’~ = u on an, I/ Do, 11 Lr < r + E 
and 

li$F(Q u,J - F(Cl, u,)] = 0. (2.2) 

t By H1,P(R) (1 < p < co, R open set in R”) we indicate the usual Sobolev space 

H1,P(R) = {u E E’(Q):Du E [L”(Cl)]“} 

equipped with the usual norm. We indicate by w - H1.p (w* - H’, “) th e weak topology in H1’P(R) (the weak* topology 
in H’. “(Q)). 
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Proof: Set 6, = s-l j/ uk - u 11 Lw and Qk = (x E R :dist(x, 20) > S,}. Let us define t’k on Qk u 8Q 

such that ck = uk on Qk, uk = u on ZA. Clearly vk is a Lipschitz function, in fact if x E !Ak, y E dQ: 

IQ(X) - z’?&(y)1 < YIX - yl + Ed/( < (I + &)1X - yl. 

Using McShane’s lemma ([ 121, Chapter X, Section 1 .I) L’~ can be extended on 51 so that 11 DC, I/ I.” 6 
r + E. 

For x E Q, Q(X) + u(x) and also, by the preceding bound, ok - u in w* - H’s cL. From the 
relation 

) W, uk) - W-k uk) 1 d 2 s g(x, s, r + E) dx 
on, 

with s = max{s;p 11 uk II Lz, s;p II rk II Lm} we deduce (2.2).as lim I Q\Q, I = 0. 
k 

LEMMA 2.2. Let F(Q, . ) be w - H ‘*P s 1 s on u0 + HA,p(Q) for a fixed u,, E H’gP(C2). Then, for any . . . 
Q’ c Q, F(Q’, . ) is w* - H’x m s.1.s. 

Proof: Let R’= Q and cp E C;(n) such that cp = 1 on Q’. If uk E H’, “(12) converges to u in 
w* - H’, “(Cl’), let ck E H ‘*“(Cl) satisfy on R’ the conditions of previous lemma and coincide 
with u on Q\Q’. Then, as the sequence wk = 4Jtik + (1 - cp)u, E u0 + HA,P(Q) converges in 
w - H’,Pto w = cpu + (1 - cp) uO, wk = w on Q\Q’, wk = uk and w = u on R’, we have by the s.1.s. 
of F 

and by (2.2) 

F(n’, u) + F(Q\Q’, w) < lim~f{F(R’, ck) + F(Q\R’, w)], 

F(Q’, u) < liminf F(n’, ck) = limpf F(Q’, uk), 

This proves the lemma in the case Q’ (r !J. In general, if Q” CE !A’ G Q we deduce from the pre- 
ceding 

F(W, u) d limjnf F(W, uk) < limjnf F(Q’, u,), 

and the result, passing to the limit as Q” 7 n,. 
Let us now introduce some notations. Set R = 10, ar and for a fixed ,l E 10, l[ n Q let us define 

x(t) = 1 if 0 < t < Aa, x(t) = 0 if Aa < t < a, and extend it to R by periodicity; then set 

Qk = {x E (xJeQ:X(kx,) = 1). (2.3) 

LEMMA 2.3. Let Q and Qk be as above. If i,Gk converges to Ic/ in L’(Q), we have 

lip 
J 

n, $,(x) dx = A 
J 

$(x) dx. (2.4) 
n 

Proof For I, m integers 0 < I < m, let ;1 = lfm and Qk (‘) be the sets in (2.3) with ;1 = l/m. 
We can assume the existence of the limit 

lip 
s 

n(p, $,(x) dx = L. 
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Forj= 1,2 ,..., m- lsetya’ = (@A, 0,. . . 0) and sZ(,i) = n)p) + y(j) so that 7 k 

l-l -_ 

jyO f2:” = R,, 
m-l 
u q7 = 6. 

j=O 

If we put $ = 0 out of Q, we obtain 

G 211 ICI, - $ IL., + s Ill/(x) - Ii/(x + yli”)ldx, 
a 

and this tends to zero as k + + 00 since translations are L’-continuous. Then, passing to the 
limit in the relation 

s 
$k(x) dx, 

n 

we obtain mL = jn$(x) dx and also 

l-1 

Iim tik(x) dx = lim c ‘i+tx) dx, 
k s 4 

k j= o ny, $ktx) dx = Iirn 
s s R 

f 

which coincides with (2.4) since the sequence 
J 

$dx) dx is relatively compact. 

We establish now the principal result of this%ction 

THEOREM 2.4. Let s2 be a bounded open set in R”, p E [l, CO], u. E H’s “(a), and F(R, .) as in (1.1) 
with f satisfying (2.1) be a s.1.s. functional on u0 + H~*P(Q in the weak (weak* if p = co) topology 
of H’3P(R). Then, for almost every x E Q for every s E R, f(x, s, .) is convex. 

