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Introduction

Let @ be the bundle of j-forms on the complex projective space P" and let QCWHD._®GGOV In
1978 Beilinson [B] showed that every coherent sheal ¥ on P” has a canonical two sided finite resolution
of the form

dy d
0 p
O lﬂm‘

where
Ch= o Qi)ocH P"%(~i).

s-j=p

s that

me

xﬁHl *q a:no
Imd._ ;7 L0 foriz0
i-1

Note that the bundles Qe are the same for each sheal ¥: for this reason they are called the
building blocks for the sheaves on P". In particular the canonical resolution of a building block is the
trivial resolution with only nonzero element the building block itself. This fact is known as

"orthogonality relations®.

There are many applications of this thearem of Beilinson: see for example [0SS].[E].[D],[A0].
In general on a manifold X we call building blocks some sheaves {Aq....AL) such that every |
coherent sheal on X has a two sided finite resolution whose terms are direct sums of the As.

The Beilinson theorem holds also for complexes of sheaves .

Explicit resolutions of this type are known for sheaves on grassmann manifolds [K1], flag

manifolds and quadric smooth hypersurfaces [K2]. All these manifolds are homogeneous.

In this note we find explicit resolutions for complexes of sheaves on every smooth Schubert

variety in a flag manifold and on some other non homogeneous varieties. Moreover the orthogonality

tions hold also in these cases. The smooth Schubert varietics were classified | n [R], among them
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General remarks

Let E be a holomorphic vector bundle of rank r+1 on a complex manifold X. We denote by E*
its dual. Let G=Gr(k, mvﬂ_u_ms. E) the grassmann bundle of subspaces of projective dimension k.
Let U,Q be the relative universal and quotient bundles on G. Consider the fiber product
GxxG
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We have by the Leray sequence :oﬁm xxo_vuc..@ﬁ_.ouﬂmomk.m@WJHHE:E.

The section of p*U*@q*Q corresponding to the identity endomorphism of E in the isomorphism
above vanishes exactly on the relative diagonal \DD nOxxO.

Let a=(ay,...,am) be a non increasing sequence of integers. It no:ouvo:am to a Young diagram,
and let a* be the sequence corresponding to the transpose diagram. Let _Q_lMU a; be the length of a.
We denote by I'®E the vector bundle corresponding to the irreducible _.mvwmw.a.m.ww:oz of GL(C") with
highest weight o.

Let F* be a complex of sheaves on X. We denote by H*(X,F") the hypercohomology complex of
F". In the derived category it is equal to RT(%") where RT is the derived functor of I'=HP°.

Theorem 1(Beilinson[B]) Let h.w.-clr.:.flr .k;) be bundles on X and denote by o, the
two projections of Xx X on X. Suppose that we have

(1) a resolution of the a:,nhn:n.. Dk‘ﬂuxnxk. given by
) 1
..l@ a > ®.m:.w_ lmw a ﬁ ®8* Hl.Oxx,nJ.QD -0
N X

(i) Ext(X,BLB§) =0 for p>0 Vij,ts (1)

Then each complex F* on X is oblained as :_.ﬂna}nsg.eﬁ of a complez Qnm with
Cg=@ & WXToA)o B (2)
s-i=pj=
so that m. are building blocks for the sheaves on k

Proof Tensor the resolution in (i) by o*¥* and obtain in the derived category

Ky P
[.~8 o*(A;0F) @°B) + 8 a*(A|@9) ©4"B) - a*F] ~ a*g
=1 J=1

Now apply the derived functor R, to both sides and obtain O..@‘ ~ F where _.ﬂ is a complex with

the same terms of ﬂs.m but w

1 morphisms defiy derived ¢

cgory. Iy (i) these

morphisms arise from true morphisms of sheaves.

‘xample 2 (Kapranov[K1]) The ru_vo;..m.mw of theorem 1 are salisfied if X=Gr(k,n)

s .
(grassmannian of k-planes in P") and >;.H~, b, _w..ﬁﬂ—,:_ * where {ay.. ry are the Young

diagrams ol length i,number of rows<n—k and number of columns<k+1 for i=1,. 2.+~ Jn—=k).
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Proposition 3 (relative case of example 2) Let DHO_.?.EYHW. Let {

LB (i=1,...n=1,...k) be
bundles on X such that each complez F* on X : obtained as the na___ns_o..uuc of a compler Cq with
=0 & WXIToM)e b
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then cach compler of sheaves § on G is obtained as the cohomolagy of a compler

ibs (3)

_CJH= Jor p>0, n. of col. of a,f<r~k, Vi

ﬁ‘@ with
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so that " Bi®@ Q" (number of columns of a <r—k) are building blocks for the sheaves on G,

Remark (3) implies (1) taking a=0F=0

Theorem 4 (3) 3s olways satisfied if (1) is satisfied and we substitule E with E®L, L a
sufficiently ample line bundle on X,

Sketch of the proof Remember that Gr(k,E)=Gr(k,E®L). Apply the Leray spectral sequence

and use the fact that a.:,:D@mJQDJ 3_.%? (see[L]).

