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1 Introduction

Aim of this paper is to prove the local Lipschitz continuity for solutions to elliptic systems
of the form
divA(x, Du) =0, (1.1)

The authors are supported by GNAMPA (Gruppo Nazionale per 1’ Analisi Matematica, la Probabilita e le
loro Applicazioni) of INJAM (Istituto Nazionale di Alta Matematica); in particular the first and the third
author are supported by the research project GNAMPA-INdAM 2014 “Materiali speciali e regolarita nel
Calcolo delle Variazioni” (coord. M. Eleuteri).

B Paolo Marcellini
marcellini @math.unifi.it

Michela Eleuteri
eleuteri @math.unifi.it

Elvira Mascolo
mascolo@math.unifi.it

Dipartimento di Matematica e Informatica “U. Dini”, Universita di Firenze, Viale Morgagni 67/A,
50134 Florence, Italy

Published online: 05 September 2015 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10231-015-0529-4&domain=pdf

M. Eleuteri et al.

where A is the N x n matrix A = (a¥(x, &))nxn, Withae =1,2,...,N,i =1,2,...,n
and af : Q x RV*" s R. Here, 2 is a bounded open subset of R", u : Q C R" — RN
(N > 1) is amap in a Sobolev space, and Du denotes the gradient of «. Our approach is of
variational nature, i.e., the solution is achieved through a minimization property. In fact, we
assume that there exists a function f = f(x, &) such that a* (x, §) = f%“ (x,&).

In contrast with the scalar case, solutions to elliptic systems with general structure may lack
regularity, see [11,22]. On the contrary, everywhere regularity has been obtained for systems
with Uhlenbeck structure [40]; therefore, it is natural to consider the case f(x, §) = g(x, |£]).
Under p, g-growth conditions, we obtain the local Lipschitz continuity of minimizers; this
also gives the existence of weak solutions for the associated Dirichlet problem to the elliptic
system (1.1).

Motivated by applications to the theory of elasticity for strongly anisotropic materials
(see Zhikov [41] and also Zhikov et al. [42]), in recent years the integral of the calculus of
variations

/Q(lDulp + |x|%|Du|?) dx (1.2)

withl < p < ganda € (0, 1) has been investigated from the point of view of the regularity
of local minimizers. The condition ¢ # p may produce not smooth minimizers. Recently
Colombo and Mingione ([6,7], see also [2]) proved the regularity of minimizers for integrals
of the type (1.2) when, more generally, |x|* is replaced by a function @ = a(x) which is
Holder continuous with exponent « and p, ¢ are related to « by the inequality

q o
= <1+4+-. (1.3)
p n

The condition (1.3) is considered sharp in view of some examples given in [15,17].

A natural question now arises: is it necessary to assume the precise structure condition
for the integrand as in (1.2)? That is, is it possible to investigate more general integrals of
the calculus of variations of the type

F(u) :/ g(x, |Dul) dx (1.4)
Q

where
g(x, |Dul) = |Dul” + a(x) | Du| (1.5

is a model example?

The structure f(x, Du) = g(x, |Dul) is necessary to treat the general case N > 1, since
in the vectorial framework minimizers can be unbounded even when p = ¢ [11,38]. In this
paper, we study the general case (1.4), by assuming an higher Sobolev summability of g with
respect to x instead of the precise structure as in (1.5). We also require uniform convexity
and growth conditions on g = g(x, ) only for large values of t.

Precisely, let g : Q2 x [0, +00) — [0, +00) be a convex function with respect to the
t-variable such that for some #9 > 0, g;; and g, are Carathéodory functions in 2 X [#y, +00)
and, fort >ty and a.e. x € €,

AP < g, ) < A (141977, (1.6)
g (x. ) < h(x) (141471, (1.7)

where i € L (2) for some r > n. Then, g,(-, t) € W1 (Q) for every t > . We also assume
that g(x, tp) and g;(x, fo) are bounded functions.
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Lipschitz estimates for systems with ellipticity conditions at infinity

As we stated above, assumptions (1.6) and (1.7) hold only for large values of the gradient
variable. This is a relevant point of view, which allows us to consider uniform convexity only
at infinity. In the mathematical literature, this fact was first pointed out by the pioneristic
paper by Chipot and Evans [4], who considered the general vector-valued case u : Q C
R" — R and integrands satisfying some convexity conditions as |Du| — +00. We also
refer to [9,12,16,18,21,35,37] for convexity and growth conditions at infinity. The Sobolev
dependence on x recently has been considered in [33].

In the general vector-valued context N > 1, we prove that the local minimizers of the
integral in (1.4) are locally Lipschitz continuous if the exponents p, g, withg > p > 1, are
close to each other, precisely if (note that r > n)

4 41 1 (1.8)
p nor
In the model case (1.5) with g(x, 1) = t” + a(x) 19 and a € W7 (), the inequality (1.8)
gives back (1.3): ¢/p < 1 + «a/n by the Sobolev embedding theorem, since a € ()
with exponent

a=1-— E.
r
Note that this framework g(x, 1) = t? + a(x)t? with a € W' (Q) holds for the model
functional (1.2). The precise statement of our regularity theorem is given in Theorem 2.1.

The local boundedness of the gradient Du is a fundamental property; in fact in this case,
the behavior of |Du| at infinity becomes irrelevant for further regularity. With conditions on
g(x, 1) near t = 0 we get C'# regularity for some 0 < 8 < 1, see Corollary 2.4.

The mathematical literature on the regularity under p, g growth is very large; it is now
well known that a restriction between p and ¢ must be imposed since the counterexamples
in [20,24-26]; we refer to [32] for a complete survey on the subject. For similar results, we
refer to [26-31] and more recently [1,3,10]. A new impulse to the subject has been given by
the recent articles already cited [6,7]. Everywhere Lipschitz continuity up to the boundary
for either the Dirichlet or the Neumann problem has been recently considered by Cianchi
and Maz’ya [5] under uniformly elliptic conditions.

As previously noted, the special structure g = g(x, |Du|) is necessary to treat the general
case N > levenif p = g, see [29,30,40]. Moreover, we stress that the non-autonomous case
still contains many issues not fully solved and that the x-dependence increases significantly
the difficulties in the proof.

We also consider here a more general context, in particular functionals with variable
exponent of the form

/ a(x) |Du|P® dx, (1.9)
Q

which are studied by Rajagopal and Ruzicka [34] and Ruzicka [36] (see also [31]), in the
context of special fluids called electrorheological; the associated system takes the form

n
d
> (m1Dul" U ) =0, a=1,2...., N,
— 0x; '
i=1
with m(x) = a(x) p(x). More generally, our regularity results apply to the model example

/ a(x)|Du|”™® + b(x)|Du|?® dx, (1.10)
Q
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with p(x) and ¢ (x) related by the inequality

11
q(x) SRR

p(x) nor

with p,q,a,b € W”(Q) forr >nanda(x) >C > 0,b(x) >0,q(x) > p(x) >p>1
forx € Q.