Proof. Let 5 E (&), v] s (vi) ER” with { + q; in particular c1 $ rli. For ;I rational let us define 
the function (extended by periodicity to R) 

For any integer k set 

ak(t) = 
s 

* cp(kz) dT. 
0 

Define now u&xi,. . . , ,XJ = @, x1 + i aixi + 2 bixi, where ui, bi satisfy 
i=2 > i=2 

t,a, + bi = ri, QU, + bi = yli Vi = 2,. . , n, (2.5) 

so that (uJX, has the only values t; 1 and q l. 

If Q’ c Q is an open cube with sides 2_j(jinteger) parallel to the hyperplane x1 + i aixi = 0, 
i=x 
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let nk be the subset of nl in which (uJ,, = tl. From (2.5) we deduce (u,)+ = ti in n, and (u& = yli 
in CY\n,; so from Lemma 2.3 we deduce 

lim 
k s R’ 

(uk)~~~dx=li~~~n,~~~dx+~~,,~~~i’Pdxj=~~{~~i+(l -~)~i}VdX,V~E”(n’). 

Since ~~(0) = 0, we deduce the uniform convergence in fl of uk to u(x) = $ {A& + (1 - A)qi} xi 
i=l 

and also I+ - u in w * - Pm@‘); so that 1+5,(x) = f( x, u,(x), 0 converges to IL(x) = f(x, u(x), C) 
a.e. and in L’(SY)using (2.la), and similarly for I&(X) = f(x, u&x), q). 

Then, using Lemma 2.3 and, by Lemma 2.2, the semicontinuity of F&Y, u), we have 

s 
f(x, u, At + (1 - A) q) dx < lim inf 

n k IS 
f(x, ‘k, 5) dx + 

s 
f(x, ukY V) dx 

RI, Q RI, I 

= 1 

s 

AX, u, 4) dx + (1 - 4 

R’ s 

.0x, u, r) dx. (2.6) 

R’ 

Using the semicontinuity of the first term of (2.6) we pass from A rational to any 1 E (0,l). 
Moreover, replacing uk by uk + s we obtain 

s 
j-(x, u + s, At + (1 - 2) n) dx < 1 

s 
f(x, u + s, C) dx + (1 - 12) 

s 
j-(x, u + s, q) dx (2.7) 

R R R 

for any J. E (0, l), s E R, Cl’. 
Let x be a Lebesgue point for the functions in (2.7) as s varies in Q, dividing by meas nl and 

letting CA’ + x we find 

f(x, a + s, ng + (1 - 4 q) G Aj(x, u + s, 5) + (1 - 4 Ax, n + s, n) 

which holds also for any s E R, by the continuity of f in s. 

3. CHARACTERIZATION OF THE S.L.S. ENVELOPE 

The aim of this section is the characterization of the s.1.s. envelope of the functional F(C& .) in 
(1.1) with respect to the weak topology in HITP(fi). In this section f verifies (1.2). 

For any bounded open set ?A c R”, u E H’, “(Cl): 11 Du I( L m < r let us define the functionals 

lim inf F(R, uJ : u,m u, 11 Du, llLm < r , (3.1) 
k 

F,(r, C& u) = lim inf F(R, u,): uk - u ~ 0, II Du,II,, d r . (3.2) 
k 

Remark. Since the w* - H’p m topology is metrizable on bounded sets in H’g “(Cl), the inlima in 
(3.1), (3.2) are minima and F(r, 0, .), F,,(r, n, .) are the s.1.s. envelope of F(R, .) in w* - H’*” on 
the set {u E H’*“(Q): [IDU IILm < r>. 

LEMMA 3.1. If !A, CJ,, CZ,, are bounded open sets of R” satisfying n, n Cl2 = 0, Cl, u Cl2 = a, then 
Vu E H’, “(i’l), I 2 I( Du llLm, we have 

F(r, a, u) 2 F(r, Cl,, u) + F(r, R,, u), (3.3) 
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q)(r,Q,u) Q F&, Q,,U) + ~&,Q2, u). 

proof: Let uk converge to u in w* - H’, m and likm F(Q u,J = F(r, Q, u). We have 

F(r, Q, u) = lim{F(Q,, r+) + F($, u,)) 
k 

> lim inf F(Q,, uJ + lim inf F@,, uJ 
k k 

2 F(T, n,, u) +  q-3 Q,, u). 

(3.4) 

This proves (3.3), and (3.4) is proved similarly. 
A simple consequence of Lemma 2.1 is the following 

LEMMA 3.2. If R is a bounded open set in R”, u E H’, “(Cl), r’ 

F(r, n, u) B FJr’, cl, u), 

For Q bounded open set in R”, u E H’* “(Cl), r 2 11 Du I( Lu, let us define 

Q?(r, Cl, u) = sup F(r’, 0, u) = sup FJr’, Q, u). 
I’ > I I’ > r 

(3.5) 

Remark. The equality of the suprema in (3.5) follows from Lemma 3.2 and the fact that F < FJ. 
Part of what follows could be simplified assuming f Caratheodory. In fact in this case CD = F = F, 
as a consequence of Lemma 4.5. 

