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Definition
p: K" — Ris a valuation (K" set of convex bodies in R")

—

u(K) + p(L) = p(KU L) + p(KNL)
for all K,L € K" such that K UL € K"

Example
volume

Le K"

)

Vi(-)  intrinsic volumes
)
) affine surface area
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Hadwiger’s Classification Theorem (1951)

A functional i : K" — R is a continuous and rigid motion invariant
valuation

d c,c1,...,¢h ER:
H(K) = 6o Vo(K) + -+ + ¢ Va(K)

for all K € K"

Klain 1995

Alesker, Bernig, Betke, Chen, Fu, Goodey, Groemer, Haberl,
Hadwiger, Hug, Kiderlen, Klain, Kneser, Lawrence, McMullen,
Peri, Reitzner, Sallée, Schneider, Schuster, Weil, . ..
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Definition (Klain & Rota)
w: K" x K" — R is a bivaluation

—
“(K7)’Cn_>R

are valuations for all K, L € K"
p(-,L): K" =R

Example
u(K.L) = Vi(K) V(L)
(K, L) :/ f(x,y) dx dy
KxL
wK, L) = V(K,...,K,L....,L) = Vi(K,L)
WKL) = V(K. K L) = lim YD = VK)

e—0 S
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surface area
—
dec > 0:
w(K,L)y=cV(K,...,K,ITL")

forall K € K", L € K§

e K§ set of convex bodies K in R” with 0 € int K
o [*={xeR":x-y<1Vye€ L} polar body of L
e [1K projection body of K
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Definition (Minkowski 1901)
h(MK,u) =V, 1(K|ut), ue St

h(K,u) = max{u-x:x € K}
support function of K
MK projection body of K

A,

Vh—1() (n— 1)-dimensional volume

ut hyperplane orthogonal to u
1L

ut -7

K|ut projection of K to u



Projection Bodies

Definition (Minkowski 1901)
h(MK,u) =V, 1(K|ut), ue St

K h(K,u) = max{u-x:x € K}
support function of K
e [1K projection body of K
ut . 7

Note (Petty 1967)
M(p K) = |detp| ¢ *MK forall ¢ € GL(n), K € Kf

Vh—1() (n— 1)-dimensional volume

ut hyperplane orthogonal to u
1L

K|ut projection of K to u
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Surface Area in Minkowski Space
(R", B) normed space with unit ball B

Definition (Busemann)
w: K" x K — [0, 00) is a Minkowski surface area

<~
(oK, ¢B) = u(K, B) V¢ € GL(n)
w(K + x, B) = u(K, B) ¥x € R"

e (i is continuous

u( -, B) is a measure on B(H) for every hyperplane H

P € K" polytope with facets Fq,..., Fn =

u(Fi, B i (Fi, B)
i=2
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Theorem (L. 2007)

A functional p : K" x K — R is a bivaluation and a Minkowski
surface area
—

dec > 0:
w(K,L)=cV(K,...,K,ILY)

forall K € K", L € K§

Definition
Let K € K" and L € K?. Then

w(K, L) = V(K,...,K,NL*

is called Holmes-Thompson surface area of K in the normed space
with unit ball L.
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Outline of the Proof.
u( -, B) Minkowski surface area

Busemann

=
J1B € K" (isoperimetrix):

W(K,B) = V(K,...,K,IB)
for all K € K" and B € K

bivaluation
f—
I is a Minkowski valuation:

IB+IC=1(BUC)+I(BNC)

for all B, C € K§ such that BU C € Kj



Outline of the Proof.
u( -, B) Minkowski surface area

invariance
—

I(¢B) = [det¢| '¢T1B
for all ¢ € GL(n)



Outline of the Proof.
u( -, B) Minkowski surface area

invariance
—

I(¢B) = [det¢| '¢T1B
for all ¢ € GL(n)

Definition
Z: K§ — R is GL(n) covariant of weight gq

=

Z($K) = | det 676 Z K
for all K € K, ¢ € GL(n)
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Classification of Minkowski Valuations

Theorem (L. 2007)

Z:P§ — (K", +) is a non-trivial valuation such that
Z(¢pP) = |detd| T Z P
for ¢ € GL(n), P € P§

dec e R:
ZP =clP*

for all P € Py

Py set of convex polytopes P in R" with 0 € int P



Outline of the Proof.

1 Minkowski surface area

dc>0:

w(K,B) =cV(K,...,K,NB*"
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Classification of Minkowski Valuations

Theorem (L. 2007)
Z :P§ — (K", +) is a non-trivial valuation which is GL(n)
covariant of weight q
<~
dcp € R, ¢ > 0:
ZP:{com(P)—&—clMP for q=1
c MP* for g=—1

for all P € Py

h(MK,u) = / |u- x| dx moment body
K



