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Definition
µ : Kn → R is a valuation (Kn set of convex bodies in Rn)

⇐⇒

µ(K ) + µ(L) = µ(K ∪ L) + µ(K ∩ L)

for all K , L ∈ Kn such that K ∪ L ∈ Kn

Example
Vn( · ) volume

Vi ( · ) intrinsic volumes

Vn( · + L) L ∈ Kn

Ω( · ) affine surface area
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Hadwiger’s Classification Theorem (1951)

A functional µ : Kn → R is a continuous and rigid motion invariant
valuation

⇐⇒

∃ c0, c1, . . . , cn ∈ R :

µ(K ) = c0 V0(K ) + · · ·+ cn Vn(K )

for all K ∈ Kn

Klain 1995
Alesker, Bernig, Betke, Chen, Fu, Goodey, Groemer, Haberl,
Hadwiger, Hug, Kiderlen, Klain, Kneser, Lawrence, McMullen,
Peri, Reitzner, Sallée, Schneider, Schuster, Weil, . . .
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Definition (Klain & Rota)

µ : Kn ×Kn → R is a bivaluation

⇐⇒

µ(K , · ) : Kn → R
are valuations for all K , L ∈ Kn

µ( · , L) : Kn → R

Example

µ(K , L) = Vi (K ) Vj(L)

µ(K , L) =

∫
K×L

f (x , y) dx dy

µ(K , L) = V (K , . . . ,K , L, . . . , L) = Vi (K , L)

µ(K , L) = V (K , . . . ,K , L) = lim
ε→0

V (K + ε L)− V (K )

ε
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Theorem (L. 2007)

A functional µ : Kn ×Kn
0 → R is a bivaluation and a Minkowski

surface area
⇐⇒

∃c ≥ 0:
µ(K , L) = c V (K , . . . ,K ,Π L∗)

for all K ∈ Kn, L ∈ Kn
0

• Kn
0 set of convex bodies K in Rn with 0 ∈ intK

• L∗ = {x ∈ Rn : x · y ≤ 1 ∀y ∈ L} polar body of L

• Π K projection body of K
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Projection Bodies

Definition (Minkowski 1901)

h(Π K , u) = Vn−1(K |u⊥), u ∈ Sn−1

u⊥

K • h(K , u) = max{u · x : x ∈ K}
support function of K

• Π K projection body of K

• Vn−1(·) (n − 1)-dimensional volume

• u⊥ hyperplane orthogonal to u

• K |u⊥ projection of K to u⊥

Note (Petty 1967)

Π(φK ) = | det φ|φ−t Π K for all φ ∈ GL(n),K ∈ Kn
0
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Surface Area in Minkowski Space

(Rn,B) normed space with unit ball B

Definition (Busemann)

µ : Kn ×Kn
c → [0,∞) is a Minkowski surface area

⇐⇒

• µ(φK , φB) = µ(K ,B) ∀φ ∈ GL(n)

• µ(K + x ,B) = µ(K ,B) ∀x ∈ Rn

• µ is continuous

• µ( · ,B) is a measure on B(H) for every hyperplane H

• P ∈ Kn polytope with facets F1, . . . ,Fm ⇒

µ(F1,B) ≤
m∑

i=2

µ(Fi ,B)
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Theorem (L. 2007)

A functional µ : Kn ×Kn
0 → R is a bivaluation and a Minkowski

surface area
⇐⇒

∃c ≥ 0:
µ(K , L) = c V (K , . . . ,K ,Π L∗)

for all K ∈ Kn, L ∈ Kn
0

Definition
Let K ∈ Kn and L ∈ Kn

c . Then

µ(K , L) = V (K , . . . ,K ,Π L∗)

is called Holmes-Thompson surface area of K in the normed space
with unit ball L.
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Outline of the Proof.

µ( · ,B) Minkowski surface area

Busemann
=⇒

∃ I B ∈ Kn (isoperimetrix):

µ(K ,B) = V (K , . . . ,K , I B)

for all K ∈ Kn and B ∈ Kn
0

bivaluation
=⇒

I is a Minkowski valuation:

I B + I C = I(B ∪ C ) + I(B ∩ C )

for all B,C ∈ Kn
0 such that B ∪ C ∈ Kn

0
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Outline of the Proof.

µ( · ,B) Minkowski surface area

invariance
=⇒

I(φB) = | det φ|−1φ I B

for all φ ∈ GL(n)

Definition
Z : Kn

0 → R is GL(n) covariant of weight q

⇔

Z(φK ) = | det φ|qφZ K

for all K ∈ Kn
0 , φ ∈ GL(n)
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Classification of Minkowski Valuations

Theorem (L. 2007)

Z : Pn
0 → 〈Kn,+〉 is a non-trivial valuation such that

Z(φP) = | det φ|−1φ Z P

for φ ∈ GL(n), P ∈ Pn
0

⇐⇒
∃ c ∈ R:

Z P = c Π P∗

for all P ∈ Pn
0

Pn
0 set of convex polytopes P in Rn with 0 ∈ intP
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Classification of Minkowski Valuations

Theorem (L. 2007)

Z : Pn
0 → 〈Kn,+〉 is a non-trivial valuation which is GL(n)

covariant of weight q
⇐⇒

∃ c0 ∈ R, c1 ≥ 0:

Z P =

{
c0 m(P) + c1 MP for q = 1

c1 Π P∗ for q = −1

for all P ∈ Pn
0
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