We shall study the dependence of @ on Q u and r. 

LEMMA 3.3. For any u E H l, m $2 and r 2 /I Du llLz there exists a measurable function h such that ( ) 
0 d h(x) < f(x, u(x), Da(x)) a.e. and 

@(r, Q, u) = 
s 

h(x) dx, (3.6) 
R 

for any Q bounded open set in R”. 

Proof Using (3.3), (3.4), (3.Q if Q, n Q2, = 0 and Q, u Q2 = Q we have 

Q(r, Q, n) = Q(r, Q,, u) + Q(r, I&, n). (3.7) 

Let us denote by g the ring of the finite unions of all the cubes {x = (xi):$ < xi d xp + u} 
and, fixed u and r, for n E W @) = @(r, Q\Xl, u). The set function p is non negative, finitely 
additive by (3.7) and absolutely continuous, i.e. 

0 G p(n) d 
s, 

R,BR f(x> u(x), Mx)) dx, VR@. 

Then p is a measure on g (see [20] Section 9, Theorem P) which can be extended to the family of 
all Lebesgue measurable sets (see [20] Section 13, Theorems A, B); the Radon-Nykodim theorem 
assures that p has a density h(x) satisfying 0 < h(x) < f(x, u(x), Du(x)). So we have (3.6) for any 
R E 2 and also for any Q bounded open set in R”, since p and Q(r, ., u) are absolutely continuous. 
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Let us indicate by w the oscillation off, i.e. 

since 0 < w(x, I, s, 6) < 2g(x, s, I), then w is integrable with respect to x and the integral extended 
on every open set Q tends to zero as 6 + O+. 

IQ@-, Q, q) - W, Q, uJJ < s w(x, r’, s’, 11 u1 - u2 llLm) dx. (3.8) 
R 

Proof: Let uk converge to u1 in w* - H’,mwith I( DU, [IL _ < r”(r < r” < r’) and lim &‘(!A, u,J = 

F(r,R,u). Set t’k = uk - u1 + uZ: as ok converges to u2 in w* - H1, O3 we have II ckllLm < s’ for 
k large, so that 

F(r”, Q, u2) - I+“, Cl, 14~) < lim inf{F(R, UJ - F(Q u,)} < 
s 

w(x, r’, s’, II q - u2 II Lm 1 dx. 

k R 

By charging ur with I.+ and passing to the limit as r” + r+ we obtain the result. 
For any r fixed we denote by W, the set of all polynomials u on R” with degree less than or equal 

to one and rotational coefficients such that IDU~ < r. Let A be the set of x E R” which are Lebesgue 
points for any function h = h, associated with u E A?r by Lemma 3.3. The set 

B= {(x,s,~)EA x R x R”:~~E~~:u(x)=s,Du=~} 

is dense on ((x, s, 5) E R” x R x R”: 15 I < r} ; we define on it the function 

cp(x, s, 5) = h”(x), (3.9) 

where u is the polynomial in ar such that u(x) = s, Du = 5 and h = hU is the function associated 
to u by Lemma 3.3. 

LEMMA 3.5. The function cp in (3.9) is convex in 5. 

Proof: Fixed (x,,, s, 5), (x,, s, q) E B with < + q set a(x) = (5, x - x,,) + s. Let 1, 0, ok, Qt), ytl 
be like in the proof of Lemma 2.3 in the previous section, and set @(x) = a(x + yy). From the 
relation clD(r CP 21) = O(r Clco) 0 7 k 3 > k , tk )and (3.8) it follows for some (r’, s’) 

limzup I cD(r, tij’, v) - @(I, Cl?), 0) I < 1im;up 
s 

w(x, r’, s’, II c - uk /IL7 ) dx = 0, 
R 

and, as in Lemma 2.3, IiF @(r, Qk, u) = it@(r, !A, t’). 