Let us discuss briefly the techniques to the regularity. First for smooth minimizers of (1.4),
we prove an a priori estimate for the L°°-norm of the gradient. Then, we construct a sequence
of functions g“, and for u local minimizer of (1.4) and in a ball B = B(xg, R) CC 2, we
consider the sequence of variational problems

inf[/ & (x, D)) dx, veu—i—Wol’p(BR;]RN)]. (1.11)
Br

By applying the a priori estimate to the solutions v*¢ to (1.11), we obtain an L> bound on
Dukt independent of k, £. As k, £ — 00, the uniform convexity of g for ¢ > f¢ allow us to
transfer the Lipschitz continuity property to the minimizer u.

The plan of the paper is briefly described. In Sect. 2 we give the precise assumptions and
the statement of the main results. Section 3 is devoted to the a priori estimate. In Sect. 4 we
construct the suitable double approximation and in Sects. 5 and 6 we complete the proof of
the main results. Finally in Sect. 6 we transfer the regularity results, obtained for minimizers,
to weak solutions to systems.

2 Assumptions and statement of the main results

Let © be an open bounded subset of R”, forn > 2. Letu : @ — RN (N > 1), u €
WIL’CI (£2; RM) and consider the following functional of the calculus of variations

F(u) =/ f(x, Du) dx. 2.1
Q
We say that u is a local minimizer of F in (2.1) if f(x, Du) € L! (2) and
/ f(x, Du)dx < / f(x, Du+ Dw)dx, 2.2)
supp w supp w

for w € Wh1(Q; RY) with suppw CC Q. We assume that f : Q x R¥ — [0, +00) and
its derivatives fgg, fz, are Carathéodory functions in Q x [fg, +-00) and f is represented in
the form f(x, &) = g(x, |&]) for a given function g : Q2 x [0, 400) — [0, +00). Moreover,

there exist positive constants fg, A, A such that for all u,& € RV, u = ut & = &7,
i=12,...,n,a=1,2,...N,for || >ty and a.e. x €
MEPRP = D0 frugr o O], (23)
i.j.a.p
| fragt (. 8) < ALE172, (2.4)
iS5
| fex(x, £)] < h(x) |E]971, (2.5)

for some exponents 1 < p < gandh € L"(2) for some r > n. We also assume g(x, 0) = 0.
Throughout the paper, we will denote by B, and Bg balls of radii, respectively, o and R
(with p < R) compactly contained in 2 and with the same center, let us say, xg € Q.
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Lipschitz estimates for systems with ellipticity conditions at infinity

Theorem 2.1 Let u € WIIO’CI(Q; RN) be a local minimizer of the integral functional (2.1),
whose integrand f satisfies (2.3), (2.4), (2.5) with exponents p, q fulfilling
q o 1 1

4 1+% i T=2_2 (2.6)
p n n o n or

Then, u is locally Lipschitz continuous, and for all 0 < p < R, the following estimate holds

n B
I Dullpoop,;mNm) = € ((1 + IIhIIir(m)za / {1+ f(x, Du)}dx) N CN))
Br
withC =C(n,r, p,q,», A, R, p) and B = B(n, p,q, », A, R, p).

As a consequence of Theorem 2.1, under the stated assumptions, the Lavrentiev phenom-
enon for the integral functional (2.1) cannot occur.

A further relevant consequence is the following regularity result for weak solutions to
elliptic systems. In order to state it, we consider a nonlinear elliptic system of PDEs of the

form
n

d
z?a?(x,pu)zo, a=12,...,N, (2.8)

i=1 !

where af (x,&) = ff;“ (x,€) and f(x,&) = g(x,|&]). Under the assumptions (2.3),
(2.4), (2.5), a solution in the sense of distributions to the elliptic system (2.8) is a map
ue Wwhp (£2; RY) such that

loc

n «
o dg

E a;’ (x, Du) =0, a=1,2,..., N, 2.9)
5o dxi

forevery ¢ = (¢*)g=12...N € Cé (Q; RN ) Note that, in general, for differential problems
under p, g-growth conditions (if p, q are not close enough, precisely, if (2.6) is not satisfied),
the notion of solution to the elliptic system (2.8) in the sense of distributions may differ from
the notion of weak solution, the difference being in the class of the allowed test functions ¢,

which in this second case is WIL’C‘I (Q; RN ) (as necessary to treat variations). That is, a weak
Lq

o (€2; RY) which satisfies the integral condition

v e Wll’q (£2; RY). By Theorem 2.1, we have

oc

solution to the elliptic (2.8) isamapu € W,
(2.9) for every test function ¢ = (9*),—; 2

.....

Corollary 2.2 Every weak solution to the system (2.8) is locally Lipschitz continuous in Q.

In general, the elliptic system (2.8) may even lack a weak solution. Nevertheless, under
the assumptions (2.3), (2.4), (2.5), the associated Dirichlet problem can be solved and the two
notions of weak solution and solution in the sense of distributions turn out to be equivalent.
We have in fact the following regularity results for systems. We consider below a Dirichlet
problem, but a similar result could be stated for Neumann conditions, or for more general
variational boundary value problems.

Corollary 2.3 Letug € wl.r (Q; ]RN) be a map such that fg f (x, Dug) dx < o0, with
f satisfying the assumptions of Theorem 2.1. Then, the Dirichlet problem

n

a o
E — 4° ,Du)=0 =1,2,..., N, in Q,
= o a;’ (x, Du) * " (2.10)
u=u on 02,
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has a weak solution u € Wh-r (Q; RN) N Wli)’cq (S RN)Y . Moreover, u € WIL’COO (Q; RN),
that is u is locally Lipschitz continuous in 2.

Corollary 2.4 Let f € C? (Q X ]RN”) with f(x, &) = g(x, |&|) satisfying the assumptions
of Theorem 2.1. Assume that there exist two positive constants m, M such that for) <t <1
and a.e. x € Q

-2 —2
m (2 +2)7 < @5 M2+ @.11)
p=2 p=2
m (P +02) 7 < gule,n)< M (WP+17) 7, (2.12)
p=1
g, ] < M (u>+1%) 7, 2.13)

for some i € [0, 1]. Then, every weak solution u € W'P(Q;RY) to (2.8) is of class
Cll.Sf(Q; RM)Y, for some 0 < B < 1.

Further regularity of solutions to nonlinear elliptic systems with continuous coefficients
applies when we know that the gradient Du is locally in C%# for some 0 < g < 1. Indeed
we state the following result.

Corollary 2.5 Assumethat f € C*=1F (Q x RN") with f (x, &) = g(x, |&|) for somek > 2
and gi1(x,t) > m > 0 fora.e. x € Q, forallt > 0. Then, every weak solution to elliptic
system (2.8) is of class Clkof (€2; RM).

Finally, we would like to focus on the fact that our assumptions allow us to consider a
class of integrals of the calculus of variations with variable exponent, which can be typified
by the model integral

() = / a(x) |Du|P™ dx. (2.14)
Q
Theorem 2.6 Letu € Wli)’cl(Q; RN) be a local minimizer of the integral functional (2.14)
with a(x), p(x) satisfying

ax)>a>0, px)=p=>1, a peW"(Q), wihr>n. (2.15)
Then, u is locally Lipschitz continuous in Q.

