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Abstract. The mathematical analysis to achieve everywhere regularity in the interior of
weak solutions to nonlinear elliptic systems usually starts from their local boundedness.
Having in mind De Giorgi’s counterexamples, some structure conditions must be imposed
to treat systems of partial differential equations. On the contrary, in the scalar case of a
general elliptic single equation a well established theory of regularity exists. In this paper we
propose a unified approach to local boundedness of weak solutions to a class of quasilinear
elliptic systems, with a structure condition inspired by Ladyzhenskaya—Ural’tseva’s work
for linear systems, as well as valid for the general scalar case. Our growth assumptions on
the nonlinear quantities involved are new and general enough to include anisotropic systems
with sharp exponents and the p, g-growth case.

1. Introduction

The study of regularity for generalized solutions of second order quasilinear (i.e.,
linear with respect to second derivatives) elliptic systems has been strongly moti-
vated and at the same time conditioned by the De Giorgi’s example of existence of
the nonsmooth weak solution

u(x) = x=(x1,x2,...,X,) € R", (1.1)

X
x””

to the linear elliptic system

Z Za“ﬂ(x)u -0, Ya=1,2,....n
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op

jj are bounded discontinuous at

Here n > 3 and the measurable coefficients a
x = 0. The exponent y in (1.1) is given by

n 1
= — 1——
y 2( \/(Zn—2)2+1)

and, being greater than one, the solution « in (1.1) is unbounded around the ori-
gin. De Giorgi’s example was published in [8], while a modification of it, due by
Giusti and Miranda [17], deals with continuous (in fact analytic) coefficients agﬁ (u)
depending on u instead than of x. We also mention the extensions due to Frehse
[10,11], Necas [34], Hildebrant-Widman [18], up to the recent contribution by
Sverak Yan [38]. For a description of this lack of regularity and related questions
we also refer the reader to Giaquinta [14] and Giusti [16].

Motivated by these examples we find in the mathematical literature at least two
directions of research about regularity of generalized solutions of elliptic systems:
(1) partial regularity, i.e., smoothness of solutions up to a set of zero measure, or
up to a better mathematically characterized set, see Mingione [32] for a detailed
discussion; (ii) everywhere regularity in the interior of the given domain 2 of R”,
starting—as usual in this context—from the local boundedness of the solution. In
the last case, having in mind the above counterexamples, some structure assump-
tions must be considered to treat systems of partial differential equations, in contrast
with the scalar case of a single equation, where a well established theory of regu-
larity exists since the work of De Giorgi, Moser, Morrey, Nash, Serrin and many
others.

Ladyzhenskaya and Ural’tseva [21, Chap. 7] first proposed the local bounded-

ness of solutions u = (u!, u?, ..., u™) to the linear elliptic system

n n m
9
ZT D aij () w4 Db () uf 4+ () (1.2)
i-1 7 \io p=1
n m m
3w uf 1> d ) uP = U0, Ya=1.2....m,
i=1 p=1 p=1

with bounded measurable coefficients a;;, b?’g s cf"g , d*P and given functions fi‘",
f“. Here the structure condition is stated in terms of the positive definite n x n
matrix (ai j), which does not depend on «, .

Meier [31] extended these results to a class of quasilinear elliptic systems, intro-
ducing a structure condition based on a so called indicator function and assuming
natural growth conditions on the quantities involved; i.e., assuming polynomial
p-growth on the nonlinear coefficients (instead of p = 2). Quasilinear elliptic
equations have been previously studied by Serrin [35,36]. Meier’s motivations
were based on some related researches by the Bonn school in pde’s, mainly by
Hildebrandt—Widman [18,19] and Frehse [11]. More recently sufficient conditions
for boundedness of weak solutions have been given by Landes [22,23] and by
Kromer [20]. In the nonlinear case one is led to consider W7 N L™ as the natural
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Sobolev class where to start to get regularity of weak solutions; see for example
Hildebrandt [19] (see also [2,24,25]).

In this paper we consider a generalization of the linear case by Ladyzhenskaya
and Ural’tseva in (1.2) to quasilinear elliptic systems of the form

n n

0
E P E aij (x,u, Du) u;‘j + b7 (x,u, Du)
i=1 '\ j=1

= f“(x,u,Du), Va=12,...,m. (1.3)

It is worth remarking that systems of this type, even with a linear principal part as
in (1.2), arise in many problems in differential geometry such as harmonic map-
pings between manifolds or surfaces of prescribed mean curvature; see for instance
[14]. Contrary to many papers in the mathematical literature about regularity for
systems, the elliptic scalar case m = 1 is included in full generality in our context.
A relevant example for m > 1 which enters in our analysis is given by the Euler’s
first variation of integrals of the calculus of variations such as, for instance, below
in (1.10).

Let us enter in more details about our assumptions. Here we allow some general
growth conditions, which we list in this introduction in a simplified version, for the
sake of simplicity. Precisely, we assume that there exist exponents py, p2, ..., py €
(1, 4+00) and positive constants M, M, such that, for almost every x € Q C R"
and for every u € R", & € R™" & = (&)i=1,.n = (Stq);i} x and A =

O‘i)i:l,...,n € Rn’

pi=2
2

D aij(x,uE)rik; zM]ZA,Z( (5;")2) , (1.4)
a=1

i,j=1 i=1

n n
D aij (xou &) £ < My D JET + ul 41 Vi, a
Jj=1 j=1
n =5
|68 e, )] < My 1D |67 4 qul” + 1 Vi a
j=1

n
[ <My 3D 151V T 41, Va,
j=1

for suitable y, € and 8. Note that (1.4) is a weaker assumption with respect to the
usual ellipticity and it reduces to the ordinary ellipticity condition only if p; =
pr=-e=pa=2.