Similarly if w(x) = (r], x - x0) + s, we deduce 

lip Q(r, Q\Q,, w) = (1 - A) @(I, f2, w). 
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Let uk be defined as in the proof of Theorem 2.4 with u,Jx,,) = s; then by (3.8) we have 

lim ;up @(r, Q, uk) < lim;up{@(r, R,, c) + @(I, R\Q,, w) 

+ (Q(r, fik. UJ - @(r, Q,, a)( + (@(r, fi\fik, aJ - @(r, Q\Q,, w) (1 

d N+,Q,tl) + (1 - l)Q(r,Cl,w) + 2 
s 

w(x,r’,s’,dn(‘: - qI)dx, 
R 

where 6, is the side of R. 
For E > 0 fixed we can choose 6, small enough in order to obtain, by the semicontinuity of @‘, 

the relation 

with 
u(.) = (At + (1 - n)q; - x0) + s = w* - Hi,” lif;” uk( .). 

Dividing the two sides of last inequality by ) Q 1, passing to the limit as 0 -+ x0, by Lemma 3.3 
we get 

and the result as E + 0. 

h,(x,) 6 Ah,(x,) + (1 - Vr,(x,) + 5 

In order to explicit the dependence of @ on u, let us introduce the functions f** and f’,** (see 

El219 C211): 

f**(x, s, <) is the greatest function less than f on R” x R x R” convex in 5. 

f,**(x, s, 5) is the greatest function less than f on R” x R x { 1 t 1 < r> convex in 5. 

We will use the following: 

(3.10) 

(3.11) 

LEMMA 3.6. f** is measurable; f,** is a Caratheodory function for 15 I < r; moreover pim_ f,** = 

f**. 

Proof: It is well known that 

where 
f**k s, 8 = sup{<t*, 0 - f*(x, s, 5*):5* E R”}, 

f *(x, s, 5*) = su~{(c*, 5) - f(x, s, 5): t E R”}. 

Then f** and fF* are measurable in (x, s). In order to prove that f T* is Caratheodory it is 
enough to prove its continuity in s uniformly for 15) < r, and utilize the continuity in r for 

151 < r. 
To this aim, fixed x E R”, s,, E R, E > 0, using (1.2b), there exists 6 > 0 such that ) f (x, s, 5) - 

f(x,s,,t)) < EforItI < r and s such that Is - so 1 < 6; so that for these s, 5 we obtain 

f **(x3 s, 5) - 8 G f (x, s, 5) - E < f (x, sly 8, 

As f **(x, s, 5) - E is convex in 5 we have f **(x, s, 5) - E < f **(x, so, 5) and, changing s in sO, 
the assertion. 

Let us now set 1,9(x, s, 5) = lim f:*(x, s, 5); this is convex in 5 and it is less than f since 

f,**(x,s,5)~f(x,s,5)for151 r+a < r, and so + < f**. The opposite inequality follows from f,**(x, 

s,t) 2 f**(x,s,O for r > 15). 
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In the following lemma we continue the study of the dependence of @ on u. 

LEMMA 3.7. If r” < r < r’, for any bounded open set fl c R”, with a Lipschitz boundary and for 
any u E H’s “(IR) such that 11 Du jIlLa < r”, we have 

s 
f:*(x, u, Du) dx < @(r, Cl, u) < f;?(x, u, Du) dx. (3.12) 

R s n 

Proof: If (x,, sr, t), (x,, s2, 5) E B with Isi 1 < s, setting in (3.8) ui(x) = (r, x - x,,) + si, i = 1,2, 
dividing by 1 RI and passing to the limit as Q -+ x0 we obtain 

Icp(x,, sly t) - dx,, s2, 5) I d w(x, r’, s’, IsI - s2 1) 

for any r’ > r and s’ > s. So, cp(x, * , 5) is uniformly continuous on bounded sets, and, as cp(x, s, . ) 
is locally Lipschitz in I( I < r, rp may be extended to A x R x { 15 1 < r} by continuity. We con- 
tinue to indicate it by cp. By Lemma 3.3 cp is less than f in 15) < r, and so cp, being a convex 
function, is less thanf,Z*. Let u E .G?#~,, with lDu/ < r”; then (x, u(x), Du(x)) E B for any x E A, and 

O(r,Qu) = jQhU(x)dx = Iq(x,u,Du)dx < lnf:?(x,u,Du)dx. 

The additivity of clD(r, . , u) and the semicontinuity of @(r, R, . ) imply 

@(r, R, u) < 
s 

f:?(x, u, Du) dx, (3.13) 
R 

for any piecewise affine u. Moreover Proposition 2.9 of Chapter X in [12] imply that for any 
u E H’, “(Q) there exists a sequence uk of piecewise afline functions uniformly converging to u, 
such that Du, converges to Du a.e. and II Du, llL,. < II Du IILm. Using these approximating functions 
we get (3.13) for any u E H’s “(Q) (with II Du IILz 6 1”). 

