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Abstract. In Part I (see [2]) a new model for the evolution of a system of droplets dispersed in an
agitated liquid was presented. Our aim was to extend a previous version (see [4]) in order to describe
the influence of each breakage mode. Here we complete the mathematical analysis to ensure the well
posedness (in the sense of Hadamard) of the Cauchy problem for the main evolution equation.

1. Introduction

In Part I of this paper (see [2] this same volume) we presented a very general model for
spatially homogeneous liquid dispersions in which any possible rupture mode is considered
and the corresponding breakage frequencies are allowed to blow up as the droplet volume
approaches a critical finite upper bound. Namely we allow a parent droplet to break in at
most N pieces where N can be any finite positive integer greater or equal than two. The
breakage frequency oy of the k—th mode is allowed to tend to infinity as v tends to v,, (as in
[1]). The main purpose of Part I was to show how to deal with the probability functions for
each breakage mode and to verify the physical consistency of the whole model. Such a model
generalized the one proposed in [4] (limited to binary breakage and with bounded breakage
frequency), where the so—called volume scattering operator was introduced, preventing the
appearance of droplets beyond a critical size (depending on the agitation speed).

Here we prove the well posedness (in the sense of Hadamard) of the Cauchy problem for the
evolution equation derived in Part I.



In the final section of the paper we work out the specific example in which N = 3, in order to
show that it is indeed possible to construct a probability density function which meets all the
requirements that the mathematics and the physics suggest.

2. Mathematical model

The reader should refer to Part I of this paper (see [2]) for all symbols and functions. For the
reader’s convenience we rewrite the main operators and the evolution equation: these are

v/2
Lof(ut) = /O ro(w, v — w) f (w0, ) f (v — w, £) dw

— f(v,t) /Ovm_v Te(w, v) f(w, t) dw, 2.1)
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As in [4] we look for a solution— in a suitable class of regular functions f to be specified later
— to both the original Cauchy problem

of
{ = 4(O(Lef + Lof + L), 25
f(’U,O) = fo(v)v
and the so—called modified Cauchy problem
W _ + + +
{ 5 = OOLEY + L+ L) 26
’l/)(’U,O) = fo(v)v

where the LT—operators have been defined in Part I.

The reader should now bear in mind hypotheses (H1) to (H5) we stated in Part 1.

Lemma 2.1. Under assumptions from (H1) to (H5), all bounded solutions to problem (2.6)
satisfy the following conditions

Y(vm,t) = lim P(v,t) =0, (2.7)
¥(0,t) = vli,%l+ (v,t) =0. (2.8)

Proof. Let us write problem (2.6) as follows

5; @1 + (1) Y ar(@)(v,t) = Av,1) (2.9)



where, because of Theorem 6.1 in Part I,
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If we put F(¢ / ¢(u) du, then (2.9) implies

P(v,t) = fo(v)exp ( Zak )

N
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V=V,

Vi /2
lim A(th) = ¢(t) {/0 Tc(wa Um — w)er (wvt)er (’Um - wat) dw

2Um s/2
+/ A2 (8)Ba(s, s — v) ds/ Te(s — w, W)Yy (w, t) )4 (s — w, t) dw

m

N
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k=3
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Recalling hypotheses (ii)-(a) and (iii)-(a) of (H5), we have, after a redefinition of C, that

lim A(v,t) <C (2.11)

V— U,

Thus from(2.10), being also f,(v,,) = 0, it follows

+ N
Y (Um,t) < C lim exp l— Zak(v)(F(t) — F(1))| dr. (2.12)
V=V JO k=2
Recall now that, because of (H1),
t o~
F(t)—F(T):/ o(u) du > P (t —71),
and so
t N N
(U, t) < C lim exp | —V¥ Z ag(v)(t — T)‘| dr. (2.13)
v=Um J0 k=2

If we put A(v) =¥ 3 o (v), we have

=
L=



1 —exp[—A(v)t]

< i =0. .
(v, 1) < ¢ lim e 0 (2.14)
since (recall hypothesis (H3)-(a)) A(v) goes to infinity as v — v_,.
To prove (2.8) we proceed similarly: notice that
lim (v, 1) = 6(0) [—w(o, 0 / 7 (0, w) [t (w, 1)] ds + / as(s)fa(s,0) ds
v— 0 0
(2.15)

N Vi
+ Z/ Oék(s)l/}-i-(& t) dS/ ﬁk (S7u15 sy Ug—2,8 — Uk—?) dog—2
k=3"0

Dk(s,O)

Hypothesis (i) of (H5) and Theorem 6.1in Part I imply that 11151+ A(v,t) < 0; consequently,
recalling once more Theorem 6.1, relation (2.10) and that f,(0) = 0, we get (2.8).

3. Well posedness of the Cauchy problem

In this section we prove that the Cauchy problem (2.5) is well posed and that the unique
solution exists at any time.

Theorem 3.1. (UNIQUENESS) Under assumptions from (H1) to (H5), problem (2.5) has at
most one bounded solution.