Our analysis unifies the scalar case (one single equation) and the vector val-
ued one (system of pde’s) with special structure. In fact, as we already said, the
elliptic scalar case m = 1 is a special case which enters in the above assumptions.
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More precisely this means that we can consider a general quasilinear elliptic equa-
tion of the form

n

zi (a; (x,u, Du)) = f (x,u, Du), (15)
Bxl-

i=1

with a; of class C! in the gradient variable. In fact we have
1 d

a; (x,u, Du) —a; (x,u,0) = / Eai (x,u,t Du) dt

0
1 . \ 1
da; da;
=/ Za—g;(x,u,tDu) iy, dt=z ”xf/a_g;(x’”’tD”) dt.
0 j=1 Jj=1 0
Therefore, if we pose
1
8a,‘
bi(x,u) =a; (x,u,0), a;jj(x,u,§)= f(x,u,té) dt,
J
0

then the pde in (1.5) becomes a particular case of the system in (1.3) and the ellip-
ticity assumption (1.4) on a;;, in terms of the vector field (a;);—; 2, .. . is satisfied,

with constant M ~min{ﬁ = 1,...,n},when
n aa n
> u Ehing = My &AL (1.6)
o 0% i=1

Corollary 2.4 below gives specific conditions in order to get local boundedness of
weak solutions to the Eq. (1.5) with anisotropic growth.

Let us go back to the general system (1.3). We need a restriction on the expo-
nents {p;} to achieve the local boundedness of the solutions. Let us denote by p
the harmonic average of the {p;} and by p* the Sobolev exponent of p; i.e.,

1 11 np if o
oIl o )es ifp<n (1.7)
14 n <= pi any u > p if p>n.
Theorem 1.1. Under the previous assumptions, if
max {p1, p2,....pa} <P, 1<y <Dp*, O0O<e<l, —<8<1, (18)

then every weak solution u to the quasilinear elliptic system (1.3) is locally bounded
and for every R such that Bg(xo) C 2 there exist constants ¢ and 0 > 0 such that

sup |u| <c /(|u|+1)7‘dx . (1.9)

BRry2(xo0) B (x0)
R (x0
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Assumption (1.8) is sharp, in the sense that even in the scalar case m = 1 (and n
large) is possible to produce examples of unbounded generalized solutions when
the reverse inequality max {p; : i = 1,2, ...,n} > p* is satisfied; see Giaquinta—
Marcellini [15,26-28]. In the case of a single equation (m = 1) the local bounded-
ness of weak solutions has been widely investigated; see for instance [3,5,12,13,
27,28,37,39] and, more recently, [6]. About partial regularity for systems (m > 1)
see for instance [1,4,9,32,33]. In the last years there has been a large amount of
papers dealing with the regularity under p, g-growth and we refer the interested
reader to the survey by Mingione [32].

We emphasize that systems under consideration include the first variation of
integrals of the calculus of variations of the form

/ g (x,u, |Dul) dx (1.10)

Q

and the local boundedness result of Theorem 1.1 can be applied to the minimizers.
In fact they are weak solutions to the system (1.3) when we define

1 g (xu [
HEE

and as usual for the lower order terms. Under a nonstandard growth condition the
local boundedness of minimizers of vectorial integral functionals as in (1.10) has
been studied by Dall’ Aglio-Mascolo [7] when g = g(x, |Du|) is a N-function in
the Aj-class. For Lipschitz and higher regularity see Marcellini [29] and Marcellini
Papi [30], who extended to general growth condition the regularity results obtained
by Uhlenbeck [41] for the p-Laplacian.

Finally in the last section we deal with systems satisfying a p, g-growth condi-
tion. We assume ellipticity and growth conditions of p, g-type, see (4.5), (4.6) for
precise assumptions. We prove that weak solutions u € W4 to (1.3) satisfy an a
priori estimate as in (1.9).

ajj (x,u, &) = 8ij, Yi,j=1,2,...,n,

2. The anisotropic growth

Let us consider the nonlinear system of pde’s

n

a
— (aij (x,u, Du) ug, + b (x, u, Du))

A~ Ox;
i,j=1
= f“(x,u,Du), Va=1,2,...,m (2.1)
onanopenset Qof R", n > 2, m > 1. We assume that g;; : @ x R" x R™*"* — R
and b;, f: Q x R" x R™*" — R™ are Carathé odory functions, i, j = 1,...,n.
We need some notations. If & € R™*" we write & = (&,...,&,), where
& = (Sil, ...,Ei’”) e R"fori =1,...,n. Inparticular, Du = (uy,, ..., uyx,) and
Uy, = (u}ci, e, uﬁ). Analogously, b; = (bil, e, bf”) and similarly for f. Given
P1, - - ., Pn €Xponents greater than 1, we define

p:=min{py,..., pp} and ¢ :=max{py,..., pn}.
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As usual p’ is the conjugate exponent of p; i.e., 1/p + 1/p’ = 1. Moreover, p
stands for the harmonic average of {p;} and p* is the Sobolev exponent of p as
defined in (1.7).

We assume the following conditions for almost every x €  and for every

ueR" EecR™"and A = (A)i=1,..n € R,
(H1) (ellipticity condition)
n n
D @i, u, Ehidj = My D AFEIPT?, (2.2)
i,j=1 i=l1
(H2) (growth conditions)
1
n n =5
D aij(x.u £)E| < My D IEH 4 bi@)|ul” +ai(x) . Vi3
j=1 j=1
1—L
n Pi
1bi (x, 1, £)] < Mo 3 D 18171179 4+ by () ul” + a(x) L Yio (24
j=1
n
|G )] < My D 1& 170D 4 by (o) ul’ ™! + as(x), (2.5)
j=1
where
1
Mi,M)>0, 1<y<Dp", O0<e<l, — <8<l (2.6)

and, fori =1, 2, 3,

7

/ —x\ /
b € L}, () with( ; ) <s <400 and q; € L{OC(Q) with (%) <t < +4oo.

Q2.7)

Our aim is to prove the local boundedness of weak solutions to (2.1). We con-
sider the following anisotropic Sobolev space

WL (@, RM) = {u e WH(QiR™) ¢ uy, € L7 (92 R™), for alli:l,‘.‘,n},
endowed with the norm
n
ety 1. gy = Nl L1y + D it | L7t -
i=1

We write W, ") (Q; R™) in place of W' (Q; R™) N WhPrp) (Q; R™),
For some properties of these spaces we refer to [40]; in particular the following
embedding result holds.
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Theorem 2.1. Let 2 C R” be a bounded open set and consider u € W()l‘(pl""’P")
(R™), pi > 1foralli =1,...,n Letmax{p;} < ¥, withp* as in (1.7). Then
ue LP*(Q; R™). Moreover, there exists c, depending on n, pi, ..., pn, such that

n
n
[ lc—— ey
i=1

Thanks to the imbedding theorem above and to Holder inequality, the growth
conditions (H2) allow a meaningful definition of weak solutions.

