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Valuations

Valuation

A function Z defined on a family L of subsets of Rn with values in
an abelian semigroup is called valuation if

Z(K ∪ L) + Z(K ∩ L) = Z(K ) + Z(L)

whenever K , L,K ∪ L,K ∩ L ∈ L.
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Hadwiger’s theorem

Hadwiger’s theorem

If Z : Kn → R is a valuation which is continuous and invariant
under rigid motions, then there exist real constants c0, . . . , cn

such that

ZK = c0V0(K ) + c1V1(K ) + · · ·+ cnVn(K )

for K ∈ Kn.

(Alesker, Fu, Groemer, Hug, Klain, Kiderlen, Ludwig,
McMullen, Reitzner, Schneider, Schuster, Weil,...)

Christoph Haberl Star body valued valuations



Co- and contravariance

Covariance

Let G ⊂ GL(n). An operator Z defined on L having subsets
of Rn as values is called G covariant if there exists a q ∈ R
such that

ZφK = | det φ|qφZK , for φ ∈ G , K ∈ L.
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Co- and contravariance

Covariance

Let G ⊂ GL(n). An operator Z defined on L having subsets
of Rn as values is called G covariant if there exists a q ∈ R
such that

ZφK = | det φ|qφZK , for φ ∈ G , K ∈ L.

Contravariance

Let G ⊂ GL(n). An operator Z defined on L having subsets
of Rn as values is called G contravariant if there exists a
q ∈ R such that

ZφK = | det φ|qφ−tZK , for φ ∈ G , K ∈ L.
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Characterizations of co- and contravariant valuations

Many important operators in convex geometry can be charac-
terized as co- or contravariant valuations:
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Characterizations of co- and contravariant valuations
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Projection body operator (Ludwig, Schneider, Schuster)

Intersection body operator (Ludwig)

Lp projection body operator (Ludwig)

Lp intersection body operator (H., Ludwig)
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Centroid body

The centroid body ΓK of a convex body K is defined by

h(ΓK , u) =
1

V (K )

∫
K
|x · u| dx

for u ∈ Sn−1. (Petty, 1961)
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Lp centroid body

For p ≥ 1, the Lp centroid body ΓpK of a convex body K is
defined by

h(ΓpK , u)p =
1

V (K )

∫
K
|x · u|p dx

for u ∈ Sn−1. (Lutwak and Zhang, 1997)
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Lp Minkowski valuations

Lp Minkowski addition

For p ≥ 1, the Lp Minkowski sum K +p L of K , L ∈ Kn
0 is defined

by
hp(K +p L, u) = hp(K , u) + hp(L, u)

for u ∈ Sn−1.
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Lp Minkowski valuations

Theorem (Ludwig, 2005)

Let n ≥ 3, p ≥ 1 and Z : Pn
0 → 〈Kn

0 ,+p〉 be a nontrivial
GL(n)+ covariant valuation with centrally symmetric images.
Then exists a positive constant c such that

ZP = c V (P)1/pΓpP

for all polytopes P.
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Lp Minkowski valuations

Theorem (Ludwig, 2005)

Let n ≥ 3, p ≥ 1 and Z : Pn
0 → 〈Kn

0 ,+p〉 be a nontrivial
GL(n)+ covariant valuation with centrally symmetric images.
Then exists a positive constant c such that

ZP = c V (P)1/pΓpP

for all polytopes P.

Remarks:

For nonsymmetric images, the only example is a slight
modification Γτ

p of Γp.

In dimension 2 other examples of such valuations occur.
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Polar Lp centroid body

For p ≥ 1, the polar Lp centroid body Γ∗pK has radial function

ρ(Γ∗pK , u)−p =
1

V (K )

∫
K
|x · u|p dx

for u ∈ Sn−1.
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Polar Lp centroid body

For p ≥ 1, the polar Lp centroid body Γ∗pK has radial function

ρ(Γ∗pK , u)−p =
1

V (K )

∫
K
|x · u|p dx

for u ∈ Sn−1.

Γ∗∞K

For centrally symmetric bodies we have

Γ∗pK → K ∗

as p →∞.
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Polar Lp centroid bodies for p > −1, p 6= 0

Γ∗pK for p > −1, p 6= 0

For p > −1, p 6= 0, the polar Lp centroid body Γ∗pK is defined
by

ρ(Γ∗pK , u)−p =
1

V (K )

∫
K
|x · u|p dx

for u ∈ Sn−1.

(Campi, Gardner, Giannopoulos, Grinberg, Gronchi, Kalton,
Koldobsky, Ludwig, Lutwak, Milman, Pajor, Paouris, Rubin,
Yang, Yaskin, Yaskina, Zhang,...)
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Lp intersection bodies

The symmetric Lp intersection body Ip

IpK := V (K )1/pΓ∗−pK
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Lp intersection bodies

The symmetric Lp intersection body Ip

IpK := V (K )1/pΓ∗−pK

The nonsymmetric Lp intersection body I+p

ρ(I+p K , u)p =

∫
K∩u+

(x · u)−p dx
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The intersection body and its Lp analogue

The intersection body IK of a star body K ∈ Sn is the star
body with radial function

ρ(IK , u) = vol(K ∩ u⊥), u ∈ Sn−1.

(Lutwak)
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The intersection body and its Lp analogue

The intersection body IK of a star body K ∈ Sn is the star
body with radial function

ρ(IK , u) = vol(K ∩ u⊥), u ∈ Sn−1.

(Lutwak)

Theorem (H., 2007)

For K ∈ Kn with o ∈ intK and p ↗ 1

(Γ(1− p))−1/pI+p K → IK

with respect to radial metric.
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The intersection body and its Lp analogue

The intersection body IK of a star body K ∈ Sn is the star
body with radial function

ρ(IK , u) = vol(K ∩ u⊥), u ∈ Sn−1.

(Lutwak)

Theorem (H., 2007)

For K ∈ Kn with o ∈ intK and p ↗ 1

(Γ(1− p))−1/pI+p K → IK

with respect to radial metric.

Question

Can we characterize Lp intersection bodies for all values of p?
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Lp radial addition

Lp radial addition

For p 6= 0, the Lp radial sum K +̃p L of two star bodies K , L ∈ Sn

is defined as

ρ(K +̃p L, u)p = ρ(K , u)p + ρ(L, u)p

for u ∈ Sn−1.
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A characterization of Lp intersection bodies

Theorem (H., 2007)

Let n ≥ 3, p 6= 0 and Z : Pn
0 → 〈Sn, +̃p〉 be a GL(n)+ co- or

contravariant valuation. For p < 1, the only nontrivial
examples are

Z(P) = c1I
+
p (P) +̃p c2I

+
p (−P)

with positive constants c1, c2. For p ≥ 1 there exist only
trivial examples.
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A characterization of Lp intersection bodies

Theorem (H., 2007)

Let n ≥ 3, p 6= 0 and Z : Pn
0 → 〈Sn, +̃p〉 be a GL(n)+ co- or

contravariant valuation. For p < 1, the only nontrivial
examples are

Z(P) = c1I
+
p (P) +̃p c2I

+
p (−P)

with positive constants c1, c2. For p ≥ 1 there exist only
trivial examples.

Remark:

For dimension 2, all examples of such valuations are
rotations of the above one.
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