Proof. Let f1, f> be two bounded solutions to (2.5) such that f;(v,0) = f2(v,0) = f,(v) and let
us define

W(U’t) = fi(v,t) — fa(v,t)

Tu(t) = |ly(w,t)][  (where [[o[| = sup |e])

7vm

o =V [/ fi(v,t) dv,/ ’v(2/3)fi(v,t) dv| 1=1,2.
0 0
The difference function v obeys the equation

oy _

oL = Ho(0,) + Ha(0,8) + 01(0 Lo fi(0,1) = 62(0) Lo a0, 1) 3.1



where H,. and H, can be written as

He(v,t) = ¢1(t) [Le f1(v,t) — Le fo(v, )] + [01(t) — d2(t)] Le fa(v, ), §=¢s.

The last two terms on the right hand side of (3.1) rewrite as follows

N
$1() Lo f1(v,) = G2 () Lo fo (v, 1) = —a(t) D an(v)y(v, ) + Hy (v, 8),
k=2

where

Hy(v,t) = =Y ax(v) [$1(t) — ¢2(t)] fi(v, 1)
k=2
o1 (t) /Um s ()Ba(s, v) f1 (s, 1) ds — da(t) /Um s(s)Ba(s, 0) fa(s, ) ds

+ou(t Z s)f1(s,t) ds Br (8,u1, -+, Up—9,5 — v — Up—a) dog_s
Dy (s,v)

k=3""

—pa(t) Z/ s) fa(s, t) dS/ Bk (s,u1,...,ux—2,5 —v — Up_2) doj_o.
Dy (s,v)

k=3""

Thus equation (3.1) rewrites

%

o T 02(8) D ax(0)7(v,t) = He(v, ) + Hy (v, ) + Ha(v,1). (3.2)

k=2
Because of our hypotheses, the following estimates can immediately be proved
[He(v, t)] < A1V ar(t) + Balea(t) — d2(t)),
[Hy(v,t)| < AsVa(t) + Bs|a(t) — ¢2(1);

Because of (H1) we have

|W(§17n1) - W(£25n2)| < L |||(§17771) - (525772)|||

where |||e]|| denotes the Euclidean length in IR? and L > 0 is a suitable constant. Conse-
quently we have



|p2 — 1]

SLH’(/Ovmfl(v,t)dv7/7 2/3f1vtdv) (/ fzvtdv/v 2/3f2vt )’H

(- s )|

< LV (t)

Recalling Lemma 3.1 and hypotheses (H5), we have

[Hy(v,1)| < AsVar(t) + Ba|gn () — da(t)]

and, consequently, the estimate (3.3) finally implies

[H(v,t)| = |He(v, t) + Hp(v,t) + Hs(v,t)| < CVar(2)

for a suitable positive constant C (which evidently depends also upon sup f). Now, by inte-
(0,0 ]
grating (3.2) and recalling that v(v,0) = 0, we get

(v, 1) :/ H(v, T)exp (—Zak(v)/ ¢2(u) du) dr
0 k=2 T

which in turn implies

t t
[v(v,t)] < [H(v, )| dr < C/ Y (1) dr, Yo € [0, vp].
0 0

Thus

t
0<7m(t) < C/ Y () dr
0
which, by Gronwall’s Lemma, implies 7 (¢) = 0.

O

We now prove that problem (2.6) has a local bounded solution provided that the initial data
go to zero sufficiently fast as v goes to v,,. Because of positivity (see Theorem 6.1 in Part I), all
bounded solutions to problem (2.6) with initial data f,(v) also satisfy problem (2.5) with the
same data. Moreover, because of the uniqueness theorem, to achieve the existence of solutions
to problem (2.5), it suffices to prove it for problem (2.6).

8



Theorem 3.2. (LOCAL EXISTENCE) Assume that hypotheses from (H1) to (H5) be satisfied

and that f,(v) obeys both conditions

fo(v) is piecewise continuously differentiable in [0, v,,],
fo(v) is non—negative in [0, v,,],

fo(O) = fo(vm) =0.

and

o (V) fo(v)]| < +00,  Vk=2,...,N.

(3.4)

(3.5)

Then problem (2.6) has at least one Lipschitz continuous solution in [0, v,,] x[0,T) for a suitable

finite T > 0.

Proof. Let 0 =9y < 91 < ... <1, be a monotone increasing finite sequence of time steps. In

each interval (¢;,9;+1) we consider the problem

(77/) m
U (0,t) =~ (v, 1) {zak / e(w,0) | (w) dw}
v/2
m—{ / Te(w, v — W) (W) (v — w) dw

+ /Um as(s)Ba(s, U)w(f,)i(s) ds

U +v s/2
+ / Na(s)Bals, s — v) ds / 7o(s — w, W), () (s —

m Um

N U+ s/2
+ Z/ Ai(s) ds/ Te(s — w, w)’(/J(f’)Z— (w)w(f)z(s —w) dw

k=3 Vm "

Um

X/ Br (s,u1,. .., up—2,5 —v —Up_2) dog_2 ¢,
Dy (s,v)

P (0,9;) =y (v),

+Z/ (n) )dS/ Br (s,u1,...,up—2,8 —v — Up_2) doj_2
Dy, (s,v)

w) dw

(3.6)



where the subscript “;” means that the corresponding function is evaluated in the limit J —

9, . For i = 0, functions are evaluated in ¢ = 0. At this stage of the proof we suppose that ¢§")

is bounded.