In order to prove the first inequality in (3.12) it suffices to remark that, f:* being convex in 5 
and Caratheodory in I < I < r’, the functional u + jnf:*(x, u, Du) dx is s.1.s. in w* - H’s “(0) 
on the set of all the functions u such that II Du llLm < r”’ with r < r”’ < r’; so this functional being 

less than F, it is also less than F(r”‘, R, u) and a fortiori than Q(r, 52, u). 
We can now prove the following 

THEOREM 3.8. Let f satisfy (1.2); then, for any bounded open set R with Lipschitz boundary and 
for u E IzP~~(CI) we have 

inf 
{ s 

lim inf f(x, uk, Du,) dx: uk - u in w* - H’*“(Q) 
k R 

(3.14a) 

f(x,q, Du,)dx:u, - u - 0 in w* - HATT) (3.14b) 

= 
s 

f**(x, u, Du) dx. (3.14c) 
n 

-- 
Proof By (3.5), by previous lemma and the monotonicity in r of the functions F, F,, a', f,** it 

follows the existence and the equalities of the following limits as r -+ + co : 
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hm F(r, n, u) = lim F,(r, Q, u) = lim @((I, iz, u) = lim ff*(x, U, Du) dx. (3.15) 
I I I I 

s R 

If we indicate as !I’@, u) the functional in (3.14a), we find ‘I!@, u) < F(r, R, u) for any r, and so 
Y(Q, u) < lim F(r, Sz, u). Vice versa, fixed u E H ” “(Cl) and E > 0 it is possible to find a sequence 

uk convergi;g to u in w* - H’* O” such that Y(R,u) + E 2 liminfF(Qu,); if I 2 )IDu, llLz we 

have by consequence ‘I’@, u) + E 2 F(r, Q, u); and so 

Y(Q u) = lim F(r, Cl, u). (3.16) 

Similarly, denoting by Y’,(Q u) the functiona; in (3.14b) we find 

Y’,(Q, u) = lim F,(r, Q, u). (3.17) 
r 

Finally, the Lebesgue theorem and Lemma 3.6 imply 

s 
f**(x, u, Du) dx = lim 

n I s 
f,**(x, u, Du) dx. 

n 
(3.18) 

Let us see now as in some cases it is possible to solve the initial problem of this section, using 
previous theorem. Let us note first that the functionals in (3.14a) and (3.14b) are not generally 
s.l.s., as the weak* topology of H” “(Q) is not metrizable; similarly the integral in (3.14c) in general 
is not s.1.s. asf**(x, s, 5) is not Caratheodory, i.e. is not continuous in s neither I.s. in s. We consider 
now some examples. 

Example 3.9. For (s, ~)ER x R let f(s, 5) = (15 + 1) + 

Then, the function 

f**(s, 5) = 

l)lSi. 

121 
I<1 

is not 1.~. with respect to s. Moreover, if a < b, the functional 

Y(u) = 
s 

b ,f**(u, u’) dx 

is not s.1.s. in H’ym. In fact if u(x) = 1, uk(x) z 1 - l/k, we have $(u) = 2(b - a), $(u,J = b - a. 

And so the functionals (3.14a) and (3.14b) are not s.1.s. 

For any bounded open set Q c R” let us define on H’*P(Q) (1 < p < co) the functionals 

u + F(P)@, u) is the greatest functional less than F(Q, u) on H1*P(0), which is s.1.s. 
in the weak (weak* if p = co) topology. (3.19) 

u + F$“(Q u) is the greatest functional less than F(R, u) on u + HAPp(Q), which is 
s.1.s. in the weak (weak* if p = co) topology. (3.20) 

Moreover set 

f**(x, s, {) = inf { lmjnff**(x, sk, 4,): (sky 5J + (s, <)\ . 1’ (3.21) 

We deduce the following result from Theorem 3.8: 
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COROLLARY 3.10. For any p E [ 1, co], Cl bounded open set in R” with Lipschitz boundary, u E 
H’,“(Q we have 

s 
j-*(x, u, Du) dx < P’(Q, u) < F”(Q u) d 

s 
f**(x, u, Du) dx. (3.22) 

R R 

Proof The first inequality follows from the s.1.s. of the functional u + J,f**(x, u, Du) dx in the 
weak topology of H’9P(!2). The second inequality is trivial, while the third follows from Theorem 
3.8, since F$‘) is less than the functional in (3.14b). 

Clearly, if for any Q and u E H’*m(!2) 

s 
f**(x, u, Du) dx = 

s 
f**(x, u, Du) dx, (3.23) 

R n 

the preceding result gives the characterization of F(p) and F F’. In the following example we show 
that the condition Ji** = f** is not necessary for (3.23). 