The model integral in (2.14) has been already studied by Coscia and Mingione in [8],
where the Holder continuity of the exponent p(x) is assumed. However, we emphasis that
the integral in (2.14), in our context, is just a model example and our techniques permit to
consider more general integrands as in (1.10).

The Lipschitz regularity for the case f(x, Du) = a(x)h(|Du|)?™ is considered by the
authors in [13].

3 A priori estimates

Let u be a local minimizer of functional (2.1) under the assumptions (2.3), (2.4), (2.5) for a
given 1o > 0. We can transform f (x, &) into f (x, 10&), which satisfies the same assumptions
(2.3), (2.4), (2.5) for |&| > 1 (with different constants depending on #p). Then, it is sufficient
to obtain the a priori bound and the regularity results for v = %u Therefore, for clarity of
exposition and without loss of generality, we can assume o = 1.

In this section, we make some supplementary assumptions on f.

@ Springer



Lipschitz estimates for systems with ellipticity conditions at infinity

Assumption 3.1 Assume that f € C2($2 x RM") and there exist two positive constants k
and K such that for £ € RV and a.e. x € Q

;2
FOHIERD) T P2 Y S Ol G.1)
ijep
p—2
fragp (Ol = K (1416P) 7 (3.2)
o) < K (14 1E1R) T (3.3)

In the next proposition, we obtain an a priori estimate for the L°°-norm of the gradient of
u, which is independent of k and K.

Proposition 3.2 Letu € W7 (2 RN) be a local minimizer of the integral functional (2.1),
whose integrand f satisfies Assumption 3.1 and (2.3), (2.4), (2.5), with exponents p, q ful-
filling (2.6).
Then, there exist constants C = C(n,r, p,q, ), A) and B = B(n,r, p, q, A, A) such that
1% P
(14 111 q)

1 ,Du)}d . 34
= | {1+ £, Dy (34)

”DM”Loo(B/);RNn) < C

Proof Letu € WLP(Q; RN) be a local minimizer of (2.1). We observe that by Assump-
tion 3.1, Df has p — 1 growth; then, u satisfies the Euler’s first variation

/ > et D () dr =0 Vo =(¢7),_, e Wol (RY).
Q2 ia o

Since D2 f has p — 2 growth, by using the technique of the difference quotients (see for
example [14,19,23]), we have that

. p=2
u e wrmin@.p) (Q;RN) and (1+|Dul) 2 [D2u® € LL.(%). (3.5)

loc

and the second variation system holds

/ > fragp (. D)@, w4+ feor, (x, Du)pl t dx =0
Q i 5 i J — i i

irjooB
Vs=1,....n, Yg=(@"ee1 neWgmn®» (Q; RN) . 3.6)

Letn € C&(Q). For any fixed s € {1, ..., n}, we choose

¢% =n*ul @ ((|Dul — 1))

for ® : [0, 400) — [0, +00) increasing, locally Lipschitz continuous function, with & and
@’ bounded on [0, +00), such that ®(0) = 0 and

D' (s)s < co D(s) 3.7)
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for a suitable constant cp > 0. Here, (a)+ denotes the positive part of @ € R; in the following,

we denote ®((|Du| — 1)4) = ®(|Du| — 1)+. We compute then

0% = 2mnqul ® (|Du| — 1), +n*u @ (|Dul — 1)
+n%u® @ (|1Dul — 1)y [(1Du] — 1)1y

Here, we used the fact thatu € W1 oc > (R; RV), see Proposition 3.1 of [9] and [39]. Plugging

this expression in (3.6) we obtain:

0 =/277d>(|Du| Dy > Feagt (5. Du) nyu§ ull . dx
i,ja,p

+/ @ (I1Dul — Dy Y. Feagr (5, Duyus ufl; dx
Q

ij.e.p

b [ PO ADUI =10 3 Fgp Dyl LD = 1)1, d

ij.a.p

+/2n<b(|Du|—1)+ngux3 (x, Du) n5us, dx

1o
+/Qr;2¢'(|Du|—1)+ngizxx$ (x, Duyus, dx
i,a

+/n & (1Dul = 1)1 > feen, (v, 1Dul) ul, [(1Dul — 1)1y, d

i,a

=Lh+bLb+L+11+ 15+ L.

In the following, constants will be denoted by C, regardless of their actual value.

(3.8)

We now sum the previous equation with respect to s from 1 to n, and we denote by Ij — I

the corresponding integrals.

Let us start with the estimate of the integral 1. By the Cauchy—Schwartz inequality, the

Young inequality and (2.4), we have

= | [ 209 1Dul = 1y 3 frappx, Dl
2 i,j,s.a,pB
1
2
< [n0au =1 fr e D i,
Q

i,j,s,op
1

2

X z fga%_ﬂ(x Du)uxyxl o dx
i,j,s,a,8

sc/ DnP® (1Dul — 1), |Dul dx

L[5
+ 2/9 @ (|Dul — 1) Zﬁfmﬂ(x Duyuf g uf} . dx.
i,],8,a
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Let us consider i3. First of all, we have that

g (X, €] g (x, &) s & (x, €D
f”(x’é):( - grel 4+ 228
S €2 R AR £ et
At this point,
D Froer G DSl [0 Dul = D1y
i,j,s,0, v
gu(x,|Dul)  g/(x,|Dul) s
N ( | Dul|? a |Dul3 . Z “gs”xsx,“xju?,.[(lDul — D4ly
i,j.s,a,B
& (x, |Dul)
a2 M L Dul = Dy
S,1,0
(x, [Dul) (x, |Dul) 2
8u X, [Du g (x, |Du .
- - (|Dul)y,
( | Du| |Du|? )Za:[gulqﬂ ”‘|)x,:|
+ g/(x, |Du)|D(|Du| — 1), |, G10)

where we used the fact that

1
[(1Du] = D], = (1Dul)y, = mzuféx.\-“i |Du| > 1.

o,

Thus, coming back to the estimate of f3 from (3.10), we deduce

i [ 2 _ gu(x, |Dul)  g(x,|Dul)
= [ 7o 1)*(( [Dul [Dul? )Z

o

2
[Z uz,.<|Du|>x,}

i

+ 8 (x, |Dul)| D(|Du| — 1>+|2] dx.
Now we argue as in the proof of Lemma 4.1 of [30]. Using the inequality
D (IDul = 1), > < [D*ul?,  |Du| =1 (3.11)

we conclude that

2
I > /Qn2q>’(|Du| - Dy % Z(Zu;‘;[(lDul - 1)+]xi) dx >0,

i

where we used the fact that g, (x, |Du|) > 0 and ®'(|Du|—1)4 > 0. By (2.3), we have that

1 1. -
3 [ 7@ DUl = ) 1DupipAuP ax = Sh+
Q

< |i4|+|is|+|i6|+C/ |Dn*® (|Du| — 1), |Dul? dx.
Q
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We now deal with |i4|. We have

Ia] = /277<D(|DM|—1)+Zf§‘f’xx(X,DM)Tlx,~u?\_dx
2 i,s,a

2.5

=<

) _
/2n<1>(|Du| — Dy h@)Dul?™ D g ul, | dx
Q

i,5,

< /Q(n2 +1DnHh(x)® (|Du| — 1), | Dul? dx.