Equation (3.6)-1 can be written as

SO
ot

(v,t) = —A; (V)™ (v, 1) + B;i(v)

where A;(v) = </>Z-J4L (v), Bi(v) = </>il§i(v), A; and B; being evident from the context.
Hypotheses from (H1) to (H5) imply, for a suitable positive constant C, that

sl < c ([l +[[v6

being ||e|| = sup (e). By integrating (3.7) we get
(O,Um)

t

P (0,8) = ¢ (0) exp [~ A (v) (¢ — 93)] + / Bi(v) exp [~ A (v)(t —7)] dr.

A

Since A; > 0 we have

n (n)
[ 8| < [|o)

+ [Bi(v)] (t — ).

From (3.8) and (3.10) we get

[ w8 < ||v

‘ {1 + (Pip1 — i) (1 +C Hw(f)z

)}, te (Dip1 — ).

We now choose an arbitrary ¢ > 0 and take

O S TAET:
so that, (3.11) gives
]| =< [ {1+1+O”fj|(1+5)i( +0 || )}, te Wi, 0)
S‘ (™ {1+ 2 (1+O’7/)§n) )}v t € (Yiy1,7;)

L+ C|foll (1 +€)

3.7

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

Recalling that wén) = f, for any n, it is immediate to check, by induction from (3.13), that

10



SN < Sl (1 +e)f  ¥i=0,...,n, VneN. (3.14)

Assume now ¢ = 1/n and notice that

(I4+e)=0+41/n)'<(1A+1/n)"<e, Vi<n, VYnelN.

Therefore, from (3.14) and (3.11), it follows that

[, 0)] <ellfll- (3.15)

As far as the sequence {¥,.}, .y is concerned, it is immediately seen that

e
5}—‘
gD

_ e e) = ! - - .
On = (1+e) cnnna+s>o u+€W)’

Thus, with the choice made for ¢,

1 e—1
lm ¥, =——(—|=T. (3.16)
n—-+oo Cllfoll( e )

In conclusion the sequence |)(™) (v,t)| is uniformly bounded in [0, v,,] x [0, 7).

We prove that, in the same region of IR?, the two partial derivatives of ¢(") are uniformly
bounded too. To this aim we first multiply (3.9) by a(v) to obtain

t

%@)Mm@ﬁ‘S%@Mﬁﬁmwﬁﬂ&@WAﬂm+aMW/lmmwmﬂ&@WATNM-
94
3.17)
Because of (3.15), estimate (3.8) can also be written as
Biw)] < € ||v2]| < Cellfell- (3.18)
Let us now define
atf) = [ on ] (3.19)

Notice that dflkz) is bounded for all k. Indeed it suffices to recall that w(()") = f, and to proceed
as in Lemma 3.1: evaluating (3.17) in ¥, we get

11



dly < d) (14 Ct—02)

<d® 1+ Wi — 0:) <dP)(1+T

(I1+¢)t
< dF)(1+ Ce).

Thus

d) < d®) (1 +Ce)'.

T — n,0

n,r

For ¢ = 1/n, the sequence {d(k)} with ¢ =0,...,n — 1 turns out to be bounded for all n € IN.

If v goes to v,,, being in that case a; unbounded for all £, (3.9) also implies lim P (v,t) =
o o)

ot

(™ (v, t) = 0. From (3.7) and the boundedness of ¢(")(v,t) it also follows that is

uniformly bounded in the same region of IR*.
o))

To estimate we first proceed formally, the correctness of this approach being justifiable

a posteriori. Let us define

6§l7n) (’1)) _ Qﬁz /Um TC(U7 ’LU) ’l/)z(n) (’LU)‘ d’wa
0

. v/2
&5 (v) = i { / Te(w,v — w9y (v — w) dw
Um +v s/2
F [ R ds [ s = w @)l - w) du
N Um v s/2
+ kE::B/u Ak(s) ds /S_v Te(s — w,w)w(f)z(w)w(f)l( —w) dw
X/ Br (s,u1, ..., up—2,5 —v — Ug_2) dakz},
Dy (s,v)
&) =0 { [ ax(s)ts 0o
+ (") )d 6(7 9 ety —299 7U*)d }7
Z/ S/Dk(s,u)ksm Ug—2,5 — v k—2) dog_2
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so that the first of (3.6) rewrites

SISO
ot

N
= —6 ™ (0,0) 3 ar(0) = & PP 1) + (85 (0) + &5 (w)) . (3.20)
k=2

for each t in the interval (¢;,9;11). Because of the second of (3.6) we also have

) (0, 9;) _ ()

o i (3.21)
Differentiate now (3.20) with respect to v to get
b B lnt) —@Zak B0~ 0.3 oy 2020
ot v Pt v
—$(UWW (v,t) — Ggm) (U)W (3.22)
RSP )

E(ﬁi,0i+1), 1=0,...,n.