Example 3.11. For (s, 5) E R x R let us consider the integrand f(s, 5) = (15 1 + l)t”l. We have 

f**@,o = f&5) 

i 

if IsI 2 1 
1 

if IsI < 1, 

+T**(% 0 = 
f(s,<) 

i 

if Js( > 1 
1 

if (s(d1. 

In this case (3.23) holds because either {x:u(x) = l} has zero measure, or u’ vanishes a.e. on 
this set (see [22], Lemma 7.7). 

The previous example shows that it would be interesting to study, similarly to what is done by 
Ioffe [S] for integrals independent of Du, the notion of measurable equivalence. Here we intend 
fi and fi measurable equinalent if for any u E H’* “(!A) fl(x, u(x), h(x)) = f2(x, u(x), h(x)) a.e. 

Let us now give sufficient conditions for the equality Ji** = f**. 

COROLLARY 3.12. Let us assume that f verifies (1.2) and one of the following conditions : 

(4 f = fk 0 
(ii) f (x, s, 5) is continuous in s uniformly with respect to 5. 

(iii) f (x, s, 5) 2 2, It Ia - l,(x), with a > 1, ;i, > 0, 2, E hi=. 

Then f ** is a Caratheodory function. Moreover for any R with Lipschitz boundary, u E H’, “(!A), 
p E [l, co] we have 

Fcp)(Q, u) = Fb”‘(Q, u) = 
s 

f **(x, u, Du) dx. (3.24) 
R 

Proof: It suffices to prove that f** is Caratheodory, (3.24) following from Corollary 3.10. 
In the case (i), that is a particular one of (ii), clearly f ** is a Caratheodory function. Case (ii) can 
be handled as in Lemma 3.6 for f, **. As to (iii), we observe that for any r there exists r’ > r such 
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that f**(x, s, <) = f:*(x, s, 5) for I( 1 < r; as a consequence f** is Caratheodory like fT* in 

151 < r. 
We conclude this section considering the assumption 

f(x, s, 0 G A,(x) + A2.I.Y p + A, It p, 

with A, EL’; A,,A, 2 0, p 2 1. 

(3.25) 

COROLLARY 3.13. Let f satisfy (3.25) and the assumptions of preceding corollary; then (3.24) 
holds for any u E H’*P(C2). 

Proof The right side in (3.24) is continuous in the strong topology of H’sP(i2) (see [23], Theorem 
2.1); and so, by approximations with C’(Q) functions and by the semicontinuity of Fcp), (3.24) 
implies 

F(p)(Q, u) < 
s 

f**(x, u, Du) dx. (3.26) 
R 

The opposite inequality follows from the s.1.s. in w - HISP of the second member in (3.26). 
The same is true for F;). 

4. RELAXATION 

In this section we specialize assumption (1.2). In fact, Q being a bounded open set in R” with 
Lipschitz boundary, we suppose 

(a) 1,I5 Ip - &(x) G f(x, s, 5) G A,(x) + A2 1s Ip + A3 15 Ip, for some P > 1: 4, A,, A, 
positive and A,, A1 E L’(Q). (4.1) 
(b) f(x, s, 5) measurable in x, upper semicontinuous in 4, and continuous in s 
uniformly as 5 varies in the bounded sets of R”. I 

Let C indicate a closed convex set in H’,P(i2). Let us consider the problem 

to minimize 
s 

f(x, u, Du) dx for u E C. (4.2) 
R 

The generalized or “relaxed” problem (in the sense of Ekeland and Teman [12]) is the following: 

to minimize FJu) for u E C, (4.3) 

where, for any u E C 

Fe(u) = inf 
i s 

lim inf f(x, uk, Du,) dx : uk w_H’P u, uk E C 
1 

. (4.4) 
k cl 

The following proposition justifies the term “generalized” of (4.2) for problem (4.3). 

PROPOSITION 4.1. Problem (4.3) has solutions. Moreover 

inf f(x, u, Du) dx: u E C = min{FJu): u E C}, (4.5) 
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and any sequence minimizing (4.2) has the minimum functions of (4.3) as limit points in the weak 
topology of H’,P(Q). Conversely, each minimum function of (4.3) is the w - H’rp limit of a se- 
quence minimizing problem (4.2). 

Proof: Condition (4.la), the s.1.s. of Fc in w - H’vP and the reflexivity of H’*P(R) ensure that 
problem (4.3) has solutions. If m is the inlimum in the left side of (4.Q then the constant function 
equal to m is less than or equal to F,, since F, is the greatest s.1.s. functional less than j&x, u, Du), 
so that (4.5) follows. 