Definition 2.2. A function u € Wll’(p teP) Q) RMY is a weak solution to (2.1) if

ocC

n
Z (aij(x, u, Du)uﬁj + b (x, u, Du)) (p)‘z‘l_ + f%x,u, Du)p® t dx =0
o Lij=1
(2.8)

foralla = 1,...,m and all ¢ € C}(Q; R™) (or equivalently ¢ € W()l’(pl""’p")
(Q; R™)).

Theorem 2.3. Assume (HI) and (H2) and let 1 < p < q < p*. Then every weak
solution u € WIL’C(‘"I """ p”)(Q; R™) to (2.1) is locally bounded. Moreover, for every
BRr(x0) C Q there exists a positive constant ¢ such that

1+6
*

sup |ul < ¢ /<|u|+1)f* dxt (2.9)
BRy2(x0) Batro)
R\X0

_ Q4D o Lo
where@-pﬁ qwnhq—max{a,ys,qt}.

The above theorem also gives the local boundedness of weak solutions to the general
quasilinear equation (m = 1)

n

zai (a; (x,u, Du)) = f (x,u, Du), (2.10)

X,
i=1 !

where a; (x, u, &), —3‘15 (x, u, &) are Carathéodory functions. Let us assume
98 y
J

n n
a .
S uwhidy = My > AP VA eR” 2.11)
— OE; ,
i,j=1 i=1
n I_PL,'
lai (e u, €)] < My 1817+ bi(x)|ul” + ai(x) L Vi (212)

j=1
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and

|f G )] < My D 1& 170D 4 by (o) ul’ ™! + as(x), (2.13)
j=1

where M1, M»>, vy, 8, a;, b; (i =1, 3) satisfy (2.6) and (2.7).
Corollary 2.4. Under assumptions (2.11)~(2.13), if | < p < q < p*, then every

weak solution u € W10 A p")(Q) to the pde (2.10) is locally bounded and the
estimate (2.9) holds.

3. Proof of Theorem 2.3

First we give two preliminary results.
Lemma 3.1. Under the ellipticity condition (2.2), for almost every x € Q C R",
foreveryu € R™ and § € R™*", we have

pi
2

Z Z aij(x, u, E)E1 €S > M3Z(

m
a=1i,j=1 i=1 =1

D (s;’)z) , 3.1)

(07
with Mz = Mym!'—4

Proof. For fixeda € {1,2,...,m} we pose A = (g;’)l.:l S R" and we get

.....

pi—2
n n 2 m 2 2
> au0tE = Y. (67| D0 ()
i,j=1 i=1 p=1
(3.2)
Fixedi € {1, ..., n}, by the convexity of the function r € Ry — t” we have the
inequality
1 m Pi 1 m
pi
(3 ) <5 el
a=I1 a=1
If we sum up both sides of (3.2) with respect too = 1, 2, ..., m we obtain
m n n m pPi
I) WIETREEETT » I Mo (z e ')
a=1i,j=1 i=1 a=1 a=1
. m m 2\ /2
The conclusion (3.1) follows from the fact that > _, || > (Za=1 (&%) ) .

O
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Lemma 3.2. Let v, v, §, 0 be positive numbers, and assume that there exists T €
(1, +00] such that yt', 81" < o. Let v € L°YTV(Q), v > 1, and let a € L™ (),
where Q C R" is a measurable set with finite Lebesgue measure. Then

o

o-8t’
[lawiw@r " ax < jaluol, - ( [rere
@ Q

Proof. By Holder inequality

77

/|Cl| vy+5v dx < ||a||LT /vyf/+ér'v dx
Q Q

Let us consider the two cases separately: y < § and y > §. In the first case, since
’ ! ’
yt' <8t and v > 1 we have [v7T TV dx <[5 D gy,
If §7’ = o we conclude; otherwise, we proceed with the chain of inequalities:

s’ o—8t’

st/ 8t”
/ ? o—87’ ’ ?
/UST O+D gy < /UJ(U'H) dx Q¢ < /v”(v'H) dx /v" dx

Q Q Q Q

Let us now deal with the case y > 8. We have [v? 778 gy < [y =37 y(+DoT’
dx and if 87" = o we have done; otherwise, by Holder inequality

0—651/ st/
/UU—Er’v(ﬁ+1)Sr’ dx < /vo dx /v(v+1)a dx
Q Q Q
and we get the thesis. O

Proof of Theorem 2.3 We split the proof into steps. Without loss of generality we
assume that the functions a;, b;,i = 1, 2, 3, in (H2) are a.e. greater than or equal
to 1.

Step 1. We define a sequence of test functions (¢ )y to insert in (2.8), with
o € WhPLorn) (Q: R™) and supp ¢x € 2. Fix a ball Bg,(x9) € 2. Notice that
when it is obvious by the context, we write B, and W (P1--~P2) (B, in place of
B, (xg) and W1(P1Pn) (B, (x); R™). Let us assume 0 < p < R < Rg and let
n € C°(K2) be a cut-off function, satisfying the following assumptions:

2

O<n=1 mn=1inB,, suppn & Bg, |Dy|= R (3.3)

Let us approximate the identity function id : Ry — Ry with an increasing
sequence of C! functions g : R; — R, such that

0 forallr € [0

1
] , , )
k+1 <
k forallt >k, 0=g =2 and g =g+ inRy.

gk(t) =
(3.4)
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Notice that the last inequality can be assumed since the restriction of gj to the

interval [klﬁ, k] can be seen as a smooth approximation of the linear function

Gr(t) = % (t — ﬁ), whose graph is the line of the plane connecting
(77~ 0) and (k. k) and G satisfies G}, (1)t < Gy (t)+¢.Fixedh =1,....n.k € N
and v > 0, let CDI((hl)} : Ry — R be the increasing function defined as

o) (1) = g (t").

