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In theoretical papers about the dynamics of liquid dispersions, the integral kernels
appearing in the evolution equation for the droplet size distribution functions are
usually given some generic properties, leaving their analytic structure unspecified.
Moreover breakage is always described as a cumulative effect with no reference to
the influence of the various breakage modes. Here we want to show how the effort
of better understanding these integral kernels, guided by their physical meaning,
helps significantly to identify a set of rather simple hypotheses guaranteeing the
well-posedness of the problem. On the basis of the explicit structure of these
kernels, we show examples of functions that fit perfectly the hypotheses of the
existence—uniqueness theorem appearing in Refs. 1, 2 and present some numerical
simulations.

1. Some forms of the evolution equation for the dynamics
of liquid droplets

1.1. Classical model
Until a few years ago, the evolution equation for the dynamics of droplets

in a liquid dispersion in the simplest case (i.e. homogeneous medium, no
diffusion) used to be written as

of
E - ch + Lbf7 (]‘)

where f(v,t) denotes the volume distribution function f, so that f(v,t) dv
represents the number of droplets having volume in the interval (v, v+ dv)
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at time ¢, per unit volume of dispersion. The symbols L. and L; stay
respectively for the coalescence and breakage operators and in the standard
literature (see, e.g., Ref. 3) write as follows:

+oo
L.f = / ’LU U= )f(w7t)f(v - wvt) dw — f(l),t) /O Tc(wvv)f(wvt) dw,

+0o v
Lf = [ w0 ds = fo.t) [ 2nos) ds.
v 0

Here 7. is a symmetric non-negative function defined over R x IR™ with
suitable properties. Similarly 7, is a non—negative function defined over
{(&,m) ] 0 < nn < &} with suitable properties too (see, e.g., Refs. 3, 4, 5 for
further details). The unbounded upper integration limit in both L. and L,
was criticized in Ref. 5 on the basis of the experimental evidence and of
the fact that posing a finite upper bound to the size of droplets is not only
in agreement with the physics but may also imply a simpler mathematical
treatment of the whole problem (see Ref. 6 for this point).

1.2. A recent model which includes the “volume scattering
effect”

If, in agreement with the physics, we place a finite upper bound v,, to
the droplet size, the model can be consistently modified only if we add at
the r.h.s. of (1) the so—called volume scattering effect (see Refs. 5, 7) and
rewrite (1) as follows
0
= Lef+ Lif LT, 2

where

Vmtv s/
Lsf = / ' / i Ts(s,v,w) f(w,t) f(s — w,t) dw ds

Um

— f(v,t) /vm+v Ts(8,v,8 —v) f(s —v,t) ds.

m

The other two operators need to be modified accordingly. Indeed we write
Lof = / (w0 = w)f (w0~ w,t) dw = fort) [ w0 f(w,0) du.
0
i = [ s 0rs0 ds = 100 [ Zniws) ds
v 0

(%

For simplicity we do not consider here further complications like the pres-
ence of an efficiency factor depending nonlocally on f (as it was done in
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Refs. 5, 7) or like the so—called collisional breakage introduced in Refs. 8, 9.
Instead we wish to focus on a more realistic structure of both the breakage
and scattering kernel. Most Authors (of mathematical inspiration) look at
Tp(s,w) as the rate at which a particle of size s decays into a particle of
size w regardless of how many particles contribute to the difference volume
s —w. In other words the sintetic form of 7, does not allow to distinguish
among the various breakage modes each having possibly its own rate and
probability. The same remark holds true for 75 since the decay of droplets
above the threshold limit v, may occur with various rates and probability
too. It is quite natural that this issue has been underestimated because of
the objective difficulty of describing the single breakage modes. On the con-
trary, trying to clarify as much as we can the real structure of 7, and 7, will
prove fruitful, when approaching the central problem of the well-posedness
of the Cauchy problem, to select hypotheses which fit better the physics.
In the next sections we shortly recall the results presented in Refs. 1, 2 and
work out explicitly an example in which breakage modes up to the fourth
order included are taken into account.