If uk is a sequence minimizing problem (4.2) and if u is the w - HlsP limit of a subsequence 
uk,, then 

F,(u) < lim inf 
I s 

f(x, uk,, Du,_) dx = m. 
R 

So u is a minimum vector for F,. Conversely, since for any u E C we can choose a sequence uk 
converging to u in w - H’lP such that 

r 

F&d = lip 
J 

f(x, uk, Du,) dx, 
R 

if Fe(u) = m, then the corresponding I.+ is a sequence minimizing the problem (4.2). 

In what follows, using the results of previous section, we will indicate some examples of convex 
C, which are often considered in recent works on the Calculus of Variations, and for which it is 
possible to characterize the functional F, 

Some of the results which we propose, have been proved with a different method by Ekeland 
and Temam ([12], Chapter X, Theorem 3.7), in the case that f is a Caratheodory function. 

Let us begin with the case that C is a linear manifold in H’*P(Q) of the form C = T/ + uO, with 
I/ closed linear subspace of H’*P(Q) containing HA,P(C!), and u0 E H’pP(R). We recall that, since 
(4.1) holds, f** is a Caratheodory function. 

THEOREM 4.2. If S satisfies (4.1), then 

inf 
is 

f(x,u,Du)dx:uE V+ u0 = min 
1 {S 

f**(x,u,Du)dx:uEl’+ u,, . 
R R 

Moreover the minimum functions of the first integral are the limit points in w - HlsP of the 
sequences minimizing the second integral. 

Proof: Let F”‘) and F t’ be defined as in (3.19), (3.20) and Fc as in (4.4) with C = I/ + uO. 
Since HA(Q) c V c H’(Q), for any u E I/ + u0 we have %“‘(Q, u) ,< P,(u) < Fbp)(Q u). Then 
Corollaries 3.12 and 3.13 imply 

F,(u) = 
s 

f**(x, u, Du) dx, vu E I/ + uO. 
R 

The assertion follows from Proposition 4.1. 
Let us now consider the case of the “obstacle”; i.e. 

C = (UE H;sp(t2) + uo:u B J/j, 

where u0 and I(/ E H1-p(i2). We assume also that C n H’- “(Q) f $3 

(4.6) 
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THFDRJZM 4.3. If f satisfies (4.1) and C is given by (4.6), then 

inf 
U 

f(x, u, Du) dx: u E C 
1 IS 

= min f**(x,u,Du)dx:uEC 
n R 1 

Moreover, the minimum functions of the first integral are the limit points in the weak topology 
of H’vP(Q) of the sequences minimizing the second integral. 

Proof: Let us consider the Lipschitz continuous function w defined on rZ by w(x) = dist(x, 80). 

It is easy to see that the subset of H’* “(!A) 

C, = {ZI + Ew:cs C n H’,“(Q), c > 0) 

is dense in C with respect to the norm of H’3P(f2). By theorem 3.8 for any u E C, and 6 > 0 there 
exists a sequence uk converging to u in w* - H” O3 such that 

limjnf 
s 

f(x, uk, Du,) dx d 
s 

f**(x, u, Du) dx + 6. (4.7) 
R n 

If E is a compact subset of Q, then for any x E E we have u(x) 2 $(x) + E dist(E, as2). As a conse- 
quence of uk uniformly converging to u we deduce {x E Q:u,(x) < $(x)} c !2\E for k large. 
In particular it follows that lip meas{x E R:u,(x) < $(x)} = 0. Setting vk = max{uk, II/>, it is 

easy to check that uk converges to u weakly in H’,P(Q) and that 

limjnf 
s R 

f(x, ok, Dtl,) dx = likm inf 
s 

f(x, uk, Du,) dx. 
n 

Since uk E C, by (4.7) we have 

Fe(u) < limjnf 
s 

f(x, vk, DC,) dx < 
s 

f**(x, u, Du) dx + 6, 
n n 

and, as 6 + 0, 
&(u) < 

s 
f**(x, u, Du) dx (4.8) 

R 

for any u E C,. But, since C, is H’,p(Q)-dense in C, F, is s.1.s. and the right side is H’,P(S1)- 

continuous, the above inequality holds for any u E C. 
Now, if F$” is defined by (3.20) on C we have F, 7p) < F,, since C c Ht*P(fi) + u,,. This, together 

with (4.8) and Corollaries 3.12 and 3.13, gives 

&(u) = 
s 

f**(x, u, Du) dx, VUEC. 
R 

The assertion follows from Proposition 4.1. 
Finally we give a result of relaxation for the convex set 

C = {UE HA*m(Q) + u,,:~~Du\~,, d r}, 

where r > 0 and u,, E H’, “(Q) satisfies 11 Du, IILW < r. 