Y

By (3.4) we obtain
() 0 2 () 2
(@) (01 < ppv | R0+ 7 1 <qui @O+ 71 (3.5)
Finally, define w,ﬁh‘z : B, = R™,

o (x) := @) (ju()hux)[n(x)] for every x € Bg,. (3.6)

From now on, we write (p,(ch) and cI>,({h) instead of <p,£h3 and CD,({h‘)). We claim that

g € WhPheP) (B R™), supp ¢ € Bg.

Indeed, q)]((h) isin C!(R. ), bounded, because || dbl((h) lL>®,) < k,and with bounded
_ 1 1
derivative. Precisely, if a\ = (k + 1) 7" and b"’ = k77, then

0 if s € Ry \ [0, "]

phvgl,’c(s”h")s"’h”_1 ifs € [a,ih), b,(ch)]

h)
(@) (s) = [
and
(h) -1 m1Pv=1 1, my1Prv—1
@Y zoe@y = 200 1P g i 0, = 2000 max[[ak 1™ ] <oo.

As a consequence, taking into account that u € wlPipn) (B Ry) We have that
CI>,({h)(|u|)u is in Wl'(l’l""*l’")(BRo) and the claim follows. By density arguments,
we can use (p,ih) in (3.6) as a test function in (2.8).

Step 2. Assume that 1, is the cut-off function in Step 1. We aim to prove that

foreveryh =1,...,nand every v > 0
n
2 Sl ax
Bg i=1
¢ max{v, 1}%’ p 1/6 3 y 2 oy
e R L #2007l bl + 3 "
Br j= j=

3.7
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where M3 = Mim'~4 and c is a positive constant depending on the data and Ry,

but is independent of v, R and p.

Insert <p,£h) in (2.8) as test function. Notice that

m

B

u —

(¢h) = > @ gt + @ G+ 0 ™
i ﬂ:l

We recall that (®\)/(s) = 0in [0, a.”]. Then (2.8) implies

L+5h:= /<a(x, u, Du), Du)®" (|u]) n? dx
Br

n m ﬁ
~a a B )y q
+ E > al(x,u, Du)u ] Y (@) (lul) n* dx
Bg i=1o,p=1

- q/<&<x,u, Duy, —u ® Dy (fuf) 9" dx

Br
‘/<f(x, w, Du), )@ (Jul) n? dx =: I + L, (3.8)
Bpr

where @ = (Gf') i=1.... is the matrix with entries
a=1 m

n
ag e, u, €)= D aij (x, u, £) E¥ + b (x, u, £) (3.9)
j=1
and we used the following notation: u ® Dn := (u“r]x,) i=1...n . Separately we
consider and estimate I;,i =1, ..., 4. -

Estimate of I

By (2.2) and Lemma 3.1 we easily get

n m n m
(a(x,u, Du), Du) = Z Zaij(x, u, Du)uijuil_ + ZZb?(x, u, Dujus,

i,j=la=1 i=1 a=1
n n

> M3 )l 1P =D |bi(x, u, Du)fuey, |-
i=1 i=1

By (2.4) and the Young inequality (applied first with exponent p; and then with
exponent ﬁ) we obtain

M3 ) - (1—
b1 Cx tt, Dulg | < =l 17+ 1§ D7l 177079 + ba()lul” + aa (x)
j=I1

IA

M n
W jZ_% ) 177 + 2 {ba@)ul” + )+ 1) (3.10)
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with ¢» depending also on €. Therefore, defining c3 = 2ncy we get (recall that
aj, b > 1)

3M;
= —/Z| P (h)(lul)nqu—63/{bzlul”+a2}¢( (lu]) dx.
Bg = 1
G.11)
Estimate of I
For a.e. x € {|u] > 0}
n m
B
Z Z a; Y(x,u, Du) u® u—uﬁl
i=1a,p=1 lul
n m ﬂ
= Z Z aij(x,u, Du)ug Ju _”xl_'_z Z b¥(x,u, Du) u® —ufl
i,j=1a,p=1 i=1 a p=1 lul

By (2.2), with 4; = >0 u® u,, we have that

i i uij(x,u,Du)uz/_uo‘u’3 uﬁ = z a;j(x, u, Du){z }{i”a u}“,»]

i,j=la,p=1 i,j=1 a=1

> 0. (3.12)
Thus, by (CD(h))/ > 0 we have

Z z aij(x, u, Duyu®, u® | E i(¢,§h>)’(|u|)nquzo. (3.13)

Bsz la,p=1

The above inequality and (3.5) imply
n

m
s
L> /Z > bf‘(x,u,Du)u“lb;—| uf (@) (jul) n? dx

By i=1a.p=1

n
h
> — [ D1, u, Dl | (@) () ul n? dx
Bg i=1
- 2
> —qv/Z|bl-<x,u,Du>||uxi| [@,ﬁ’”(|u|)+%] n? dx.
Bg i=1

Reasoning as done in (3.10), since ay > 1

M ,
qvlbi (x, u, Du)|juy,| < 8—3|uxl-|Pf + ¢4 My max{v, 1}?
n

n
D i 177079 + by () |ul” + ax(x)
j=1

= Zlulep/ + ¢5 max{v, 1}e (b2 ul” +ax(x)}.  (3.14)
j=1
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Thus, we obtain

M [ < pi | 2] 4
bz === [ 2 lug P 9 ul) + 7 o0 dx
Bg j=1

' 2
—csnmax{v, 1}]? / {b2|u|y + az} [CD,({h)(IuI) + z] dx. (3.15)
Bpr
Estimate of 15

For a.e. x € By |uy; |71 < max{uy;|, 1171079 < |uy [P + 1 < |uy,|Pi +
az(x); therefore (2.4) implies