Consider |f5 |, we have

5| = /n2d><\Du|71)+ng;zx,.(x,0u>u;“sx,dx

Q i,s,0

23 2 a-11p2

< [ n*®(Dul = 1)y h(x)|Dul?""|D?u| dx
Q

_ 1/2 _p1l/2

< /[n2¢(|Du\—1)+|Du|” 21D%ulP]"? [P ® (1Dul — 1)y [h()PI1Du7]" dx
Q

< s/ r]zd)(lDu\71)+|Du|p72|D2u|2dx+Cg/7724>(|Du|71)+ |h(x)|?| Dul?=P dx,
Q Q

where in the last line we used the Young inequality. Finally, forany 0 < § < 1

sl = ‘/QnZnggxs(x,Du)ui@/(mm—1)+[<|Du|—1)+]x,dx

i,s,a

(2.5) _

< /n%b/(muwl)+ h(x)| Dl Du|D (|Du| — 1), | dx
Q

(3.11) 2 e 712

< | n*® (IDu| = 1), h(x)|Dul? |D*ul dx
Q

= /s2n2¢/(|Du|—l)+h(x) [(1Du| — 1) + 5] [(|Du|—1)++a]*' [Du|? | D?u| dx

1 - 1/2
< /nz{_—cb/(wm—l)+ [(IDu| — 1), + 8] |Du|? 2|D2u|2}
Q Cop
12
x {C¢¢/(|DM| = Dy |h) | Dul~ P2 [(|Du| — 1)4 + 8] 1} dx
& _
< ;/andf(wm—m [(1Du| = 1)+ + 8] |Dul”~?|D?ul? dx

+Ceco / 2@ (1Dul = 1), AP Dul P42 [(1Du] = 1), +5] " dx.
Q
We concentrate our attention on the first term in the last inequality. We split the set 2 as

Q ={x:|Du(x)| = 2}U{x : |Du(x)| < 2},and we observe thatinthe set {x : |Du(x)| > 2},
we also have (|Du| — 1)+ > 1 which in turn implies

(IDu| — 1), +68 < 2(|Du| — 1), (3.12)
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as long as we have chosen § < 1. Therefore, we have, using (3.7)

/ n*® (|Du| — 1), [(IDu| — 1)4 + 8] |Du|P~2|D*u|? dx
Q
_ 24/ P=2112, 12
—/ n?® (|Dul = 1), [(1Dul = )4 + 8] | Dul? 2| D?ul* dx
[Du|>2

+ / n*® (|Du| — 1), [(|Du| — Dy + 8] [Du|P 72| D*ul* dx
1<|Du|<2

(3.12)
<

2/ n*®' (|Du| — 1), (IDu] — 1)y | DulP~?| D*u|* dx
[Du|>2
24/ P—2112,.(2
+/ n*® (IDu| — 1) (|Du| — 1) 4| DulP|D*ul* dx
1<|Du|<2

40 [ P Dul = 1 1Dl DP d
1<|Du|<2

3.7)
L 2co [ 0 DUl = 1), DUl D dx
Q

+5/ n*® (|Du| — 1), |DulP~%|D*u|* dx.
1<|Du|<2

Now, choosing ¢ sufficiently small and putting together all the estimates obtained for
|14], 15|, | I6|, we deduce

/ n*® (|Du| — 1), |DulP~2|D*u|* dx
Q

< Ceo [ (o +1D0P) (1 4+ 200) 1D~
Q
x [q> (IDu| — 1), [Dul*=P + & (|Du| — 1), |Dul* [(|Du| — 1), + 5]71] dx

+8 / n*® (|Du| — 1), |DulP~?|Du|? dx, (3.13)
1<|Du|<2

with a constant C depending on n, r, p, q.
Now we define

D(s) = (14922 y=>0; (3.14)

we have
D' (s) = (ys +2)s(1 + )7 7. (3.15)

This function satisfies (3.7) with co = 2(1 + y).

We now approximate this function ® by a sequence of functions @, each of them being
equal to @ in the interval [0, /], and then extended to [/, +00) with the constant value ® (h).
Moreover, ®; and @), converge monotonically to ® and &', respectively. The expression of
@}, can be inserted in (3.13), and then, it is possible to pass to the limit as 4 — 400 by the
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Monotone Convergence Theorem. Therefore, we obtain for every 0 < § < 1
72 _
/9772 (1+ (|Du| — 1)+)y (|Du| — 1)3_ |Du|P~2|D%u? dx
<C(+y) / (n* +1Dnl?) (1 +hx)?) (1 + (|1Dul| — 1)+)V+2<1—p dx
Q

+8C(y) n*|Du|”~2| D*ul? dx,
1<|Du|<2

where we used the fact that

Mfl V>0
(IDul — 1), +$6

and ®'(r — 1)+ < C(y) when 1 <t < 2. Inequality (3.51) of the following Lemma 3.3 and
(3.5) imply

p—2

/ 02| Du|P~2|D?ul* dx < C/ n* (1+ |Dul?) > |D?ul*dx < +o0
1<|Du|<2 1<|Du|<2

so we can pass to the limit for § — 0 and the last term in the previous inequality vanishes.
Since h € L"(2), by the Holder inequality and by denoting

m = (%)’ =- 4 -, (3.16)

we have, using (3.11)

/an (1+ (Dul = 1);)" > (1Dul = D2 |Dul?~2|D ((|Du| - 1)) [* dx

3|—

<CcU+y)?H [/ %+ 1Dn>)" (1 + (IDu] — 1),) V2= dx] . (317
Q

by denoting, from now on
H = (1 n ||h||2L,<(Q)) (3.18)

and where C now depends also on r and |€2| (and so on n).
Let us introduce

t » t »
G(t)=1+/ JoE A+ ds=1+/ (1+5) 75 2 5ds (3.19)
0 0

and we obtain the following upper bound for [G(D)]?
[GOP < 4 +0)7TP < 41 1)y T2=P, (3.20)
where we used the fact that p < g < 2¢g — p. On the other hand

Gi(1) = VOO (1417 LY (1 4 ns+5-2 (3.21)
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which in turn allows us to give the following estimate for the gradient of the function w =
nG((|1Dul — 1))

/Q|D<nG<(|Du|—1>+>>|2dx
52/Q|Dn|2|G<(|Du|—1)+)|2dx

+2 /Q 1[G, ((|Du| — 1))1P[D((| Du| — 1)1)]* dx

F|=

(3.17),(3.20),(3.21) _
< CU+y)*H [/ (% + 1Dn?)" 11+ (1Du| — Y T4 ”)’”]dx]
Q

(3.22)

Now, let 2* = nz_"2 for n > 2, while 2* equal to any fixed real number greater than 2, if

n = 2. By Sobolev’s inequality there exists a constant C such that

2
‘/Q[UG((IDuI—IM)]Z*dx]Z < C/QID(nG((IDuI—l)+))I2dx. (3.23)

Moreover, since r > n, we have

(3.16) r n 2%
m o= = . (3.24)

1< <
r—2 n—2 2

Observe that
(2q — pym =2(q — p)m + pm; (3.25)

moreover, in view of the strict inequality in (2.6), we infer the existence of 0 < € < 1 such
that
1 1 1 1
G-—p+el-—-)=p(---). (3.26)
n or n or