1.3. Expanding the integral kernels

The key point of our approach is that each mode of drops rupture has its own
frequency and probability. With this in mind, we have recently proposed
(see Refs. 1, 2) the following forms for L; and L.:

Lof = /vm O (s,0)f(s, ) ds — OF (0)f (v, 1),
UV +v s/2
Lof = / /_ OF (5,0, ) f(w, £) (s — w, ) duw ds

— f(v,t) /vm+v Te(v,8 —v) f(s — v, t) ds,

m

N
where O (v) = > ax(v) and
k=2

N
03 (5:0) = ax(9)als. ) + 3o an(s) [ Bulsunais v Uia) dowa,
k—3 Dy, (s,v)
D:(Sv v, ’LU) = TC(S - w, w))‘2(5)52(55 s — U)

N

+ 7e(s — w,w) Z )\k(s)/ Bk (s,uk—2,8 — v — Ug—2) dog_2

k=3 Dy (s,v)
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The functions appearing in Dbi, OF have the following meaning:

o «ay(s) is the breakage rate of droplets with volume s € (vgi)t,vm)

1)

into k droplets, v,,;; being a lower non-negative threshold.

e )\ (s) is a suitable weight (to be chosen conveniently) measuring the

probability of the parent droplet s € (v, 2v,,] to break exactly in

N
k pieces within the scattering process; of course Y Ax(s) = 1.
k=2

n
o Up= > up, up=(ut,...,up)

h=1

o O (s,uk—1) is the probability density of drops with volume s €

(0,2v,,) to generate by breakage k fragments with prescribed vol-
umes u; (j = 1,...,k — 1) in increasing order, véfi)t <up <up <
... < ug_1 (the volume of the remaining drop is the complement
2) being a

to s and may occupy any position in the size order), v

lower non—negative threshold. The inequality vgi)t < uq is replaced
(2 (2)

oxit orit vanishes.

with v < wy in the case v

o 7.(v,w) is the coalescence kernel, that is proportional to the prob-

ability that two colliding droplets of respective volumes v and w
coalesce to form a single droplet of volume v + w.

The precise definition of the functions Sy (s,ux—1) and of the domains
Dy (s,v) is more complex and needs several preliminaries: we devote the

following Section just to this topic. Before doing this we prefer to specify

some properties of the functions appearing in the kernels of L., Ly, Ls:

(H1) 7. is non—negative, symmetric and continuously differentiable in

[ (3) (3) (3)

Ueris Um) X [Ugrit> Um)s Uopsy DeINg a lower non-negative threshold.

(H2) For k = 2,..., N, «; is non—negative, continuously differentiable

and non—decreasing in [véii)t, U ), unbounded as v tends to v,,. We

N
also assume ) «a; > 0 for all v € (vgi)t, Up,) and
k=2

a) o =~ (v —v) " with uy € (0,1) in a left neighbourhood of
V= U,

(1) )5k

b) ap >~ (v — vy,4)Y with d; > 0 in a right neighbourhood of

_ @
U= Uyt

being (o) := max{e,0}.

(H3) For k=2,..., N, functions \; are continuous in [v,,, 2vy,].



17th January 2005 15:0 Proceedings Trim Size: 9in x 6in FasRosMan-ws-procs9x6

The thresholds véii)t, vgi)t, vg’i)t have an important physical meaning and play
also a role in the question of global existence in time (see Refs. 1, 2 for all
relevant details). For the sake of simplicity we assume, unless explicitly
stated, all these lower thresholds equal to zero. However it may be inter-
esting to notice that, if v};, = min{v&)ﬁ, Ugi)t, ’Uéi)t} > 0, the highest number
of allowable rupture modes N (that in our model is a free parameter) can
be roughly estimated from above through the ratio 2v,/v};.
worth noticing that in the exceptional case of binary ruptures only (that is
ar = A\ = 0 for all k& > 3) the model we propose coincides with the one

presented in Refs. 5, 7.

It is also

2. Probability functions and their domains

The function By is such that Ba(s,u) = Pa2(s,s — u), and Pa2(s,u) = 0, if
s < u. In other words, for each s € (0,v,,], we only need to define (2 in
[0,5/2]. If s € (U, 2vpm] being u = s — (s —u) > s — vy, the function is
defined in (s — vy, 5/2). We set

Tor(s) ={ur |0<u; <s—up <wvy,} = (maX{O,s — Um }s g) ,

Too(s) ={u1 |0<s—u <up <wvy} = (g,min{s,vm}) ,

Notice that the map Cy : s — u +— u, transforms T272(5) one—to—one onto
T 1(s). Therefore, for any value of s € (0, 2v,,), we assign J2 on T 1(s) in
such a way that me(s) B2(s,u) du = 1, and think of B3 0Cj as its extension
on Tb 2(s). Also notice that Cy = Cyy . moreover Cj is measure—preserving,
so that

/ B2(s,8 —u) du = / B2(s,u) du =1, (3)
Ts,2(s) T2,1(s)
and we first consider the case s € (0,v,,]. Now, for a given k > 3, let us

define the set of IRF™!