Because of the hypotheses from (H1) to (H5) and of the boundedness of a;,1)(™ (proved above)

it turns out that all terms GS’”) are uniformly bounded. Also notice that

(ivn) Um
dGl _ 87—(,
do (U) - /0

13

™ (w )\ duw, (3.23)



P () (v — w) dw

(u1,u2)=(w,v—w)

e L G A1) e A ey

v/2 dw(”)
(n) +.i
+ /0 Tc(w5 v —= UJ)’l][}_,’_J- (’U_)) ( dé- )

(UWLJFU)/Q
+ A2 (v + v)B2(vm + v, v)/ Te(Um + v — w, w)wil’)i(w)zp(ﬁ)i(vm + v —w) dw

dw

E=v—w

v

Vm v s/2
— / Aa(s) 76628(8’ v) ds/ Te(s — w, w)’(/J(f’)i (w)Q/J(f)Z (s —w) dw

(3.24)
N (Um+0) /2
+ 3 Mo o) [ om0 — w0, W) (W) (v + 0 — ) du
k=3 v
X / Br (Vm +v,u1, ..., Ug—2,Vm — Ug—2) dog—2
Dy, (vim+v,v)
N U +v s/2
+ Z/ Ak () ds/ Te(s — w, w)w(_ﬁ)l(w)z/)(ﬁ)z(s —w) dw
k=37 Um S—Um,
0
X 8_ ﬁk(s,ul,...,uk_g,s—v—Uk_g) da’k_g s
v Dy (s,v)
as{m 7 (n) o dPa(5,v) () d
S 0) = 0 { a0 0) — [ as() T 6) ds
N
~ 3 a0 w) / By (1,0,0,...,0) dog_s (3.25)
k=3 Dy, (v,v)
N ., P
+ Z/ ak(s)w(f)z(s)% </D Br(s,u1y ..., up—2,8 —v— Ug_2) dak_2> ds}
k=37"Y k(s,0)
Both (3.24) and (3.25) contain the term
0
Ep Br (s,u1,...,up—2,8 —v —Up_2) doj_»
v Dy (s,v)
which, recalling the “transport theorem”, can be written as
0
- 3 Bk dog—2 + Br V -ndog_3,
Dk(sav) Uk—1 aDk(sav) Uk —1=5—v—Ug_2

U 1=5—v—Ug_2
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where V is the rate of change of the boundary 9Dy (s, v) of Dy(s,v) with respect to v and n is
the outward unit normal to dDy(s,v). Notice that 9Dy (s, v) is the union of the intersections
the hyperplanes U,_; = s —v with the boundary of T} (s). Since these hyperplanes depend lin-
early on v and the boundary of T (s) is also made of hyperplanes, the vector V is independent
of v itself. The unit vector n, being normal to 97 (s), does not depend on v either. Therefore
V - n is a piecewise continuous function on 9Dy (s, v) independent of v. Since 0Dy (s, v) is com-
pact, V - n is bounded. Notice also that Dy (v, v) has zero measure and that 3(v,0) = 0. Then,
recalling all hypotheses from (H1) to (H5) and the estimate (3.15) we have that

de§ ™
dv

dg{™

<
a0 C (3.26)

3

for a suitable positive constant C;. Furthermore, being

(n) (n)
Ay s dy;
) < 3 ‘2
dv —| dv |’ 327
we also get
(i,m) (n)
dé da!
2 )| <, <1 | ) (3.28)
for a suitable constant Cy > 0.
Let us set
(n)
0 1) = U 1),
; (i,n) u
20 (v) := & (v) + ¢ 3 an(v),
k=2
A(i,n)(,v t) . dG;iyn)('U) + dGéiyn)('U) _ ngiﬁn)(U)w(n)( t) _ ¢ % /( )w(n)( t)
T dv dv dv v ' “itY v
so that (3.22) rewrites as
n at ) 3 -
WT(:) + QUM (W)U, (v,t) = AB™ (v, 1),  te (0i,9i41), i=0,...,n, (3.29)

being U, (v,0) = f/(v). By integrating (3.29) with respect to time we obtain

¢
Un(v,t) = Un(v,9;) exp [ 020" (v) (t — 9;)] + / AG™ (v ) exp |—020™) (v) (t — T)} dr.
9
(3.30)

15



From estimates (3.26), (3.28), we obtain

N
1A (v, 1) < Oy <1 +Un(0,9:)] + [9(0, 1) + > (0) [ (v, T)I) , (3.31)

for a suitable positive constant Cs.

We now prove that the sequence

DY) = sup (ak(v) [ (v)) (3.32)
0,0:m)
is bounded. For ¢ = 0 we have fo% = sup (a}(v)fo(v)) which is bounded by assumption.

(0,vm)
Multiply now (3.9) by o} (v) to get

()™ (0,1) < o ()7 (v) exp [~ Ai(v) (t — 9)]

t (3.33)
+|Bz-(v)|a§c(v)/ﬁ exp [—Ai(v)(t — 7)] dr.
Recalling (3.18), inequality (3.33) implies
o, ()™ (v, 1) < ay(v) ‘ wgn) (14 Cye), (3.34)

where, once more, we made use of (3.12), and C4; > 0 is a suitable constant. From (3.34) we
get

p® < D® (1 +Cue)t,  (k=2,...,N) (3.35)

77"7

for alli = 0,...,n — 1. Thus, for ¢ = 1/n, it follows that, for each £ = 2,..., N, the sequence
o, (v) [0 (v,)| with i = 0,...,n and n € IN is uniformly bounded.