M :=2(q — p)m+ pim—1)+¢ N:=p—e (3.27)

We also set

We remark that M > 0 because ¢ > p,m > 1,¢€ > Oand N > Osincee < 1 < p;
moreover, we observe that ~ 5
M+ N=Q2q — p)m (3.28)

and 5
M > (2q — p)m — p. (3.29)

Now we prove that

: 2 2

* M\2* 5 2% L\ F

B /'72 (14 pul — 0 PHR) T g 54(/[nG<<|Du|—1)+>]2)2'
r+p-|Ja Q

(3.30)

In view of (3.19), by setting ¢ := (|Du| — 1), (3.30) is proved if

1 YoM N !
T(1+z)(2+2m+2*) < 2(1+/ (1+s)%+%*2sds). (3.31)
y+p 0
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Now, if t < 1, then easily

;(144)( ) < 2

t
<2< 2<1+/ (1+s)%+%—2sds)
y+p y+p 0

so that (3.31) is achieved. Let now ¢ > 1, then (3.31) becomes, after differentiation

Yy . M | N -
7t am L
y+p

<2(14+02t17 %

. (3.32)
If we are able to show that . .
M N _» (3.33)
2m  2x — 2’ '
then we would have
Yy . M | N o
5+ 5, t 5 1 =1 —2
2T TR Lyt < — (1415 = 5 0T 0402 A+0nTs
y+p 2
and so also (3.32) is satisfied.
Thus, all is reduced to prove (3.33), which is equivalent to
14 € 14
- = - —_— < =,
(4= p)+ +m > 22
Since
1 1_r—2 n—2_n(r—2)—r(n—2)_r—n_1 1 o
2m 2% 2r 2n 2nr T onar  nor n’
then, by (3.26), the claim (3.30) is satisfied.
By collecting (3.22), (3.23) and (3.30), we obtain
M 2* Y 2%‘
[/ 711+ (Dl = 10T 14 Dug - 1,17 d"}
Q
1
2 _ m
< CH(y+2q—p) [/ (0% +1DnP)" [1 4 (1Du| — 1), ] 72470 dx] :
Q
(3.34)
where the constant C only depends on n, r, p, g, A, A but is independent of y.
Now, let n to be equal to 1 in B, with suppn C By and such that |Dn| <
denote by

W Letus

K—ym—l—M (y+2q—p)m N.

We notice that ¥k > M since y > 0; moreover, ﬁ > 1 due to (3.24). Therefore, from (3.34)
we now have

2m

[/B [1+ (Dul = D4 5 [1+ (1Dul — 1)5]" dx]

R_p) / [1+ (Dul— 4] [1+(|Du|—1)+] dx,

(3.35)
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where the constant C onl_y dependsonn,r, p,q, A, A.
Fixed R and p, with R > p, we define the decreasing sequence of radii {p;}i>0

R—p

T Vi > 0.

oi=p+

We observe that pg = R > p; > pi+1 > p. We also define the increasing sequence of
exponents {k; };>0 such that

-~ 2%
ko =M  kit1 =Kki— i >0.
2m

We notice that kg > 0 because M > 0. We rewrite (3.35) with R = Pis P = Pitl, K = Ki}
then, after observing that

=i

i+1

i

R—p:=pi —pit1 =

_ Kig1
[1+ (| Du| = D41 [1 + (|1Dul — 1)+]NdX} '

we obtain for every i > 0
Pi+1
1

1
m [ i + N)22i+! o . & g
e = /B[1+<|Du|—1>+]'[1+<|Du|—1>+] ) .

The last inequality can be rewritten as

Aiy1 = Ci A (3.36)
having set
L-
Aj = ( [1+ (Dul = D) 1901 + (|Du| — 1)1V dx)
By,
1
~ 3 . 2m] &
.+ N)z2i+] !
¢ | cnm (<>) |
R—p

By iteration of (3.36), we deduce

" 22%141
‘ 1+ 4oul = 53" 14 qDut - 1,9 dx]
Bp
< 6/ [1+ (|Du| — 1)41%~ 7" dx, (3.37)

R
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where by taking into account that m > 1, we have

— )
(ki + 1\7);2’““) "N

oo
c =<1 CH’"( .

1l ;
k
r 3 2m (%"1)
=2\, =] okt
. i(E) +8| 2
=H CHm _ -
k=0 R—p

Zﬂ)k
*

< ﬁ [2C H™ [(2q — p)MP’”}(2
B (R — p)*m

with a constant C = C(n, r, p, g). Let us denote

2*m 1
T:=2 =
2% —2m

1_ 1
n r

thus (3.37) implies

2m

i+1
0% i+1 (27)
‘ [1+ (|Dul — 1)+]”°(ﬁ) dx]
B

sc[ VH } /[1+(|Du|—1>+]<2"*”mdx.
B

R=p) | Jug

At this point, we pass to the limit as i — +o00, obtaining

sup {1+ (Dul = D417 1 x € By} =igTM’A_[1 + (1Dul = 11"

sc[ vH } /[1+(|Du|—1>+]<2‘w>mdx.
B

R=p) | Jug

Let us now set

Vx):=14+ (Du|(x) — 1)+ and s:=Q2qg — p)m;
then, estimate (3.40) becomes

£
M

sup [V(x)| = C

X€B,

{«/ﬁ

= IV lLs g
(R —p)} !

for every p, R such that0 < p < R < p + 1 and where C = C(n, r, p, q).
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We now use the classical interpolation inequality

L 1-2
IVilzs ) < WV, IV s, ) (3.43)

which permits to estimate the essential supremum of | Du| in terms of its L”-norm. In fact,
(3.42) and (3.43) give

< 0
=2y o s vH |
IVilzs,) < €751V, [ % _ﬁ)} IVl Br) (3.44)
where 1 1
S p (3.41) (3.29)
9:27(1—— =—=G6-p) = =[Qqg—pm—p] < 1. (3.45)
I s) I; p I q—D p

For0 < p < R and for every k > 0, let us define
pi=R—(R=p27"  Bi:= Vi,

By inserting in (3.44) p = px and R = pp+1 (sothat R — p = (R = p)2~%+D) we have for
every k > 0

- 6
2 « ~VH |°
By <C'= T |v|s, ikt | YT | g . 3.46
k= Il ”L’(Bk) (R - p) k+1 ( )
By iteration of (3.46), we deduce for k > 0
k i
g D00
vVH s L T kL i k1

Bo<[c'"%F|—= VI 25 Zico 10 (B )? 3.47
0= |:(R —5 I ”Ll (Bp) (Bi+1) ( )

By (3.45), the series appearing in (3.47) are convergent.
Since By is bounded independently of &, i.e.,

Biv1 < IVIiLssp)»

we can pass to the limit as k — +o00 and we obtain for every 0 < p < R with a constant
C =C(n,r, p, q) independent of k

0
\/ﬁ ! L
Vs <C Vi . 348
VI, < [(R > IVIILe B (3.48)

Combining (3.42) and (3.48), by setting p’ = @, we have

A T° g
IViees,y <C||——=| Vs,
Bp) (0" —p) @)
s 1
L(1-6 ) WTe
va 1T va 10 e "
<C — I ”V”LP(BR) ;
(0" —p) (R—p")
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now, since

this implies

B
/H B
I Dullzees,) = € [ ( (1+|Du|”)dx) :
Br

(R—p)
with
1 1 1 1
gi= (345) _ — a2syean L (3.49)
M(1—6) M(l—é—i—@) M—s+p
MM
~ 1 1 1 1
_ Ei (3.38).(3.49) 1_nl (3.50)
sM1—6 % — % € e
Since f(x, &) > CI&|P for every |&| > 1, (3.4) follows. ]

We needed in the proof above the following elementary result.

