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Projection functions: K e K", 1 <j7<n—1

mi(K): L] — R, L+~ V;(K|L)

j-th projection function of K

constant width and constant j-brightness
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Thm (Schneider) Let P € P be simplicial, K € K" and 1 < i <
n — 2. Assume

Then K 1is a translate of P.

Daniel Hug Slide 3



Thm (Schneider) Let P € P be simplicial, K € K" and 1 < i <
n — 2. Assume

Then K 1is a translate of P.

o If S;(K,-) < S;(P,-), then K and P are homothetic.
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Thm (Schneider) Let P € P be simplicial, K € K" and 1 < i <
n — 2. Assume

Then K 1is a translate of P.

o If S;(K,-) < S;(P,-), then K and P are homothetic.

e Improvement (Bauer): no central symmetry required.

If

then K and P or P* are homothetic.
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Thm (Bauer) Let 2 < ¢ < n — 2. For most Ky € K" the following is
true: If K € K™ and

mi(K) = m;(Ko),

then K is a translate of K¢ or K.

e Generic convex bodies are not CZ.
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Thm (Bauer) Let 2 < ¢ < n — 2. For most Ky € K" the following is
true: If K € K™ and

mi(K) = m;(Ko),

then K is a translate of K¢ or K.

e Generic convex bodies are not CZ.

Thm (Campi; Gardner, VolCiC; Goodey, Schneider, Weil)
There are K, Ky € K™, non-congruent, and

WZ(K) :7TZ'(K0), for all 1 Szgn
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Selected results about determination of convex bodies:

e Non-centrally symmetric bodies are not determined by 7 nor by

MTn—1-
e A convex body 1s determined by 7,1 1ff it 1s a parallelepiped. [GV]

e Most convex bodies are determined by 7 and 7, 1. [GSW]

Connexion to the covariogramm problem!

e Centrally symmetric bodies are determined by any two of their
projection functions. [CL]
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Overall assumption: K is centrally symmetric.

Still one projection function is not enough: constant k-brightness
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k= 1: classical, convolution
k=n-—1: Blaschke, convolution
2 < k < n — 2: bodies of revolution (Firey)

2 < k < n — 3: param. description, smooth case (Goodey/Howard)
const. k-brightness # const. k-girth

2 < k < n — 2: perturb. argument, smooth case (Goodey/Howard)
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Nakajima’s problem (general form):

(AZ]) LetK,Ko S Kn,KO :Kg,l S’L<j§n—1,0é,ﬁ>0
Assume that

Wi(K):OéT('Z'(Ko) and Wj(K):ﬁﬂ'j(Ko).

Are K and Ky homothetic?
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Nakajima’s problem (general form):

(AZ]) L@tK,KO S /C",KO :K()k,l S’L<j§n—1,0é,ﬁ> 0.
Assume that

Wi(K):Oéﬂ'i(Ko) and Wj(K):ﬁﬂ'j(Ko).

Are K and Ky homothetic?

YES:

Daniel Hug

o n=3: Kyis Ct'-smooth (Howard)

e n>5: K, Kysmooth, (¢,7) # (1,n—1)and # (n —2,n — 1);
bodies of revolution (Howard, H)
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Thm (Howard, H) Assume A;;. Then K and K| are homothetic, if
» = 1 and either of the following conditions is satisfied:

(@) j < (n+1)/2 and det Hess(Ky) Z 0 or

(b) n =95, 3 = 3, “some smoothness of K.

Daniel Hug
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Thm (Howard, H) Assume A;;. Then K and K| are homothetic, if
» = 1 and either of the following conditions is satisfied:

(@) j < (n+1)/2 and det Hess(Ky) Z 0 or

(b) n =95, 3 = 3, “some smoothness of K.

Thm Assume A;; forsomel <i < j <n-—2,(47) # (1,n —2),
and det Hess(K () # 0. Then K and K are homothetic.

Daniel Hug
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Thm (Howard, H) Assume A;;. Then K and K| are homothetic, if
» = 1 and either of the following conditions is satisfied:

(@) j < (n+1)/2 and det Hess(Ky) Z 0 or

(b) n =95, 3 = 3, “some smoothness of K.