_L
! Pi

n
i (x, u, Du)| < 2My 4 | |77 + ba(x)ul” + az(x) vi.
j=1

Thus, the above inequality and (2.3) imply that for a.e. x

1
l_i
n pi

|ai (x, u, Du)| < 3M, Z lux; 177+ (b1(x) + ba(x)|ul” + a1 (x) + az(x)
j=1

By (2.3) and the properties of 7 in (3.3) we obtain

1

2qn9~

ul|a; (x, u, Du
R pl [la; ( )|

n
q{a(x,u, Du), —u @ Dnyyn?~" <>~
i=1

1—L
pi

n n
6M>gnd~!
< ; %Iul ; 17+ (b1 (X) +b2. (X)) [u]” +a1 (x) a2 (x)

Using the Young inequality and n < 1 we get

1
lpi

6Magn?™! $ ,
<=, ;lulep-’+(bl+b2)luly+al+a2
e ,, 14
Maqn " }
=R—_p|u| n? | D lug 1P + (b1 + b)) ul” + a1 + a

Jj=l1

M3 n ‘ C6 i
=5, EW%W+@+MWV+m+m—ﬂR_HM :
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with c¢ depending on n, m, M1, M3, q. Since

n 6 Di n 6 Di e q
> ulp < Z(max ul, 11) <n ulp +1
o (R—p i=1 R—p R—p

co(fge] )

we conclude that there exists ¢; > 0, possibly depending on Ry, such that

gla(x,u, Du), —u ® Dn)n‘rl <

M; ! ) c7 9
< 0 D lux|” 75| (l+ @+ bl +a+ar)
i=1

and the following estimate of I3 follows:

I < %/i|ux.|f’f¢<’”<|u|>nq dx
-3 . i k
Bg i=1
7 |7 g y (h)
g [ e+ @bl +ata} o (updx. 316
Br

Estimate of 14

Let us now deal with 1. Using (2.5) we obtain

n
Is s/{M22|ux,-|”f“—5>|u|+b3|u|y+aa|u|]<1>,i’”(|u|>nq dx
Bg i=1

n
< / {Mznq D g 1P \u] + bsul” +a3|u|} " (Ju]) dx.
Bg i=l
By the Young inequality
n n
(- M3 . 1
M, Z |Mx,-|p'(1 8)|u| < ? Z |”x,-|p’ + cglul?,
i=1 i=1

with ¢g > 1 depending on My, My, m, q, §, we get

Ms [ < _ 1
Iy < ?3/ Z|ux,-|"l<1>£’”<|u|>nqu+cs/ {luls + b3jul? + aslul | & lul) dx.
By i=1 Bg
(3.17)
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Conclusion of Step 2.
Collecting (3.11), (3.15), (3.16) and (3.17), the equality (3.8) gives

M n ‘ 2
T/meiw [cb,i’”uun—z} 0! dx sc3/{bz|u|y+az}d>,ih)(|u|>dx
By =1 Bg

’ 2
“+es max{v, 1}%/{bz|uly +ay) [d>,§h)(|u|)+ %] dx

Br
a7 |? 0
T [+ Gt b + a1+ aa) o uly
Br
1 y (h)
+cg [l + b3lul” + azlul; @, (lul) dx.
Br

Since the sequence Py is increasing and, by Theorem 2.1, |u| € LP", we get (3.7)
when k goes to co.

Step 3. In this step we prove that

M=
R

1
q

S

== 1
% 4
P P

. +li
/vﬁ*(‘)_‘_l) dx < C[E}R'i‘ l]q]qe 14 / vﬁ* /vli(l)-i-l)
—p

B, Bg, Br

=

(3.18)
where
~ 1 / i —%k
vi= maX{|M|,1}, CISCIZ max 57 Vsaqt <p

and c is a positive constant depending on the data, Ry and on the Lebesgue norms
of b; and a;, i = 1, 2, 3. We point out that c is independent of v, R and p. We begin
noticing that

Ph
/'[”q('“'”l ] 1 =20 1 [ bl 9)" a
X
Bgr g Br
+2q_1/{‘[nq]Xh (|ulv+l + 1)][7}1 dx = Jl +J2 (319)

Br

By (3.7) we can estimate J; as follows:

n

Ji 52‘171[1)4—1](1/{|M|vlux;,|}ph nquS2q71[v+I]q/Z|MXi|pi|M|ph”nqu

Br Br i=1
2 3
colv + 11917 / ;
< v? + bivY +azv+ay +ay |lulPh dx
[R=p1 ; !
R

(3.20)
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where we used that n?°" < n9. Moreover, by the assumptions on 7, see (3.3),
pr < g and the Holder inequality we have

hS[RT:V /ﬁawndx : (3.21)
Br
By (3.19)—(3.21) we obtain
I
P 1o . !
/‘[nq(|u|v+l + 1)] dx < —— /Uq(”“)dx
Xp (R — p)?
Br Br

colv + 119%%

3
(R — pl¢ /”é+zijy+a3v+a1+az vPVdx.  (3.22)

Bgr Jj=l1
We remark that

=%

/
b1, by, b3 € L*(Bg,) with (p_) <s <400 and ys’ <g,
14

-k

!/
ai,ar,asz € L'(Bg,) with (p_) <t <+oc0 and gt <q.
q

Thus, since p, < g < ¢, we can repeatedly use Lemma 3.2 with § = p;, 0 = ¢
and suitable exponents y and t:

3
ijv7+p””dx
Bgr j=1
1 _Ph Ph
s/ q q
G G(v+1
< c(lb1lls, 1b21ls, 1531l5) / v? /Uq(v+ ) (y=v,t=5)
Br, Bg
/(m + ax)vP" dx
Br
1_m P
o q q
i G(v+1
< cllarli ) | [ o7 [t =0 =1
Bry Br
/a3v]+p"”dx
Br
1_Ph Ph
vq q

< cllaslly) t/vﬁ /ﬂﬁwﬂ> =1 1=0

Bry
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and, by Holder inequality,

/Ué+phvdx z/vé—phvph(m)dx < / Vi /qul)