Lemma 3.3 Letty > 0 and p > 1. For every t > to, we have

t2 % E t2 ]);2 E
min 20 1 (l—i—tz)2 < P72 < max 20 1 (1—}-1‘2)2 .
ty+1 ty+1
(3.51)
Proof Since 1 < 1?/13 then
1
1+ < (2+ 1);2
1y
and thus, for every ¢ > 1o,
1/2
2
15+ 1
r< (4 < (0 i )
15
If p > 2, then
) p=2
) 2
0
On the contrary, if p < 2,
) p=2
2 )
(to —;— 1) 72 < (1 _Hz)”T < 2,
1y
In both cases, we obtain the conclusion (3.51). O
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4 Approximation

In this section, we give two approximation lemmas, which are the main tools to prove The-
orem 2.1. First, we need the following preliminary lemma. Note that the conditions (4.1),
(4.2), (4.3) below are consequence of (1.6) and (1.7) since g(x, 1) and g, (x, 1) are bounded
functions.

Lemma 4.1 Let f be as in Sect. 2 satisfying (2.3)—(2.5) and let g = g(x,t) be such that
f(x, &) = g(x, |&)]) for a.e. x € Q. Then, (2.3) and (2.4) are equivalent to the following:

o There exist two positive constants A, A such that for || > 1, for a.e. x € Q

MEP2 < % < AJje? @.1)
AMEIPT? < gu (x, [E]) < A JE]972 4.2)
e (X, [ED | < h(x) €197 (4.3)

Moreover, from the assumptions on f, we have that also g(x,t) is strictly convex in the
second variable fort > 1.

Proof First, we prove the equivalence (2.3)-(2.4) < (4.1)—(4.2).
On the one hand, following [3], we first notice that

1§ - ul | g (x, 15D [I 2 ISIMI]

EEART BE

At this point, the choices u = & and L& in (4.4) imply, recalling (2.3), (2.4), exactly (4.1)
and (4.2), respectively.
On the other hand (see for instance [30]), we have that f(x, §) = g(x, |£]) implies

Jee (x, E) (1, ) = i (x, 1§])

(4.4)

Jee (x,8) = gi(x, ISI)i féxqgjf?(x, £)

3]
& (x, 1€]) gt(x,lél)) acp & (x, &
= - agh L S B s
( &2 AR HEL
Since
2
>oereluend = (D erue | < qgun?, vu g e R
i,j.o, i,o

with the equality holding when u is proportional to &, we easily obtain the following ellipticity
estimate

o, B
. g, le | _ s Tegd WK & (5, I€D)
min 4 g (x, [€]), = 3 < max { & (x, [§]), ———
€] [l €]
from which (2.3) and (2.4) follows from (4.1) and (4.2). Finally (2.5) implies (4.3). O

We present now a first approximation lemma: we approximate g by a sequence of func-
tions g* (x, r) monotonically converging to g(x, ) and satisfying p-growth conditions with
constants depending on k ((4.8)—(4.11) below) and for ¢ > 1 the p, g-growth conditions as
in (4.1)—(4.3) with constants independent of k.
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Lemma 4.2 Let g : Q x [0, +00) — [0, +00) convex with respect to the second variable,
g of class C2(2 x [1, +00)) satisfying

gx,0)=g,(x,00=0 foraexecQ 4.5)

and (4.1)—(4.3). Then, there exists a sequence of functions gk € Wli’coo(ﬂ x (1, 4+00)) such
that for all t > 0, we have

gh, ) < gx,n) (4.6)
e < Vi @.7)
moreover, for a.e x € Q and for all t > 1, we have
gh, 1) < Clhoyrr™! (4.8)
1 kix,t
A min [7 1] 2 < 8LE D 2 (4.9)
p—1 t
rP7? < gh e ) < ClyrP? (4.10)
Ig,kx(x,t)l < C(k) h(x) P! 4.1D
and finally, for a.e. x € Q and for all t > 1, the following inequalities hold
1 kix,t
Amin ‘7 1] 2 < 80D ) g (4.12)
p—1 t
P2 < gk, < A2 (4.13)
gk (e, 0] < h(x) 77T, (4.14)

with A, A as in (4.1)—(4.2).

Proof Let us define, fora.e. x € Q

t
gh .0 :=/ gk (x,5)ds, (4.15)
0
where
) gr(x, 1) 0<t<k
= )\‘
R O Lt L B 4 (410
p—
Direct computations show that
X ) enx,n 0<t<k
g (x, 1) = [kt"‘z ‘> k. 4.17)

We claim that the sequence of functions defined by (4.16) satisfies the conditions in the
statement of the Lemma. Before proceeding, we first observe that

=l < CckyrP™! ot <k
‘kq—l <Ck)yt?~! >k (4.18)
It is not restrictive to assume k > 1. We also notice that for all # > 0 and a.e. x € Q

gh(x, 1) < gi(x,0). (4.19)
Indeed, (4.19) is trivial for 0 <t < k. Assume t > k. Then, > 1. We need to prove that

g, ) =g, k) +

& ; [(P7' = kP71 < gi(x. ). (4.20)
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By setting

W(s) 1= g (x, ) — s

p—1

then W is an increasing function as long as, due to (4.2), W/(s) > 0. Then, (4.20) holds.
Now let us deal with the proof of (4.6)—(4.7).

e Proof of (4.6): it simply follows from (4.19) by integration (keeping into account (4.5)
and the fact that by definition, also gF(x,0)=0.

e Proof of (4.7): we prove that gf (x,1) < gf“(x, t) forall t > 0 and a.e. x € 2. When
t < k41, (4.7) follows easily from (4.19). Let t > k + 1, since the function W(s)
defined by

W(s) = gr(x,5) + [tp_l—sp_l]

p—1
is increasing by (4.2), (4.7) is achieved.
Before proceeding with the remaining inequalities, we notice that (4.8)—(4.14) are valid
only for # > 1; therefore, we need to distinguish between the two cases 1 < ¢ < k
and ¢ > k. Actually, when 1 < ¢ < k, the inequalities follow from the assumptions
(4.1)—(4.3) possibly combined with (4.16) and (4.18). Thus, in the sequel we will focus
just on the case t > k.

e Proof of (4.8): we have

(4.16)
gh ) "= g, k) +

4.1 (4.18)
lpP—l-kP—l] < ATyl < ctyeh
p—

e Proof of (4.9): to prove the left inequality of (4.9) we distinguish two cases:

In the first case

. A
2 gk + ——r ! -
-

gh,n

A @4.n A
> g k) + ——P7h o pt ST Sl
p—1 p—1
while in the second case, using the fact that r > k
4.16 _ _
gi‘(x,t)(z)gt<x,k)+p_1[rp Lk
4.1
RSY LI PV PR
- p—1 p—1
> af1- L P4 sz‘l =P L
- p—1 p—1

The right inequality instead follows as in the proof of (4.8).

e Proof of (4.10): in view of (4.17), it easily follows from (4.2) and (4.18).

e Proof of (4.11): observing that for 1 > k, gk (x,1) = g.(x, k), the thesis follows
combining (4.3) and (4.18).