As a consequence — and recalling once again the boundedness of (v, 7) — we can rewrite
(3.31) as follows

for a suitable constant Cs > 0.

Notice now that, being 2™ > 0, (3.30) and (3.36) immediately imply

t
|Un(’U,t)| < |Un(’l},’l91)| + 05/ (1 + |Un(’l),191)|) dr, YVt € [191'—5—17791']; 3.37)
9
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therefore
|Un (v, 9i11)| < [Un(v,9:)] + C5 (1 + [Un(v,95)]) (Fi1 — 0:) (3.38)

Recalling the meaning of U,,, estimate (3.38) leads to the following

dy"
dv

dyl" (v)
dv

‘ 9y (v, 1)

<
ov ‘_

+ Cs <1+

) (is1 — 0, VEE [Vip1, 9. (3.39)

Inequality (3.39) implies

dy™) dyp™ dy{™
1+ i < |1+ Ui +Cs5 1+ U (Dit1 —Vq). (3.40)
do dv dv

which, recalling (3.12), in turn implies that

i) dy{" df, 41
—r < — 1 <...<|(1 1 R
<1+H I <1+ o (14 Cge) < _<+H " >( + Cse)
SO
Since ¢ = 1/n, being also ¢ < n, the boundedness of T’H follows immediately. From
v

P (v, t)

(3.39) we conclude that all functions are uniformly bounded over [0, v,,] x [0,T),

v
which justifies a posteriori the formal procedure applied up to now. Ascoli—-Arzela’s Theorem
finally applies to guarantee that a converging subsequence can be extracted from (™ (v, t)
which is a solution of problem (2.6) in [0,7) and the proof is complete.

O

Proposition 3.1. Let f be a bounded solution to problem (2.5); then, under assumptions from
(H1) to (H5), all products

a(v)f(v,t), k=2,...,N (3.41)
are bounded for all v € [0, Vy,).

Proof. Write problem (2.5) as follows

0.0 460 Y 0w} (0,1) = K(w,1) (3.4

k=2
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where

K(v,t) = ¢(t) {/OW Te(w,v —w) f(w,t) f(v —w,t) dw — f(v,1) /Ovmv To(w, ) f (w, 1) dw
# [ aats) a0 s.0)

+Z/ ak(s)f(s,1) ds/z>k<s,v> Bre (8,1, . w2, 8 — v — Up—2) dog_s

+ /Uvmﬂ Ao (8)Ba(s, 5 — v) ds /:/2 (5 — w,w) (w0, ) (5 — w, 1) dw

Um +v s/2
/ Ak (8) ds/ Te(s —w,w) f(w,t) f(s — w,t) dw

Um

X / Br (syu1,y ... up—2,8 — v — Ug_2) dak_Q] —f(v,t)/ Te(v, w) f (w, t) ds}.
Dy, (s,v) )

As in the proof of Lemma 6.2 in Part I, the hypotheses we made imply
|K (v,t)] < K < 400

for a suitable positive constant K.

Now integrate (3.42) and multiply by oy to get

ar(v)f(v,t) = ag(v) fo(v) exp < Zah )

(3.43)
t
Jrak(v)/ (v, T)exp [ Zah F(r))| dr, v € [0,vm).
0
Because of (3.4) we have
0 < ag(v)fo(v) = ar(v) [fo(v) = fo(vm)] < Lag(v)(vm — v), (3.44)
where L > 0 is a suitable constant. Thus, recalling (H3), we also have
k() fo(v) < L(vm —v)' ™, pe€(0,1). (3.45)

Moreover, since F(t) > Ut > 0, we obtain

18



N
0 < ag(v)fo(v) exp ( Z ah(v)F(t)> < Lvim, e (0,1). (3.46)

h=2
Therefore
~ t [ N
ap(v)f(v,t) < Lvl=r + ?ak(v)/ exp | — Z ap(v) (F(t) — F(r))| dr
0 L h=2
(3.47)
~ — t [ N o~
< Lol t 4+ Kok (v) / exp | — Z ap(v)¥ (t — T)] dr, pe (0,1).
0 h=2
N ~
If we puty = Y ar(v)¥(t — 7) we obtain
k=2
N
ogk(’l})f(l)7t) < Z O‘k(v)f(vat)
k=2
~ K [T
< (N —1)Lvl7* + g/ exp(—y) dy (3.48)
v Jo
— (N -DIvi = pe (0.,
which completes the proof.
O

Remark 1. We notice explicitly that the upper bound on ay(v)f(v,t) depends on the upper
bound on f(v,t).

4. Global existence in time

In [3] we proved that the local solution f to (2.5) can be extended over an arbitrary large
time interval remaining bounded. To this aim we made use of a global time estimate of the
solution A of (the binary version of) equation (4.28) in Part I Indeed, for k¥ = 2, that equation
implies

N() < (1) /0 " an(s)f(s,4) ds, 4.1)

19



. Being this estimate in-
t€[0,4+o0]

dependent of the bound for f in [0, T], directly from (2.4) one obtains

which, for «, bounded, gives N(t) < N (0)exp || ||az|| sup qb) T

(e <Al +C(T) / {f}o do, 4.2)

where {e}, = sup | e | and C(T') depends, besides on T', only on the bounds for as, 53, 7.
(0,0m) % (0,t)
and ¢. From (4.2) we immediately obtain that

[f (v, )] < C(T), (4.3)

and from this, with standard arguments, the possibility to make use of f(v,T) as a new initial
data for (2.4).