Br Br Brg, Br

Collecting these inequalities, by max{l,, %

1
Ro and the Lebesgue norms of a;, b;, i = 1, 2, 3, such that

n? (ul" T+ 1)
[ Xp

Br

p/
et e
q
Ry

If we choose c12 > ¢y large so that

with p, > p, implies

Ph
[ [t +n] [
X
Br
1 q=p 1
+i ; rq q
e+ 177 () / vl / QA0+
[R —pld
Br, Bg
This inequality holds for every i = 1, ..., n; therefore, we get
Pr
Ph
/ ‘[nq(|u|“+1 + 1)] dx
Xp
Br
n n“;ﬁ n
q+L/ ; rq
cialv + 1197 - / i /vci(v+1)
[R — pld
B Br

p q+
" < cub 1T e / Vi vq<v+1>
T [R—pV
BR

} = 1 there exists c1; depending on

P

> 1 the above inequality, together
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By Theorem 2.1 we get

w\‘_

/vﬁ*(m) dx

By

|
*

7*
< /{|u|”+1+1}p dx
Bp
q v+1 7
< 77 (et + 1)1 ax
Br

RSIE

calv + 1197
[R—pld

1+/

—p 1
q

vl / pav+D)

Bry Br

(3.23)

and by the Holder inequality we get the conclusion (3.18).

Step 4. We prove the boundedness of u and the estimate (2.9), using Moser’s
N
iteration technique. For all # € N define v, = —1 + (%) , o = Ro/2+Ro/2"*!

and R, = Ro/2 + Ro/2". Notice that p, = Rj41 and p*(v, + 1) = G(vpg1 + 1);
therefore, lgy (3.18), replacing v, R and~ p with vy, R, and pj,, respectively, we have
that v € LIV (Bg, ) implies v € LI+t (Bg, ). Precisely,

vp+1

IVl G 1
Li0ht1+ )(BRthl)

wi‘ —

_ / iR+ g

BRy

P’

¢

6142(h+1)q I:P7 -
< 7 1+ / vP
RO
Br,
q—p
*p
h 7" vpt1
< )
< [ci5] 1+ / v ”v”L"(”h*'])(BRh)'
Br,
Thus,
-~ \h
n() >+
) P
||v||Lq<vh+1+1>(BRh+]) < [ci15] (p I+ [ v

Bry

_ /vﬁ*(vm)dx
/Ué<vh+1)dx

Br,

S

(3.24)

|v||L!?(U/1+1)(BRh)-
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Taking into account that §(v; + 1) = p* and that

. \h .
Gops (4) = 4 d-p
o p*p “=h=I (ﬁ*) P-4’
an iterated use of (3.24) implies

4 4-r
P*p P*—4q

—%
0l e, < c16 |1+ / o7 1015 (55
Bpr

0

Therefore, since v = max{|u/|, 1} then

sup  |ul < ey /(|u|+1>ﬁ*dx
Bry2(x0) ;
Ro

with § = %gfp and we get the thesis. O

4. Boundedness under p, ¢g-growth

In this section we deal with the system (2.1), assuming a suitable p, g-growth with
1 < p < g. For the sake of simplicity we use the following notations

n
a=(a})i=,..n, af(x,u,&) :=Zaij(x,u,$)é}x Vi=1l,...,n, a=1,...,m

a=l,..., m

j=1

and similarly for b = (b{"). We assume that the following inequalities hold for a.e.

x € Qandforeveryu e R", £ e R"™*", A = (X);—1, ., € R"
(A1) (ellipticity condition)
n n
D aijCe,u, E)hiky = My D AFIEN?, (4.1)
i,j=1 i=1
(A2) (growth conditions)
z
la(x, u, §)| < M> {|§|q_l + b1 (x)[ul ¥ +al(X)}’ (4.2)

b0, &)1 = Mo {IE177 00 4 ba ol + @) (@3)

Feu o)l =M {lErt =D s bl @], @4

for some positive constants M, My, 1 <y < p*,0 <€ < 1, # < 8§ < 1 and,

fori =1,2,3,

*

!/
b b by € LS, (Q) with (p—) <5 < 400,
y

loc

/ ! * /
a{’ ,aé’ ,a3 € Lj () with (p_) <t < 4o0.
P
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Theorem 4.1. Let (Al) and (A2) hold. Assume also that either
n—1

n—p

(a(x,u,&)—a(x,u,n),E—n) >0 V& neR"”" and g < p if p<n,

4.5)

or there exists a Carathéodory function A : Q X R" xRy — Ry, t — A(x, u, t)t

increasing, such that

aij(x,u, £) = A(x,u, |ED8;; Vi, j=1,....,n, V& e R and q < p* ifp <n.
(4.6)

Then any weak solution u € Wlf)’cq (2; R™) to (2.1) is locally bounded. Moreover,
for every Br(xo) € 2 there exists a constant ¢ > 0 such that

146
P

sup |ul <c / (ul + D" dx , 4.7)
BRr2(x0) Batro)
R\X0

where § =

pr—
g =max {q, 5, ys', pt'} if (4.6) holds.
Remark 4.2. Inequality (4.1) implies

9=P \ith § = max {qg—,,, %, ys/, pt’} if (4.5) holds, otherwise

=S
~

(e, u, €),8) = D > aij(x,u, )EFE = Min'"P|E|P VE e R™". (4.8)

i,j=1a=1
Notice that if (4.6) holds then
(aCx,u,&),m) = Alx, u, [N n) V& ne R, (4.9)
so the inequality (4.8) is equivalent to
ACx,u, [EDIEP = Min'~Plg|P. (4.10)

Moreover, under the structure assumption (4.6) we have that the growth condition
(4.2) is equivalent to

a
A u, EDIE < Ml H bl + a0} @1
By the monotonicity assumption on A it is easy to prove that

A(x, u, ED(E, n) < ACx, u, [EDIENIN] < ACx, u, [EDIEP + Ax, u, [n)Inf?
(4.12)

or equivalently

n

DD aiiu EE < D 4 (x,u, £)EEY

i,j=la=1 i,j=la=1

n m
+ Z Zaij(x,u, mnin§ V& neR™"
ij=la=l1
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Proof of Theorem 4.1 The scheme of the proof is analogous to the proof of
Theorem 2.3. Also in this case, without loss of generality we assume that the
functions a;, b;,i = 1,2, 3, in (4.2)-(4.4) are a.e. greater than or equal to 1. We
split the proof into steps.