@ Springer



M. Eleuteri et al.

e Proof of (4.12): the left inequality follows as in the proof of (4.9), while concerning the
right inequality, we have

k 4.19 4.1
gt(xvt) (E)gl‘(xst) (f)
t t

A2,

e Proof of (4.13): as long as t > k, then gf,(x, 1) =amP72 < A2,
e Proof of (4.14): as k < t, then
(4.16) (4.3) _ _
lgx (e, D] =" g O, DI < R KT < () 177

[m}

We now construct a smooth approximation for each g*(x, ¢). In the following, we will use
also the following condition

0<gx, 1)< C forae xeQ. (4.21)

Lemma 4.3 Let g be as in Lemma 4.2. Then, there exists a sequence of functions gkt =
g*(x, 1) such that g¥* € C*(Q x R) and the following inequalities are satisfied for a.e.
x € Qand forallt >0

ke n%
g, < Clh(1+1%)° (4.22)
p2 ke(x, ¢ p=2
(1477 <500 cgy142) (4.23)
2 22 24 2 22
min{p — 1, 1} e¢ (14+17) 7 < g (x,0) < Clh) (1 +17) (4.24)
p—1
g (. 0] < Ck, £.Q0) (1+17) 7 VQCCQ, (4.25)

where ¢ is an infinitesimal sequence of positive numbers. Moreover, the functions g*¢ fulfill
forae x € Qandt > 1

1 kex, ¢
A min [71 1] P2 < w < 2A 1972 (4.26)
b
P2 < gMx ) < A2 (4.27)
g—1
gk, D] < e (x) (1+1%) 7, (4.28)

where A, A are as in (4.1)—(4.2), £ and he, € C*°(Q) is the regularized function of h in (4.3)
defined by (4.31) below.

Proof Let gk as in (4.15). Fixed an open set A CC €, an infinitesimal sequence &; of
positive numbers and two positive mollifiers p and ¢. For £ large enough, we define for all
(x,1) € A x R the sequence of functions gk‘Z : Q2 x R — [0, +00) such that

ke ke 25
g ) =g, ) +e (14+17)7, forae.x e, Vr>0, (4.29)

with
e = / (MNP (x + ery, 1 + egn)dy dn, (4.30)
BxB

where B is the unit open ball in R”.
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It is not difficult to see that the sequence of functions gk¢ € C?(Q x R) satisfy the
inequalities (4.22)—(4.28). Indeed, for 0 < ¢ < 1, by (4.15), (4.16) and (4.5), we have
gk (x, 1) = g(x, t); using the fact that g is increasing in the second variable, this entails that

ke, 42D
0<g“x,1) < C, foraexe R, 0<t <1,

with a constant C independent of &, £. On the other hand, for + > 1, to deduce the desired
inequalities it is enough to take into account (4.15), (4.16) and the estimates obtained in
Lemma 4.2 for g*. In particular

14

lgkloe, 0l = |§,kx<x,z)|s/ PP Mgk (x + ey, 1+ eem)| dy dn
BxB

“4.11)
2 cw /B OB+ o0t + e dy dy

= C<k>/Bp<y)h<x+szy)dy/3¢(n>(r+sm>”*‘dn

so that

p—1

lgr (v, D < Ckhe, (x) (1+1%) Vis1

and also

p—1

gk, D] < C) e, Loy (1+12) 7 Vi1,

where h,, denotes the regularization of the function A
ety = [ pOhe+ e . 31
B

On the other hand, since gu S C2(S2 x [0, 400)), we have, for every Qo CC Q2

p—1

gkl Dl < Clhk, €,20) (1+13) 7 YO0<t<1, xe
so that (4.25) is achieved

p—1

I8k ) = Clk. £, Q0) [1+ llhe L] (1+17) V1> 0.

Arguing in a similar way but using (4.14) instead of (4.11) we obtain also (4.28). O

5 Proof of Theorem 2.1
For k, £ € N, let us consider the following functional
Fr (w) =/ g (x, IDw]) dx. (5.1)
Q

Letu € Whr (£2; RM) be a local minimizer of the functional (2.1); moreover, let us take
xo € Qand Br = Br(xp) CC 2 to be a ball of center xg and radius R compactly contained
in Q.

We consider the following variational problem

inf{F"‘(w) cweut WP (BR;]RN)}. (5.2)
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It is not difficult to verify that F’ k€ is lower semicontinuous; therefore, there exists v<¢ €

U+ W(}'I’(Q; RM) solution to Problem (5.2).
vVt >0, forae. x € Q

We observe that since
< CO+g"x, 1)
[1+ g"(x, |Duldx. (5.3)

by the minimality of v*¢, we have
/ DV dx < € / [1+ ¢, IDV)]dx < C /
Br Bg Bgr
Moreover, by the convolution properties, as £ — 400
forae. x € 2,

gX(x, |Dul) — g*(x, | Dul)

g (x, 1Dul) < Ck) (1+1Dul?)? e L' ().

4.6)
/ g(x, |Dul)dx. 5.4

since
The Lebesgue Dominated Convergence Theorem and (4.6) then imply
<
B

(

lim/ g“(x,|Du|)dx:/ ¢“(x, |Dul)dx
¢ BR BR

(5.5)

By collecting (5.3) and (5.4)
/ DU dx < c/ [1+ gCx, |Dup]dsx.
Bgr Br

sup
1

and there exists v* € u + Wol’p(BR; R™) such that
VRE sk weakly in wlp (BR; RN) .

and we obtain for0 < p < R

On the other hand, by Lemma 4.2 and Lemma 4.3, we have that f*(x, £) = g*(x, |£])
ke

satisfy Assumption 3.1 and (2.3), (2.4), (2.5) for |£| > 1 with constants independent of &, ¢;

B

_I
¥

thus, we can apply Proposition 3.2 to v
T
(14 e 13 )
(R —p)

[/ (1 + " (x, IDV*))) dx} :
Br
(5.6)

k¢
”DU ”LOO(Bp;]RN”) < C
with constant C, § independent of k, £. By taking into account that by convolution properties

lhedlr @ < Al @)

1

we also have
2 2
(14 11130

(R—p)

T
[ (1 + gkx, |Dv“|))dx]
Bgr

kt
||DU ”Loo(Bp;RN") < C
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~|—|

1
n

1

In the following, we denote by
2 2
(141013 )

C:=C
(R=p)

Therefore, by (5.3) and (5.4), we get, for all B, CC Bg
K weakly star in WI’OO(B/); RV).