This approach however does not work in the present case mainly for two reasons:

(a) the scattering term gives a non-negative (quadratic in f) contribution to A/ (see equation
(4.28) in Part I). Therefore that equation appears unable to provide an estimate of N/
independent of the bound for f furnished in the proof of Theorem 3.2.

(b) Being «, unbounded in (0, v,, ), also the non—-negative linear term in (4.28) of Part I cannot
be estimated through .

To overcome these difficulties and achieve a global existence result we need to follow a differ-
ent approach. Not surprisingly, the right idea is directly suggested by the very physics of the
problem.

A large number of droplets of (possibly) arbitrarily small size appearing because of breakage
from larger droplets are generally observed only in exceptional situations (like the instanta-
neous break—up of a rather long filament of fluid, see for example Fig. 8 in [6]). If we disregard
this and similar cases, it is reasonable to assume, in addition to all previous hypotheses made
for a, also the following

ag(v) =0, Yo € [0,v0), VE>2 (4.4)

where 0 < v, < vy, is a (small) threshold value (see Remark 3 in Section 2 of Part I). The
same request is needed for 7.: indeed two very small droplets are very unlikely to coalesce
(see figures 4.1 and 4.2 taken from [5]), because of the large energy needed to drain and break
the interposed separating film?.

Therefore we also assume

1 As we already mentioned in Remark 3 in Section 2 of Part I, one should eventually distinguish
among various lower threshold values related to the different existing mechanisms that control evolu-
tion. This further complication has not been considered here although the mathematics involved does
not change very much.
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aapp = angle of approach
100 . .

80

60

Qapp

40

20

100 200 300 400 500
drop radius

Fig. 4.1. Coalescence region for colliding drops of equal size (see [5]): very large and very small droplets
do not coalesce regardless of the mutual angle of approach («qpp, = 0° means “head-on collision”, aapp =
90° means “grazing droplets”)

7. =0, in [0, v5:] X [0,00)- (4.5)

Similarly, considering there is no chance to get a droplet of subcritical size as the final product
of either a breakage or a scattering event, we need to impose

Br =0, if vel0,v5) (4.6)

As a consequence the only physical mechanism remaining active for v € [0, v% ] is the loss of
small droplets due to coalescence with ones of ordinary size, i.e. above threshold (see figures
4.1 and 4.2 again).

The additional assumptions (4.4), (4.5) and (4.6) have an immediate consequence on the be-
haviour of f in a right neighbourhood of v = 0. Indeed from (2.1), (2.2), (2.3), we get that
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~eo = coalescence efficiency

0.2 0.5 1 2 5
1 . : ‘ —
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Fig. 4.2. Coalescence efficiency vs. droplets ratio (see [5]). This graph is in strict agreement that shown
in Figure 4. Indeed the coalescence efficiency reduces to zero as the droplet ratio goes to one only for
relatively “small” and “large” droplets

so that

Consequently

CAS [Oa U:rit] =
of

f(v;t)

Lef(0.6) = —f(0.1) [ T re(w,0) flaw, ) du,

"
Verit

Lbf(v7t) = 07
Lof(0,1) = —f(0.1) / T o) f(w, 1) dw,
[ o) fwnt) dw <0, o e [0, v%s,].

*

Verit

< fo(v)v (U7t) € [O7U:rit] X [OvT]
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Relation (4.9) implies that, because of the conservation of volume (Theorem 5.1 in Part I), also
the number of droplets cannot go to infinity because of a possible non—integrable singularity
of f near v = 0. Indeed from

/Ové‘m vf(v,t) dv+ /:m vf(v,t) dv = V(t) = V(0), (4.10)
we obtain
Vet / vm f(v,t) dv <V(0), (4.11)
and also
/0 o vf(v,t) dv < /0 o vfo(v) dv < iy /0 fo(v) du. (4.12)
Therefore

v,

xo = [ o= [T e as [ e a
(4.13)

YO oy + YO

Uerit crit

S / crit fo(v) v n
0
Estimate (4.13) for N is a priori, global and independent of any bound for f in the local time
of existence. Now we can go back to (2.4): from (4.13), hypotheses (H1) to (H5) and Lemma
3.1 we easily get that

(g—{)Jr <CA+{f}), (4.14)

where C does not depend on f. We can thus proceed as in [3] to prove that (4.14) implies the
global existence of f. In conclusion we have

Theorem 4.1. (GLOBAL EXISTENCE) If the hypotheses of Theorem 3.2 are supplemented with
(4.4), (4.5) and (4.6), then the solution to problem (2.5) given by Theorem 3.2 can be extended
beyond t = T over any finite time interval with the same regularity properties.
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Fig. 5.1. The domain 72 when v,;; > 0. The probability density (- is identically zero not only in the
black region but also in the gray one (the size of v}, is exaggerated for visualization purposes)