Tk,l(s) = {uk_l | O<u <...<up1 <s—Ug_1 < ’Um}. (4)

Clearly u = s —Uj_1 identifies one of the k daughters and T} ; is character-
ized by the circumstance of @ being the volume of the largest daughter(s).
Function fy, is assigned on T} ; in such a way that

/ Br (s, up—1) dop—1 = 1. (5)
Th,1(s)
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(=)

We then define the following subsets in IR*~*

Tij(s) ={ur—1 | 0<ur < ... <wpy <s—Upo1 Sup—jr1 < oo <upog < v},
j=2,...,k,

(6)
where, by definition, ug = 0 (4. e. in Ty x(s), w is the volume of the smallest
drop(s)). If s < vy, as we suppose for the moment, the last inequality in
(4) and (6) is obviously redundant. Then we consider, again for a fixed s,
the maps

Cj:(Ela"'aékfl)'_)(ulv"'vukfl)v jil,...7]€*17

defined by

k-1
ur =&, U1 = &p—j—1, up—j =s5— y &, (7)
=1
Uk—j+1 = Sk—jt1y- -y Uk—1 = Ep—1.

The purpose of maps (7) is to “re-locate” the residual drop u with respect
to the ordered set of the other daughters. Indeed Up_1 = s — §,—; with u
taking the place of _;. It is easy to see that the Jacobian of each map
Cj is equal to one and that

{Cj (Thj(5) = Trjs1(s), Cj(Thjr1(s)) = Try(s)

so that C; = C;l. The main reason for introducing the maps C; is to
extend the probability density over all domains T} ;. The procedure is the
following. Indeed it can be proved (see Ref. 1) that, for all £ > 3 and 4 # j,
jo“;w» N Jo“;m-: & and that ﬂ?zl Ty,; reduces to a single point which can
be identified with the event w1 = us = ... = up_1 = %, that is “all droplets
have the same volume”. Now, by means of the maps C; we extend (3}, from
Ty.1 to Tj 2, from T}, 2 to 1) 3 and so on, up to Tj ;. In other words we put

Bk (87 uk—l) ) if up—1 € Tk,l(s)a

~ B o C1 (ug—1), ifug_1 € T 2(s),

Bk (87 uk—l) = : : (8)
BroCioCyo...0Ck_1 (uk—1),ifug_1 € Tk,k(5)~

Because of the properties of the maps C;, we have

/ By dog—_ =/ B dog—y = ... =/ Bpdoj—1=1; (9)
Tr,1(s) Tr,2(s) T,k (s)
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k o o
if we define T, = |J T%,; and recall that T ; N Tk= @ for i # j, we also
=1
have

/ Bk dO’k,1 = k. (10)
Ty (s)

We now put
Dy (s,v) = Ti(s) N {Uk—1 = s —v}. (11)

Thus in all the T} ; contributing to Dg(s,v), the volume v is just that of
the “residual drop”. Notice that Dy(s,v) is the intersection of the (k —
1)—dimensional convex polytope T(s) with a hyperplane in IR¥2, so that
dDy(s,v) is an orientable hypersurface in R*™®. From now on we drop
the “tilde” above (B in (8), i.e. we identify [y with its extension over
Tr(s). Since we allow s in the interval (0,2v,,], function S is defined in
the k—dimensional polytope

T = {(s,uk_l)E]Rk|s€ (0,20,,),0 < ug <wg <. < wgy Suk,Uk:s}.

The domain T} (s) is the intersection of 7y, with the plane s =constant. We
now pass to the case s € (v, 20,,], in which the last inequality appearing
in the definitions (4) and (6) plays an effective role. We also extend the
assumption (5): we put ka,l(s) Bk (s, uk—1) dok—1 = 1, regardless of the
size of s in (0, 2v,,]. The maps C; then allow to extend [y over the whole
set Ti(s) also for s € (Vm,20.,). Of course also (9) and (10) extend to
this case. We notice explicitly that (9) is the natural extension to the case
k > 3 of (3) and that, being T5 1(s) N Th2(s) = {s/2}, 701271 N 10“2,22 @ and
measTh 1(s) = meas T o(s), relation (10) also holds true for k = 2. The
same conclusion concerns (11): for k = 2 this set reduces the single point
of abscissa s — v in the interval (max{0, s — vy}, min{s, v, }).