Thm Assume A;; forsome 1 < ¢ < j <n-—2,(47) # (1,n —2),
and det Hess(K ) # 0. Then K and K are homothetic.

Still open:

e General setting: (1,n — 2) and n > 6;
7=n—1andn > 4;

e Smooth setting: (1,n — 1), (n —2,n —1).
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Proof. Let o« = 1. Then
Vi(K|U) = V;(Ko|U) and Vj(K\L):BVj(KO|L)

forU € L', L € E?. Fix L and choose U C L.

Daniel Hug Slide 15



Proof. Let o« = 1. Then
Vi(K|U) = V;(Ko|U) and V}(K\L):ij(KO\L)

forU € L', L € E?. Fix L and choose U C L.

Then K|L and K|L belong to the same i-th projection class wrt L and
Ky|L is centrally symmetric.

Chakerian & Lutwak:
Vi(Ko|L) > V;(K|L)

with equality iff Ky|L is a translate of K |L.
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Hence, for L € E?,
Vi(KI|L) = BV;(Ko|L) = BV;(K|L),

i.e. 0 < 1 with equality iff K|L is a translate of K|L for all L € LY.
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Hence, for L € E?,
Vi(K|L) = BV;(Ko|L) = BV;(K|L),
i.e. 0 < 1 with equality iff K|L is a translate of K|L for all L € LY.
P:={ucS"':hg,hg, sodat +uand det Hess(Ky)(u) # 0}

Fix a vector u € P.
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Hence, for L € E?,
Vi(K|L) = BV;(Ko|L) = BV;(K|L),
i.e. 0 < 1 with equality iff K|L is a translate of K|L for all L € LY.
P:={ucS"':hg,hg, sodat +uand det Hess(Ky)(u) # 0}

Fix a vector u € P.

Choose W € L7, withu € W. Then U := utNW e L7. From
Vi(K[W)|U) = B V;((Ko|W)|U)

we get
/ ()| SY (KW d) + / ()| SY (K| W )

=25 [ I{o,u)[S}¥ (Kol W)
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The injectivity of the cosine transform on even measures yields
SYV(K|W;-) + SV (KXW ) = 28 8 (Ko|W;-).
Since u € P,

det (d*hgciw (w)|u™ N W) + det (&b (w)|u™ NW)
=20 det (d*hg,jw (w)|u™NW) .

This leads to

N L(R)(u) + N L(h)(—u) = 26 N L(ho)(u)

where
L(h)(v) = hi(u)|ut : ut — ut.
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Since L(hg)(u) is an isomorphism,

Ly (h) () := L(ho)(u) ™% o L(h)(u) o L(ho)(u) /2.

Thus the assumptions yield

ALy, (h)(u) + ALy, (h)(—u) =2 A'id,
N Ly (h)(u) + AN Ly, (h)(—u) = 268 A id .
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The linear maps Ly, (h)(u) and Ly, (h)(—u) have a common ONB of
eigenvectors eq, . . . , e, 1 with corresponding, nonnegative eigenvalues

T1,...,Tp_1 and yq,...,Yy,_1 satisfying

rr+yr = 2, |[‘:i,

(*) .
ry+ys =208, |J| =y,

where

:CI::Ha:i, xg =1 for I/ C{1,...,n—1}.
i€l

Daniel Hug Slide 22



We may assume that 0 < z; < ... <z, 1,hence 0 <y, 1 < ... < y.

olfr; =0,thenzy=... =2, 1 =:zandy; = ... =y,_1 =: .
Hence

ey =2, o) +y =20,

which implies that

ie. 3> 1.

e The case y,,_1 = 0 1s checked similarly.
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e In the remaining case, all numbers are positive.

Lemma Let2<k<n—-3,z1,...,2-1>0and yq,...,y,_1 > 0.
Assume that

rr+yr =20 whenever |I| = k.

Then there is asubset J C {1,...,n—1} with |J| =n—2and z,y > 0
suchthatx, = z,y, = yfor. € I.

The lemma and again Jensen’s inequality imply that G > 1, and thus the
result follows.
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