Theorem 5 (orthogonality relations down = orthogonality relations up)

o asin (4). Jf CG= [T JorP=0 o oy GBS building block

Let Cy o3 in (2) and 0 for p£0

F for p=0
0 for p#0
dlock on . |

on X then C2 = A for any m«”ﬂ«wwn.u_;n.o« (number of columns of a<r—k) building

The proof of theorem 5 is an application of the generalized Bott theorem as given in [L].

The case of Schubert varieties
Let mg<.. . <mg<j5<...<j<n be any sequence of integers. Let T.H—.uTjo..Z.Bm..wct:.u.x_:v be
the flag manifold which parametrizes the flags of subspaces of projective dimension Mg, »Mg,jg,. . Jy 0
P"( here the two sets of indexes are inessential). F is a quotient of the simple Lie group SL(n+1,C) by
a parabolic subgroup P. A Schubert variety is by definition the closure of a P-orbit in F. Fix now a flag
of subspaces in P" mﬂcﬁ...ﬁmsmﬂfcn...ﬂkfxﬁ_u: (dim A, =t, dim B;=i). Ryan in [R] proves that

the smooth Schubert varieties X in F are exactly those for which there exists a flag

w_on:.ﬂw_..unbmaﬂ:.ﬂ..fx of subspaces such that NH%mn .B,_A.
iMGn. .w._dw,xpo ;x. um::ﬂo,.:_ﬁuao...gx.i_ wﬂvﬂxw::. x.wmﬂafm Vh,s}.
R ?HW: and N.} (s=—1) are exactly the desingularizations of the Schubert varicties
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With a slight abuse of notation, on X 5
i q

universal bundles of rank resp. mp+1, jg+1 and by XE:\w:._ and > \xu.a the obvious universal and

quotient bundlen of rank renp, my, —t, and i ~Jjgr X is for k>1 the grassmann bundle
L e TG T g
s

of subspaces of dimension Jx—Jk-y in the bundle A; \m.u on Xp
k-1

By K ot . In this situation
1
the relative quotient and universal bundles are resp. > \H._ and Mm \ox
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variety 2:“ be oEm?nn_ as a repeated fibration in m~ESwa:§z@. r
Let ={ag,...,04), Wﬂﬁmc.:.:&xu be sequences of Young diagrams. Denole now .bmWI_:Mo
vﬂ —
ﬂQzﬁxE /By :o.vd_ ®c _._mn?»_axx J®L]*] for #col. opSmp gy —my (h<s—1), #col. ag<ig—mg,
q= -1
#eol. mnAEI_o- (a>1), #col. By<jo—ms, where L= m«ikiL@.c e
a3 s ot Jis
In the same way denote ¢° ={® T "X, X ©{ @ T Fa x /X. ®L)*} where
N SETE R CWRe

Let |&]=}|al, |B|=38,]. Our main theorem is:

Theorem 6 Every compler of sheaves T on the Schubert variety X= x
obtained as the cohomology of a complexr O.mm with

=0 o HXIed P)s i

SIS |G+ Bl=i
afg . . g .
so that ¢ are building blocks for the sheaves on X. Moreover, the orthogonalily relations hold on X,

that is

I.n.«.\.ﬁ:.vﬂc INW
QM.I ﬁc Jor pit forany F=y .,

Sketch of the proof Consider X as a repeated [ibration in grassmannians and apply prop. 3 and
theor. 5. The "strange® term L appear in the definition of eah to get the vanishing (3) by Bott
theorem at the first step xwo A, = Mw = Gr(ms —tg,ig—ts), so that we have a concrete application

s ig ts

of the theorem 4.
Remark 7 We may substitute L with aapﬁkwdmu®u for 2>ig—mg—1.

If k=—1 we get the desingularizations of Schubert varieties in the grassmannians and we do not need

the theorem 4,

Ifk=-1and By =0 we get the ordinary flag manifolds as in [K2].
1




Other manifolds
Consider now the (generalized) Brieskorn varieties given by the projective bundle P(E) where E
i a direct sum of line bundles on P,
Theorem 8 Let E=®0(a;) on P" with a,>0 and X=P(E) 3 P", [t O,e(—1) and Q be the
relative universal and quotient bundle. Then any compler F* of coherent sheaves on X is oblained as

the cohomology of the complez Owu where

h
=g @ WE0L(-0)e0(-he)eralmeiq*

s-i=pg+h=i
The orthogonality relations hold on X.

Proof The vanishing (3) are satisfied by the Leray spectral sequence and by
:mhﬁz‘bxcao D;_.v.@ﬁ.?:ﬂa Vs>0,Va>0, V it. Then the theorem is a standard application of the
proposition 3 and the theorem 5.

Remark The theorem 8 is easily generalized to the case of grassmann bundles Gr(k,E) with

E=@®0(a)) (2;20) splitting bundle on the grassmannian Gr(m,n).

We underline that a necessary condition on a variety X to have a finite number of building
blocks s that r:x,oxvnp In fact the set of the line bundles that have a two sided resolution by a
finite number of other sheaves is easily seen to be countable.

It seems to be an open problem to find explicit building blocks for the sheaves on the rational
homogeneous varieties G/P. We are able to find for every G/P a finite number of (homogeneous)
bundles {Ay,...,A,} such that for each sheal ¥ on G /P there exists a spectral sequence whose terms

are direct sums of the A,’s abutting to .
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