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Abstract We show that the moduli space of mathematical instanton
bundles over P® with ¢, = 4 contains at least two irreducible compo-
nents.

A (mathematical) instanton bundle on P?"*! with ¢, = k is a
stable bundle of rank 2n satisfying one of the following three equivalent
conditions:

i) the Chern polynomial of E is ¢;(E) = ['1_"—1»9_2)"_ and F(g) has na-

tural cohomology in the range —2n —1<¢g <0
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ii) E is the cohomology bundle of a monad

Y

(;r)(_l}k‘_}c‘)f.’n-{-?f\'__)c)(l)I.'
iii) E is the cohomology bundle of a monad
O(=1)F — Q' () — o

The egnivalence of ). 1) and iii) is well-known (see for example [OS]
and [AO1]). It seems likely that the stability condition is contained in
i). ii) and iii). This is true on P? and P?. Instanton bundles with
¢y = k define a moduli space MIp2ns: (k) which is an open subset of the
corresponding Maruyama moduli scheme.

MIps(k) is expected to be irreducible. this is true for & < 4.
M Ipzn+i (k) is irreducible for & < 2 [AO1).

The aim of this note is to prove the following

Theorem. M Ips(4) contains (at least) two irreducible components of
dimension 65 and 68 . The points corresponding to the special svmplec-
tic instanton bundles lie in their intersection. The generic bundle in the
component of dimension 65 is not self-dual. while the generic bundle in
the component of dimension 68 is symplectic.

Remark. The same technique shows that for k = 4.5.6.7.8 MIps(k)
contains components of different dimensions. hence it is reducible.
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Deformations of bundles with structural group

Let E be a vector bundle of rank » with structural group G C
GL(r). Let Ad:G — GL(Lie G) be the adjoint representation and let
Ad E be the corresponding adjoint bundle. According to the Kodaira-
Spencer theory, among the small deformations of E preserving the struc-
tural group there is a versal deformation. Let .\ be its base space: then
the germ of X at [E] is the zero locus of the Kuranishi map

op: HY(Ad E) — H*(Ad E)

In particular H'(Ad E) identifies with the Zariski tangent space to .\
at [E]; moreover if H?(Ad E) = 0 then X is smooth at [E]: & s
smooth at [E] if and only if ¢ =0.



V. Ancona 97

When E is stable the germ of the deformation space can be identified
with the analytic germ of the corresponding Maruyama moduli scheme.

In particular if G = Sp(r) then E is called a symplectic bundle and
we have Ad E = S?E. It is equivalent to say that a symplectic bundle
E is a bundle E together with an isomorphism ¢: £ — E* such that
6 =—9¢".

Cohomology computations for instanton bundles

Let E be an instanton bundle on P® with c; = k. From the
Riemann-Roch formula we get

h'(End E) — h*(End E) = —3k® + 32k — 15 (1)
and if E is symplectic

h'(S?E) — h*(S°E) = -—%kﬂ -+ %k - 10 (2)

A symplectic instanton bundle on P® is always the cohomology
bundle of a “skew-symmetric” monad

O(-1)k 4 o2kt A, o)k (3)

where A is represented by a k x (2k + 4) matrix whose entries are
homogeneous linear forms and ¢ is a nondegenerate skew-symmetric
matrix of order 2k + 4.

Lemma. Let E be a symplectic instanton bundle cohomology bundle
of a monad (3). Then

Az{A_g;Tdk)HO(AQ(O(l)k))]

H?*(S’E) ~ Coker [H'(O*** @ O(1)F)
Proof Consider the kernel bundle

VY I, L S |

It 1s easy to prove

H'(S?E) ~ H'(52K)
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Then the result follows from the exact sequence
{0 S2 K — S22, 02k g o) AGH) A2 (0(1)F)—0

Example. Let E be a special symplectic instanton bundle on P® with
co(E) = k. In [OT] it is computed

h'(End E) =20k —3  h*(End E) = 3(k — 2)*

In a similar way C. Dionisi[D] shows
W (S?E)=18k—1  h*(S?E) = %(k — 2)(k—3)

For small values of k the computations can be performed by using
[BS] and the above lemma. It follows

Proposition. The moduli space of symplectic instanton bundles on P°
with ¢o = 3 is smooth of dimension 53 at the points corresponding to
special bundles.

Proof of the theorem. From [AQ2] it follows that MIps(4) con-
tains a (reduced) irreducible component of dimension 65. This was
proved by constructing E € MIps(4) such that h*(End E) =0. E is
not self-dual. The fact that MIps(4) is reducible follows immediately
from (2) because every component of the space of symplectic instanton
bundles has dimension > h!(S?E) — h25?(E) = 68.

We construct now a class of examples of symplectic instanton bundles
on P® with c; =4. Let (a,b,c,d,e, f) be homogeneous coordinates in
P°. Let

a ab c d Pe f
35 g b g8 T
= o b e d e f
a. & e d e f
Let
-1 g
1
1
f 1
1
L 1 -
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=[]

It is easy to check that for a #0 and 3 # 0 therank of A is 4 at
every point of P®> and AQA' =0. Hence A and @ define a symplectic
instanton bundle E, 3 asin (1).

For a = 3 =1 E, 3 is special symplectic. For a =2 and =3
one computes by using [BS] that

and

]12(52E2,3) =0

h'(S°E, 3) = 68

It follows that [E» 3] is a smooth point of the moduli space of symplectic
bundles.

Remark. By using [BS] it is possible to compute also the Kuranishi
morphism at E, 3 (see [AABOP]). It turns out that the moduli space of
all instanton bundles has still dimension 68 at E, 3 (although we have
hl(ETld Eg’g) =72 )
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