In this last theorem we assume that f(x, s, <) is continuous in 5. 

(4.9) 
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THFDREM 4.4. Let f be a Caratheodory function satisfying (1.2a) and let C be as in (4.9). Then 

inf 
is 

f(x, U, Du) dx: u E C = min 
1 rs 

f:*(x, U, Du) dx: u E C , 
R cl 1 

where f:* is the Caratheodory function defined in (3.11). Moreover the minimum functions of 

the first integral are the limit points in the weak* topology of H ‘3 “(0) ofthe sequences minimizing 

the second integral. 
We begin with the following 

_ - 
LEMMA 4.5. Let f be a Caratheodory function satisfying (1.2a) and F, F,, Q be defined by (3.1), 
(3.2), (3.5). Then for any u such that 11 Du /IL” < r, we have F(r, Cl, u) = F,(r, Q, u) = @(r, !A, u), 
and these functionals are right continuous with respect to r. 

Proof Let us first prove that for 11 Du IIL.x < r we have 

lim F,(r’, Q, u) = FJr, Q, u). 
I.**+ 

(4.10) 

Let us fix E > 0 and u E H’am(G) with [I Du IJLm < Y. For vi, n2 > 0 set 

@(x,?,,r,) = suP{(f(x,s& -.f(x,s,,r,)l:Isi - sz( G Vi, (5, - 521 G ylz; 

Isi( < I( U 11~~ + 1; I <, I d r + I}. 

The continuity of f implies that 0(x, vi, nJ -+ 0 as (vi, q2) + 0. Then it is possible to choose 

rl E 10, 1[ such that 

s 
@(x2 2rl( II fd II LZ + l), 2v(r + 1))dx < E. (4.11) 

Set 6 = (r - 1) Du Il,X)q/(l -nrl). We can assume that 6 ~10, I[. 
Let uk converge to u in the weak* topology of H’, “(Q) and satisfy uk - u E Hi, “(Q), II Du 11 Lz < 

r + 6. Set n’k = (1 - n)uk + vu. We have easily that z’~ - u converges to zero in w* - HA, lo. 
Moreover 

Finally, reminding that ck - uk = ~(u - uJ, from (4.11) we deduce 

s 
f(x, uk, DC,) dx d 

n s 
f(x, uk, Du,) dx + E. 

n 

So we have proved that F,,(r, C&u) < F,(r + 6, Cl, u) + F. And this, using the fact that F, is 
increasing with respect to r, gives the relation (4.10). The assertion in the lemma is now a con- 
sequence of (4.10), of the relation F Q F, and of Lemma 3.2. 

Proof of Theorem 4.4. Let us prove that for any u for which 1) Du )/Lx < r we have: 

F,(r, Q u) = 
s 

f,**(x, u, Du) dx. (4.12) 
R 

First we observe that f,**(x, s, 5) is a Caratheodory function for ) ( I d r. In fact, according to the 
proof of Lemma 3.6, f, ** is continuous in s uniformly for I t 1 < r. Moreover it is convex in { 

C 
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and so it is continuous for 15 1 < r; the continuity in 4 for 141 = r can be obtained as in ([12], 
Chapter X, Lemma 3.1). Therefore the right side of (4.12) is w* - H’s co s.l.s., so that 

F,(r, Cl, u) 2 
s 

f,**(x, u, Du) dx. (4.13) 
n 

Now we use the previous Lemma 4.5 and the second inequality in (3.12) obtaining for any E > 0 
and u such that 11 Du llLI < r 

F,(r + E, Cl, u) < 
s 

f,**(x, u, Du) dx. 

UsingagainLemma4.5,asE -+ Owegettheopposl?einequalityof(4.13)forusuchthat I/ DLL/~,, cr. 
Let us now consider the general case 11 Du llLz < I: the sequence uk = (1 - l/k)u + uo/k 

converges to u in H’s “(Q), a g rees with u0 on aQ and satisfies 

II % II L’ d II Du II L” - k(llD~ll,~ - llD~,/l,~) < r; 
therefore 

F,(r, !2, u) < liminf F,(r, Q, uk) < limjnf 
s 

f;*(x, uk, Du,) dx = f,**(x, u, Du) dx. 
R s R 

This implies (4.12). We get the complete proof of our theorem using the proof of Proposition 4.1. 

Added in proof: G. Dal Maso sent us an example of a functionf(x, 5) not upper semicontinuous 
with respect to <, such that l,f**(x, Du) dx is strictly less than the functional F@)(Q, u) defined 
in (3.19). 
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