2.1. Well-posedness

In Refs. 1, 2 we proved the physical consistency of the model a priori (like
the positivity of the solution and the conservation of volume) and also that
if ax and By obey some summability hypotheses the Cauchy problem for Eq.
(2) is well posed for a suitable class of initial data. The precise statements
of these hypotheses are as follows.
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(H4) (Regularity): for all k > 2, () vanishes if the size of the smallest
daughter goes to zero; f2(s,v) is piecewise continuously differen-

tiable in o= |J {s}x Tz (s) and, in addition, there exists a
s€(0,2vy,)
suitable positive constant C such that, for all v € (0, v,, ),
002 (s,v)
VU v 219,
T Ag(s)———=d
m 2(5) ov y

S as(s)Ba(s,v) ds < C, [ ag(s)M ds‘ <C.

)\Q(Um + U)ﬁQ('Um + ’U,’U) < C7 f

v

<C,

v ov
Furthermore, for k = 3,..., N, 0i is piecewise continuously differ-

entiable in Tp,= | {s}x T (s) and, in addition, there exists
s€(0,2v,,)
a suitable positive constant C' such that, for all v € (0,v,,),

(a') (ka(SKU) ﬁk (Sa ug—2,5 — U — Uk—Q) dak—Q) S C7

S=Vy,+v

(b) f:m ag(s) ka(s,v) Ok (s,uk—2,8 — v — Ug—2) dop_o ds < C,
(©) L3 ar(s) fyp, o) B (8 Uk—2,5 = v = Up—2) dog—3 ds < C,

0B ]
auk*l Uk —1=5—v—Ug_2

(d) doy_o ds| < C.

Sy e(s) [, o [

We recall that dDy(s,v) is an orientable hypersurface in IR*~3. We mean
that all integrals of type (iii-c) are positive. Concerning the initial data we
assume that f,(0) = fo(vm) = 0, that f,(v) is non—negative and piecewise
C1[0,v,,], and finally that

lak (V) fo(v)] < 400,  VEk=2,...,N.

The unique solution of the Cauchy problem turns out to be at least Lips-
chitz continuous in [0, v,,] % [0,7") for a suitable T' > 0. To achieve global
existence we need, in addition, that oy, Ox and 7, vanish identically in a
right neighbourhood of the origin: this forbids the blow-up of the number
of droplets of arbitrary small size and is perfectly justifiable on the basis of
experimental observations.

3. Numerical simulations

Guided by the detailed structure of the breakage and scattering kernels
it is not difficult to give examples of functions () which fit all the as-
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sumptions we made. In this section we present possible forms of G, ag, Ak
for k = 2,3,4 which meet all the hypotheses stated in the previous sec-
tions. All simulations are then carried out taking into account effects up
to the fourth mode included. Computing solutions including higher modes
presents no other difficulty but longer computational time. Let us de-
fine fa.a(s,u) = Ao(s)u(s —u), and Bap(s,u) = — 242 (u— £)* + Ay(s),
B2.c(s,u) = Aa(s). Then set

52711 XT3 int > if s € (07
B2 =1 BopXTo s if s € (1
5275 XE’SHP, ifse (5

1),
5), (12)
);

being X4 the characteristic function of the set A. For simplicity, we
have set (in (12) and in the sequel) v* = 0 and v, = 1. If 5§ =
3/2, the hypotheses made in the previous section are all satisfied, pro-
vided that Ag(s) = 3, Ai(s) = 72 — 48s and that As(s) =
— (26— 525 +425% —155% + 25%) (~2+5)"'. All hypotheses (H4) con-
cerning (2 can be checked by taking, e.g., as(s) = s°2(1 — s)** with
pa € (0,1), d2 > 0, and Aa(s) = 252. Since we consider breakage events up

2
to the fourth order mode, we define A\4(s) = Az(s) = (1 — A2(s))/2. Recall

that C1 : (§1,&) — (§1,5 =& —&2), Ca:(§1,&) — (s — &1 — &2, 62) and,
being f(s,uz) = 7205 Sujua(s — Uz), write

,8
,2

B3,1(s,u2) = f(s,u2) o X7, , (5) (U2), uy € T31(s),
B3.2(s,u2) = f(s,u1,s — Uz) o X, ,(5)(02), uz € T3 2(s),
B3,3(s,u2) = f(s,5 — U, u1) o X, , (5)(02), uz € T3 3(s),