Step 1. We define a sequence of test functions (¢ )x. Consider Bg,(xp) &
Q2,0 <r < R < Ro,n € C°(Bg) and the increasing sequence of C ! functions
gr : Ry — R4 as in the proof of Theorem 2.3. Fixed k € N and v > 0, let
®; , : Ry — Ry be the increasing function @ ,,(¢) := gx(t”"). Notice that as in
(3.5) we have

2
(Pr,) (01 < pv {q)k,v(t) + %] : (4.13)

Finally, define gy ,,(x) := g, (Ju(x))u(x)[n(x)]* for every x € Bg,, with u =
q% > g. Notice that gy , is in W4 (Bg,; R™), supp ¢ € Bg.

Step 2. We aim to prove that for every v > 0,k € N,
é/(( D)D)<1>(||)—i td

3 a(x,u, Du), Du k(lu Skn X

Bg

< u/w(x,u,Du),—u®Dn><I>k(|u|)n“*‘ dx
Br

/ ’ ’ 2
vemaxv, ) [ fiuid o+ (68 4 03) |“|V+a3|”|+a§}{¢k(|”|)+;} dx,
Br
(4.14)

where we used the notations in Step 2 of the proof of Theorem 2.3, see in particular
(3.9). Using ¢y as a test function in (2.8) we get

L+l = /<a(x, . Du), Du) Dy (ul) n* dx

Br

n m
B
- u
+/Z Z af(x,u, Du)u®— ufl_ (@) (Ju)) n* dx

B i=lap=1 lul

- M/(&(x, u, Du), —u @ D)@ (|u]) "~ dx
Br
— /(f(x, u, Du), u)®(Ju)) n" dx =: I3 + 1. 4.15)

Br

Now, we separately consider and estimate ;,i = 1, 2, 4.
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Estimate of I
By (4.3) the Young inequality (applied first with exponent p and then with
exponent ﬁ) and (4.8) we have that for some positive T << 1

pa
(b, u, Dw), D)l < My {|Dul "D L byjul 7 +ax(x) | 1Du

IA

T Dul? + e {1DulP1= 4+ b lul” +af ()}

M
4pp-1

1 / ,
J{aCx. . Du), Duy + 2 {6F ol +af 0]
4.16)

1Dul? + 1 b5 olul” +af (1) + 1

IA

with ¢, depending also on €. Thus,

3 / /
h = 5 [ et D D@ dx = x [ (b1l + af | eciun .
Br Br
4.17)

Estimate of I
As in the proof of Theorem 2.3, using (3.12) and (4.13) we have

n

m B

u

Bz [ 30 b Dl (@0 b o dy
B =1 =1 u

2
> —/pvlb(x,u,Du)llDu| {q)k(|u|)+ E] n*dx.
Bpg

Reasoning as in (3.14) and in (4.16), by (4.3) and the Young inequality it follows
that

1 / / /
pylbr,u, Dw)||Dul = T (a(x, . Du), Du) + c3 max{v, )€ {bf @lul” +a? (x)} .

Thus, we obtain

1 2
I, > —1—6/(a(x, u, Du), Du) [Cbk(lul) + z] n*dx
Bpg

z P y P’ 2
— ¢y max{v, 1} {b2 @) ul” +at (x)} Qu(luh + 71 dx. (4.18)
Br
Estimate of 14
Let us now deal with 1. Using (4.4) we obtain

1= My [ {1Dul 0Dl + baful” -+ asful| @ ul) .

Br
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Now, let us estimate the right-hand side using the Young inequality and (4.8). We
have that there exists c4, depending on M1, M>, n, p, §, such that for a.e. x

M, 1 1
— 1 Dul? + calu|¥ < —(a(x,u, Du), Du) + cqluls.

Ms| DulP=D || <
16n?

i

Therefore,

1 1
s = 3¢ [ {aCe. . Du), D) Oy (ub” dx +c4/ {117 + balul? + aslul} @ (lu) dx.
Br Bpr

(4.19)

Collecting (4.15), (4.17), (4.18) and (4.19) we get

Z /(a(x, u, Du), Du) {<bk(|u|) — %} ' dx
Bpg

S , / 2
< Iy csmaxtv. )5 [ (it + (6] +03) |”|y+a3|u|+a§}{q)k(|u|)+;} dx
Bpg
(4.20)
and the claim follows.

Step 3. In this step we provide two different estimates of /3 depending on
whether (4.5) or (4.6) holds true. We recall that

I; = M/(a(x, u, Du) + b(x,u, Du), —u ® Dn)®r(|u|) 77“71 dx.
Bg

Estimate of I3 under assumption (4.5) For a.e. x € Bg, N {n # 0} by (4.5) with

= Du(x) and n = —8pu(x) ® 229 we obtain
7n(x)

11" Dn
wila(x,u, Du), —u ® Dn)n' = 3 a(x,u, Du), —8uu ® —
n

w w D D
< T (a(x,u, Du), Du) + n <a (x, u, —8uu ® _n) , —8uu ® _n>
8 8 n n
n' Dn
——(alx,u,—8uu® — ), Du). “4.21)
8 n
By (4.2) and the assumptions on 7, see (3.3),
n
L <a (x, u, —8uu ® @) , —8uu ® @>
8 n n
Dn |1 2z D
u®7 +{b1lul? +aq u®7

q ral 7 q PP i 4
ld + byl ” T+ aylul §m{|u| +{ul? + bY Jul +a1}

< Sq_lu«qn“Mz[

L%
~ (R—p)
(4.22)
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with ¢7 depending on M», p,q and Ry. Notice that we used that © > ¢ and
1 Rh a
R = Rep)? if 0 < a < b. Let us now estimate the last term in (4.21) using

(4.2) once more. We get

H D
- <a (x, u, —8uu ® _77) , DM>
8 n

cg _ _ L

4.23)

with cg depending on M>, p, g. To estimate the term at the right-hand side of (4.23)
we use the Young inequality and (4.8) (notice that n*~4t! = n%n 7_q+1 and

that p 2= > 4 + 1 > 0). Thus, for a.e. x

{7 1Dul} [ﬁn (11" + bl +a1)}

M, c9

< n P99 (g-Dp' o 1Py p’}
= g1 1Pul” + (R p)a-07 {Iul +by lul” +a

9 (g=Dp" | 1Py P
< qg" (@, D). D) + {Iul b7 ) +al'}

(4.24)
As far as the integral
,u/(b(x,u, Du), —u ® Dn)®y(|ul) 1~ dx
Bpr
is concerned, reasoning as in (4.16) and using (4.3) and (4.8) we get

w(b(x, u, Du), —u ® DnynH~!