5. The case N = 3: an example of functions 3, and (33

If v}, is strictly positive, region 7; modifies as shown in figure 5.1. Recall that for s € (0, vy, ],

(B2 is normalized as follows

rs/2
Ba(s,v) dv =1, 5.1
0

Whﬂe, for s € (Um7 QUm]
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s/2
/ Ba2(s,u) du = 1. (5.2)

—Um

Also recall that, for k = 3,..., N, we have set

/ Bk (s,u1, ... up—1) dog—1 =1, Vh=1,...,k. (5.3)
Tr,n(s)
Moreover
5/2 min{s,v,, }
/ B2(s,u) du = / Ba2(s,u) du =1, Vs € (0, 2u,).
max{0,s— v, } s/2

Thus, if s — 2v,,, both intervals (max{0,s — vy, },s/2) and (s/2, min{s,v,,}) degenerate to a
single point and 3, behaves like a Dirac’s —function (see Figures 5.2 and 5.3).

We show an example of such a function which meets the whole set of hypotheses we made so
far. Although we could work out most calculations with generic parameters v} ;, and v,, some
of them (and even the representation of the involved functions) turn out to be very heavy.
Thus we decided to leave v}, and v,, unspecified as far as exposition takes advantage from
this choice and to turn to simple numerical values (like v};, = 0 and v,, = 1) when this is no

longer true.

Let us choose (3, as follows: first notice that 7, (with v’ > 0, see Figure 5.1) can be repre-
sented as 7 ins U 72 sup Where

Toint = {(s,u) | 20746 < 8 < Uy + Ve A Vi < u < vy},

crit crit

Tosup = {(s,u) | v + 055 <8 <20, A s — 0 < u < v},

Then consider the characteristic functions X7, ., X7, ., and put

Ba,a(s,u) = Ao(s)(u — viie) [(s — u) — V3], (5.4)
Bap(s,u) = fAlT(S) (u - 2)2 + Ay(s), (5.5)
Ba,c(s,u) = As(s). (5.6)

Finally put
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62*“ XT?JH“ if s € (2U:rit’ U + U:rit)’
52 = ﬁQab Xﬁ,sllp’ ifS € (Um + ’Uc*ritv 5)7 (5.7)
B2,6 XTp.up» if 5 € (5,201,),

Functions A;(s) are chosen in such a way to satisfy all the normalization and regularity
hypotheses we made so far. Indeed we found that for 5 = 3v,,/2, v};, =0, v, =1
12

Ap(s) = = Aq(s) =72 —48s

— (624 — 1248 s + 1008 s? — 360 s> + 48 s)

Az(s) = 24 (—2+3)

(5.1) and (5.2) are both satisfied. Let us now check hypotheses (H5) concerning 35: request (i)
of (H5) is obvious from the very definition of 3. Laborious but straightforward calculations

then show that 3, turns out to be of class C? in 7ci 2,inf U 70' 2.sup and in particular across the
line s = v, +v*... Thus (i1) of (H5) is also satisfied. As far the list (ii-a) to (ii-e) of (H5) is

crit*
QW — s\ 2
)\2(8) = ms ( )

concerned, we now choose
2V,

where the coefficients ms, 2 > 0 are to be chosen conveniently. If N = 3, necessarily A\;(s) =
N

1 — A\2(s) (remind that > M\i(s) = 1). By noticing that A, behaves like (2v,, — s)~! as s —
k=2

2, hypothesis (ii—a) is mznifestly satisfied if e; > 1. Concerning (ii-b), being A a bounded
function, it sufficies to examine the integral

VUm v 862
/v W dS,

m

being 3, independent of v in (5, 2v,,) we have
Vm +v s
[ B < [ |2
o ov o

ds.
ov s

More specifically

which is clearly finite.

Consider now the integral
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/ ’ as(s)P=2(s,v) ds;
recalling hypothesis (H3) in Part I,we assume

062(8) = dQ(S - U:rit)ﬁ—z (Um - S);HZ, (58)

where a5 is a positive constant and J2 > 0 and uy € (0, 1) have to be conveniently chosen.

Thus we have

Vm 1
/ as(s)P2(s,v) ds| < C/ (08272 +v2s%73) (1 — 5) 72 ds

which remains finite for all v € [0, 1], provided that 3 > 0 and 2 € (0, 1).
Consider finally the integral

/ " ag(s)%(s,v) ds;

specifically we have

/Um ag(s)%(s,v) ds

v

1
< C/ (89272 4 0s273) (1 — )7+ ds;

which remains finite for all v € [0, 1], provided that §; > 1 and 2 € (0, 1).
Figures 5.2 and 5.3 give, respectively, a two-dimensional and a three-dimensional view of (5.