Then assume (3 = 31+ 032+ f3,3. For v € (0,1) fixed, the domain
Ds(s,v) is defined as D3(s,v) = T3(s) N{Uz = s — v} . It is easy to check
that ng . Bs.1(s,uz) duy dug = 1 and that, over Ds3(s,v), the function f
writes 7205~ 5uq ugv. Concerning hypothesis (a) of the set (H4) notice that,
up to the sign, st(s,v) Bs(s,u1,s—v—uq) dog = ﬁf;ﬁ{07s_1} B3(s,u1,s—
v — 1) dug. Thus

‘fD3(1+v,v) B3(1+ v, ur, 1 —uy) dol‘ < \/ifv(lﬂ)/z B3(1+v,u1,1 —u1) dug

/2 720vuq (1 — uq)

S \/§f7j(1+v)/2f(1+v7u131_u1):\/§I1)(1+v) (1+’U)5

dU1

B v(v—1)%(Tv + 2)
= 302 (v+1)°
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which is uniformly bounded in (0, 1). Similarly for hypothesis (b) we need
to consider the integral fvl asz(s) ng(s ») Bs(s,u1,s —v —uy) doy ds which

rewrites fvl 5% (1 — s)~He f05/2 B3(s,u1,s8 — v —uq) duy ds. For §3 = 2 and
ps = 1/2 it turns out that this integral is bounded by Cvy/1 — v for a suit-
able positive constant C' and thus is uniformly bounded over (0,1). Simi-
larly, concerning hypothesis (c), the integral fvl as(s) faDS(s,U) Bs(s,u1,s —
v — uy) doy; ds reduces, up to a multiplying positive constant, to
fvl v|2v — s|s72(1 — 5)"'/2 ds. Tt can be easily checked that this integral

is bounded by the function 2 [ V1 — v+ 1=20)y 1max{1/3’v}), which is

max2{1/3,v}
in turn uniformly bounded over (0,1). Concerning hypothesis (d) we have
that the integral

8 9 U
fvl (0% (5) fDS(s,v) {%] E=s—v—uy

= Mful 3_3(1 - S)_1/2 fos/2 uv —up(s — v —wuy) duy ds.

do; ds

being M a suitable positive constant. This integral can be calculated ex-
actly and, up to a multiplying constant, turns out to be equal to

—v1—v+ 3v arctanh(v/1 — v);

this function is uniformly bounded over (0, 1).

If kK = 4 the procedure is the same: the function (3, is first defined over
T4 1(s) and then extended by means of the maps C;. We first define the
function g(s,us) = 1209605~ "ujuqus(s — Us) and

Cr:(1,82,8) — (1,62, — & — & — €3),
Co: (&1,&,83) — (§1,8 — & — & — &3,€3),
C3:(61,62,83) = (s — &1 — &2 — €3, 82,83).

Thus
B1,1(s,u3) = g(s,u3) o X1, , (s)(u3), if uz e Ty1(s),
6412(57 u3) = g(S, Ui, uU2,8 — Ug) o XT412(5) (113), lf us S T412(S),
Ba3(s,u3) = g(s,u1,s — Us,uz) o X1, ,(s)(u3), if uz € Ty3(s),
B1.4(s,u3) = g(s,5 — Uz, u1,uz) o X1, ,(s)(u3), if uz € Ty4(s)

and B4 = P41+ Ba2 + a3+ Baa. For v € (0,1) fixed, the domain Dy(s,v)
is defined as Dy(s,v) = Ty(s) N {Us = s — v} . It can be easily checked that
fTM(S) Ba1(s,u3) duy dug dug = 1. As before hypotheses (H4) can be
verified via straightforward calculations (too long anyway to be proposed
here).
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The following Figs. show the effects of the various terms in a cumula-
tive way. The last Fig. shows the expected independence of the asymptotic
configuration from the initial data, provided that the initial volume of the
dispersed phase remains the same. Indeed in Ref. 10 it was recently proved
that the stationary version of Eq. (2) possesses a non—trivial solution pro-
vided that the kernels (in usual “closed” form) satisfy some suitable growth
conditions.

Ay initial' data —
18¢ -y evolution -----

14| S003

0.6 (S 08 1

3
025

0 0.2 04 0.6 0.8 1

Figure 1. Evolution of f(v,t) from a given initial datum: in this case only binary events
are considered.

initial data — 1
evolution ----- |

PR X T R, L

04 0.6 0.8 1

Figure 2. Evolution of f(v,t) from a given initial datum: events up to the fourth order
included are considered. The difference with respect to Fig. 1 should be noted.
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9
val B
5| B
2 B
S 2 ::_i/\-_\\ ]
0 0.2 04 0.6 0.8 1

Figure 3. Evolution of f(v,t) from three different initial data with the same total mass:

the asymptotic limits coincide.
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