1 €10
< | Du|P 4+
= Tonp—1" 1P (R —

> {|u|p+b§ lul” +a§}

1 CIO / /
< 1o aCr.u. Du). Du) + W{W’ + b2 u) +a§’}. (4.25)

Collecting (4.21)—(4.25) we get the following estimate of I3 ((g — 1)p’ > q > p)

1
I < Z/(a(x,u, Duy, Duy®y(ul) n* dx
Br
Cl1

—(R_p)(q_l),,//{lul(’*_””?(bf + o) ul” +al +a§}<1>k(|u|)dx.

Br

(4.26)
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Estimate of I3 under assumption (4.6) By definition of a(x, u, Du) in (3.9) and
4.9)

w{@(x, u, Du), —u ® Dp)n"~" < wA(x, u, |Dul)(Du, —u ® Dn)n*~"
+ulb(x, u, Du)llu ® Dpip*~'.  (4.27)

By applying (4.12), with &€ = Du(x) and n = —8pu(x) ® 22

n(x)
I
1ACx, u, |Dul){Du, —u ® Dp)n*~! = %Au, u, |Du|)<Du7 —8uu ® DZ(§)>
n(x
nt 2 Dn Dy
< 5 A(x,u, |Dul)|Dul”+ A x,u, |8uu® —| ) |8uu® —| . (4.28)
n n
Now, by (4.11) and the Young inequality
% 2
n—A (x,u, 8uu®—n') ‘8 u®—)7
Dn i~} r D
Slm"Mz{(Su)q_l u®777 +ay(x)|ul +a1(x)} M®Tn‘
C12 C12 Y41
< ul? + == ool + anolu
(R—p)? R—0p
C13 { V4 P’
< B e 4w + 67 @)’ +a (x)} (4.29)
(R — p) : :

with ¢13 depending on M>, p, g and Ry. Taking into account (4.3) and reasoning
as in (4.16) we get

Min* c
1 \Du|P+ 14

b(x,u, D Dnip*~! < —
plb(x, u, Duyllu @ Dnln™ " = o= R— )7

{|u|p+b§ |u|y+a§ }

which implies, by using (4.9) and (4.10),

m

ulb(x, u, Du)|lu ® Dyt~ < %

{|u|P+b§’ u|? +a§}. (4.30)

(a(x,u, Du), Du)

€15
(R — p)la=br'

Collecting (4.27)—(4.30) we get the following estimate of I3

1
I < Z/“‘(’“’”’ Du). Duy®y(ul) n* dx
Bg

2 2
Cl6 / /
Ry / [lulq +lul? + > b ulY + > al ] Dy (u]) dx,
i=1 i=1

Br
4.31)
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which implies an inequality analogous to (4.26):

1
Iz < Z/(d(x,u, Du), Du)®y(|u|) n* dx
Br
17

Br

(4.32)

Eventually, by (4.14), (4.26) and (4.32) we have

3 Du), D Ol ! kd
s [t Dy, D) k(|u|)—§}7l x

Bg

£ 2
ciglv + 1] 1 /
= (R—,O)(q—mv’/{|”|9+|“|[S +(§:bip +b3)luly+a3|u|

Bg i=1

2

+Za,-’”] [(Dk(|u|)+%] dx,

i=1

where

o .— | @=Dp" =q% if 45) holds
q if (4.6) holds.

Since @i (lu]) — |u|P’ as k go to 400, passing to the limit and using (4.8) we
obtain

/|Du|f’|u|"” n dx
Bg

)4 2 2
crolv+1] € 1 / /
= i | |'"'9+'"'5+ (Zbi’ +bs) l? +aslul+ " a! ] l?” da

Bg i=1 i=1
(4.33)

where c is a suitable positive constant depending on the data and Ry, but not on v.

Step 4. In this step we conclude. We follow the scheme of Steps 3 and 4 of the
proof of Theorem 2.3, taking into account that now p;, = p and that a; and b; are
now replaced by af / and bf /, i = 1, 2, respectively. We limit ourselves to outline
the main first inequalities. First we estimate the left-hand side in (4.33) proceeding
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asin (3.19):
1ol (a4 )] o
Br

sczo/n“—”wm"nuw“+1]de+czo[v+1]”/|Du|”|u|”"n“dx

Bgr Bgr
< s [l 0 dx oty -+ 117 [ 1Dl d
—p
Bgr Br
e /[max{|u| DI+ ety + 11 [ 1Dl d

Br

with ¢y depending only on p and ¢33 depending also on g and Ry. Then, defining
v := max{|u|, 1} and using the classical Sobolev imbedding theorem and (4.33)
we get

a »
P* i p*
/vp*(v+1) dx < /’n% (|u|v+l + 1) P dx
By Br
» coulv +1 p+%/
<en (D o (Tl 1)]\ dx < AT
(R — p)(qfl)p

2 2
/[|v|"+””+|v|§+"”+(2b{’ +b3) VP az! TP al vPY ] dx.

Br i=1 i=1

By Lemma 3.2 With 8 = p,o0 = g and a suitable choice of y and 7, taking into

account that max{ 7 S,, 1} = 1, we obtain

Be i-r 1
p* pq q

1+,;E
/vp*(”“)dx _cslv+l1] (:’ b . / vl dx /v‘?(““)
< T

Bp (R - IO)E BR() Bg

the analogue of (3.23). Taking into account that ¢ < p*, from now on the proof
goes as in the previous section. O
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