*
vkl_\v

At this point, by the semicontinuity of the norm and (5.5), we obtain
|DV|P dx < é/ (1 +g0x, |Du)dx.  (5.8)
Br

/ | DVF|P dx §]iminf/
Bgr ¢ Bgr
= M.
(5.9)

On the other hand, (5.4) and (5.6) imply
k 24 P
||DU ||L°O(Bp;RN") < hmgll’lf ||DU ”LOO(B/);RN") < C [/ (1 + g(x, |Du|)) dx:l
Br

Thus, we can deduce that up to subsequences, there exist v € u + Wo1 P (Bg; RM) such that
for all B, CC Bg.

TAEN weakly in whp (BR; RN)

ok Ay weakly star in whoe (Bp; RN)

Now we proceed in a similar way as in [9,16]. First, we show that v is a solution to the
(5.10)

problem
inf [/ gx,Dw)dx: weu+ WOI'P(BR,R")] .
Br
To this end, using the semicontinuity of the functional f B, gkO (x, |Dul) dx and (see (4.7))

o, 1) <gfx, ) Yk > ko,

g"(x, | DVM)) dx.
! (5.11)

we get
/ g, IDVF]) dx < limzinf/ g0, IDVM ) dx < limeinf/
By

B,
Since, up to subsequences, g"e (x, t) converges as k — 400, a.e.in Q x [0, +00) to gk (x,1),
by Egorov theorem, fixed K = {§ € RN : |£] < M + 1}, for every 8 > 0 there exists As

with |As| < 8 such that gk¢ converges to g* uniformly in (B, \ As) x K. Thus,
/ g (x, DV dx
Bp\As

gk(x, |ka[|) dx = lim sup
14

lim sup/
¢ B,\A;s

and due to (5.9)
/ gh G, DV dx < C(h) |As| (1 + M),
B,NAs
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with C (k) independent of §. Thus, putting together the previous inequalities, (5.11) gives

/ g0, IDVF) dx < liminf/ g*@x, |DVF)) dx
B, ¢ B,

IA

lim sup/ gk x, |DVF)) dx
¢ B,

IA

lim sup/ g (x, |DVF)) dx + C (k) |As| (1 + M)
4 Bgr

so that letting § — 0, by (5.4)

/ g0, IDV|)dx < limsup/

B, ¢ Br

g“(x,|Du|>dxs/ g (x, | Dul) dx.

Br
At this point, exploiting the lower semicontinuity of the functional f B, gko (x, |Dul) dx, we

obtain

/ g, |Dv|)dx < lirninf/ g0, |DVF|) dx
B, k B,

IA

liminf/ gk(x, |Du|) dx :/ g(x, |Dul) dx,
k Bgr Bg
where in the last line, we applied once more the Lebesgue Dominated Convergence Theorem

to the sequence of functions g¥. This has been possible because of (4.6) and due to the fact
that g*(x, |Du|) — g(x, |Du|) pointwise. Finally, letting kg — +o00 and p — R

/ g(x, |Dv])dx 5/ g(x, |Dul) dx, (5.12)
BR BR

and passing to the limit in (5.9), we get

. B
R

Therefore, # and v are two solutions to Problem (5.10), but since g is not strictly convex for

all + > 0, we may not conclude that u = v in Bg. Set

Du(x) 4+ Dv(x)
2

>1] and ﬁ:=u+v.
2

Eo:=[xeBR:‘

If Eg has positive measure, then from the convexity of g(x, .), we have:

1 |
/ g(x,lDﬁl)dXS*/ g(x,IDul)dX-i-*/ g(x, [Dvl]) dx. (5.14)
Br\Eo 2 JBr\Eo 2 JBr\Eo

Now, by the strictly convexity of g(x, t) for + > 1 and applying two times the following
inequality

gx, 1) > g(x,s0) + g (x,50)(t —s0), so=1

first with so = Du and t = Du, then for so = Du and t = Dv, finally by adding up the two
inequalities obtained, we have

1 1
/ g(x,|Dul)dx < */ g(x,|DM|)dx+*/ gx,|Dvl)dx. (5.15)
BrNEo 2 JBgrNE, 2 JBgrNE,
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Adding (5.14) and (5.15), we get a contradiction with the minimality of # and v. Therefore,
the set Eq has zero measure, which implies that

sup |Du(x)| < sup|Du(x) + Dv(x)| + sup |Dv(x)| < 2 + sup [Dv(x)|

B, B, B, B,

and estimate (2.7) follows by (5.13). O

Proof of Theorem 2.6. For every xo € 2, there exists R > 0 such that the ball Bg(xo)

contained in €2 and
sup{p(x) : x € Br(xo)} + &

inf{p(x) : x € Br(xo)}
for some 0 < § < 1. Observe that for the functional (2.14), with the notation g(x,t) =
a(x) P® we get

<142 (5.16)
n

G (6, 0) = @p)y, t?P appy PO ogr,  Vi=1,...,n. (5.17)
Set
pi=inf{p(x):x € Br(xo)} ¢ :=sup{p(x):x € Br(xo)} +
where § permits to absorb the logarithmic term in (5.17). Then, the following estimate
lgx(x, )] < Ah(x)9T= 1 >1, ae.in By

holds for some & € L"(Bg). This is due to the fact that the product (a p)y, € L"(Bg), since
a,pe WLT(Bg), r > n, are continuous functions.

We conclude that with this choice of p, g, f(x, &) = a(x) |&|P™) satisfies (2.3), (2.4) and
(2.5). Since a minimizer u of (2.14) in 2 is also a minimizer in Bg(x¢), by proceeding as in
Theorem 2.1, we obtain the u is locally Lipschitz continuous in Bg(xq). O

6 Back to systems

In this section, we give the proof of the previous statements about systems. The proof of
Corollary 2.2 is similar to the next one, and we omit it.

Proof of Corollary 2.3. We consider the variational problem

inf[/ Fx.Dv)dx : veug+ WP (sz; ]RN)’. 6.1)
Q

Assumption (2.3) guarantees the convexity of f (x, &) = g (x, |€]) with respect to the second
variable and its coercivity with p-growth. The lower semicontinuity of the integral in (6.1)
gives the existence of (at least) a minimizing map u € ug+ WO1 P (SZ; RN ) By the regularity
Theorem 2.1, we have thatu € WIL’COO (Q; RN ) Then, the ¢g-growth from above in (2.3) allows
us to apply the well-known variational technique to show that u in fact satisfies the weak
weak solution to the Dirichlet system (2.10) t0o. This completes the proof of Corollary 2.3.

O

Proof of Corollary 2.4. Once we get an estimate for the norm in L°° of the gradient of
the solution to problem (2.10), with assumptions on the behavior of g, and then on f, as
t = |E] = 0%, the C'P regularity of the solution follows by well-known results for the
systems considered in (2.8) (see [39] and [40]). m]
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Proof of Corollary 2.5. Since g, (x,t) > 0 for all + > 0, we are in the framework of uni-

formly elliptic systems. Since u € C /. (£2; RY), each component of the gradient Du is a
weak solution to a system with Holder continuous coefficients. Then, further regularity fol-
lows from the regularity theory for linear elliptic systems with smooth coefficients (see for

instance Section 3 of [19]). ]
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