We now construct an example of function 3 assuming definitely, for simplicity, v}, = 0
and v,, = 1. First of all let us put f(s,u1,u2) = 720s Pujus(s — u; — uz) and consider the
characteristic functions X1, , () of the sets T3 5(s) (h = 1,2, 3). Then define

B3,1(8,u1,u2) = f(s,u1,u2) 0 XT5 4 (s) (u1,uz), (u1,u2) € T31(s),
B3,2(8,ut,u2) = f(s,u1,8 —ur — u2) 0 Xy ,(s) (U1, u2), (u1,u2) € T32(s), (5.9
53,3(8, ui, U2) = f(87 S — Uy — ug, U1) S XT3’1(S)(U/17U/2)7 (U1, U2) S T3,3(S)7

and

B3 = B3,1 + B3,2 + B33 (5.10)

Notice that (5 is constructed exactly as described in Sect. 3 of Part I since, for k¥ = 3, the maps
C; reduces to the following

uz = s — & — &, up = o,

01(51552){,“1:517 02(51562){/“1:8_51_527
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Figure 5.4 shows the contour plot of 33 while Figure 5.5 shows a three—dimensional view of
the same function from two different perspectives.

Fig. 5.2. The contour plot of the function 32(s, u)

It is not difficult to see that B3.1(s,u1,u2) duy dug = 1. It is also obvious that (H5)-(i) is
T3,1

satisfied: indeed over D3(s,v) the function f writes 7205 >ujusv. As (u1,uz) moves in T3(s)

the droplet of size v just change meaning: in T3 1(s) is the largest among the three, while in

T3 3(s) is the smallest. For v — 0 the line s — v = u; + uo identifies with a portion of the

boundary of T3 3(s) where (3 vanishes.

Consider now the integral (hypothesis (iii—a) of (H5))
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Fig. 5.3. The function B2(s, u) from two different viewpoints

/ 63(”m+vaulvan 7’[1,1) do—l;
J D3(vm~+v,v)

notice that, up to the sign, we have

s/2
/ Bs(s,u1,s — v —uy) doy = V2 Bs(s,u1, s — v —uy) dus.
D3 (s,v)

max{0,s—vy, }

Thus

~(Vm+v) /2
S \/5/ ﬁB(Um‘FUaulva*ul) dU1

v

/ ﬁ'&(vm +U,U1,Um 7U1) dUl
D3 (vim+v,v)

(m+0)/2 (wm+v)/2 790 _
< \/5/ f(om +v,u1, v, —u1) = \/5/ ?gl(i”;)sul) duy

v

V(v = vm)?(Tv + 20,,)
= 2
302 (0 o)

The right hand side is uniformly bounded over (0,v,,) and, for v,, = 1, takes a maximum at
v ~ 0.214 with value ~ 7.44.

Consider then (iii—b) of (H5): up to a multiplying constant, we have
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Fig. 5.4. Contour plot of the function 33(s, u1,u2) over Ts(s) for a given value of s (greater than v,, in
this case)

/ O‘3(S)/ O3(s,u1,s — v —uq) dog ds
v D3(s,v)

Um 863 s/2
:/v m/r B3(s,u1,8 — v —wuy) dug ds

nax{0,s—v, }

U/v’” 59375 ;53 n s? (s —v) (s —v) max{0, s — v}’ n max{0, s — vy, }° ds
o (Um —s)rs \ 24 8 2 3

Also for v, = 1, 3 = 2 and p3 = 1/2 the right hand side of the above relation is a rather
complicated function of v. However it is not difficult to check that, for a suitable constant
>0

1 -3 _3 2 (e _ 05— 112 05— 113
U/v 315<_3+s (s—v) (s—v) max{0,s—1} +max{7s } ds < Cov/T—o

24 8 2 3

and thus it is uniformly bounded over (0, v,,) = (0, 1).

Let us notice now that
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Fig. 5.5. Three-dimensional view of the function 33(s,u1,u2) a over T3(s) for a given value of s (greater
than v, in this case) from two opposite perspectives

/ as(s) / Bs(s,u1,8 — v —uy) doy| ds
v 0D3(s,v)

— /U’" as(s)|Bs(s, max{0,s — v}, s — v — max{0,s — vy }) — Bs(s,5/2,8/2 —v)| ds

JU

v v
™| (20— s)v / ™ max{v, vy, — 20}
=180 ———| ds < 180w ds
A 52\/vm — s - v 52\/Um — 5
max{vy, /3,v} ds Um, ds
=180 UQ/ 74-1)1],—21)/ e
) 52 VUm — S ( " ) max{vy, /3,v} 52 Um — S

<180 /"‘ax{”m/?)v”} ds L (Vg — 20) [ ds
- v VUm —s  max?{v,/3,v} . max{vpm /3,03 VUm — 8

m*2
< 360 <\/—vm — 4 2 Om = 20)

max2{v,,/3,v}

Jom = max{o, o, /3}>

It can be easily checked that the right hand side of the above inequality is uniformly bounded
in (0, v,,). This proves that also hypothesis (iii—c) of the list (H5) is satisfied.

We finally come to the integral
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o dBs(s,u1,§) ,
/v aB(S) /D3(s,v) |: 85 :|£—s—v—u1 dgl dS7

up to a multiplying constant, this turns out to be equal to

Vm, 2 s/2 - o
/ s / <ulv u1(55 v u1)> du, ds.
v VUmn — 8 Jmax{0,s—vm} s

This integral can be calculated exactly and, for v,, = 1, turns out to be equal to

—+v/1 —v+3v arctanh(v/1 —v)
6 )
this function is uniformly bounded over (0, 1). Thus also hypothesis (iii-d) of (H5) is satisfied.
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