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These type of inequalities are simpler versions of the so-called
relative isoperimetric inequalities, which, for every sufficiently
smooth subset E of a domain G, bound from above the Lebesgue
measure either of £ or G\ E by an appropriate (n — 1)-dimensional
measure (P(E, G)) of the boundary 0E N G.
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(D: diameter of K)

R. Kannan, L. Lovasz e M. Simonovits (1995): K C R” with
centroid at the origin
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Proposition. The maximum of the ratio pk ,(t), over the set of
parallel hyperplane sections of K, is attained when the section
bisects the volume of K:

oy min (K OHL] KO Hoel} 1K
PK,u - |KﬁHu,t| - 2’KﬂHu|’

(H,: hyperplane orthogonal to u which cuts K into two parts with
equal volumes.)
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a = al(p)=(p+ 1),

=1 ((P+1)(p+2 p+,,)>l/p

(o) —C2(p n =

(c2(p, n) — T(p+ 1)/P when n — 0)



1
Ip(K,u) = (qu /K |(x, u)|P dx) ’ p-th moment of inerzia



1
i 1
Ip(K, u) = (|K|/ |(x, u)|P dx) ’ p-th moment of inerzia
K
M. Fradelizi (1999): K with the centroid at the origin, p > 1

K|
< — <
Zp(K.u) < 5 K ol] < aZy(K, u) (1)



1
i 1
Ip(K, u) = <|K|/ |(x, u)|P dx) ’ p-th moment of inerzia
K
M. Fradelizi (1999): K with the centroid at the origin, p > 1

K]
CZIp(Ky U) S W S C]_z-p(l'(7 U) (1)
There is equality in the right hand side if and only if K is a cylinder
in the direction u, and in the left hand side if and only if K is a

double-cone in the direction wv.



1
i 1
Ip(K, u) = <|K|/ |(x, u)|P dx) ’ p-th moment of inerzia
K
M. Fradelizi (1999): K with the centroid at the origin, p > 1

K]
CZIp(Ky U) S W S C]_z-p(l'(7 U) (1)
There is equality in the right hand side if and only if K is a cylinder
in the direction u, and in the left hand side if and only if K is a
double-cone in the direction wu.
[K]

Extension: ¢ : R — R even convex function, oo =
2|Kﬁul‘




1
1 1
Ip(K, u) = <|K|/ |(x, u)|P dx) ’ p-th moment of inerzia
K
M. Fradelizi (1999): K with the centroid at the origin, p > 1
K|
CZI (K U) S m C]_I (l’(7 U) (1)
There is equality in the right hand side if and only if K is a cylinder
in the direction u, and in the left hand side if and only if K is a

double-cone in the direction wv.

|K]
2|Kﬁul‘

/ ¢atdt<K’/q§ %, u))dx < _n¢(at)< ’;') dt
(2)

Extension: ¢ : R — R even convex function, oo =




1
1 1
Ip(K, u) = <|K|/ |(x, u)|P dx) ’ p-th moment of inerzia
K
M. Fradelizi (1999): K with the centroid at the origin, p > 1
K|
CZI (K U) S m C]_I (l’(7 U) (1)

There is equality in the right hand side if and only if K is a cylinder
in the direction u, and in the left hand side if and only if K is a
double-cone in the direction w.

|K]
2|Kﬁul‘

/ ¢atdt<K’/q§ %, u))dx < _n¢(at)< ’;') dt
(2)

Extension: ¢ : R — R even convex function, oo =

2) = (1)
with ¢(t) := [t|P, p > 1.
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Equality cases are characterized as above when ¢ is strictly convex.



Extension: ¢ : R — R even convex function,

K]
v= 2 maxter | KNHuy, ¢

Jriotmde < 2 fiol(xu))dx <
<y e () -

Equality cases are characterized as above when ¢ is strictly convex.

C. Schiitt (1997): Applications to the floating body and the
illumination body.

M. Meyer e E. Werner (1998): Applications to Santal6 regions.



Problem. Find an upper bound for the relative isoperimetric ratio
pk,u(t) in terms of the p-th moments of inertia of K.

Theorem 1. Let K be a convex body in R” whose centroid is at the
origin. Let ¢ : R — R be an even convex function. Let u € §"!
and a = |K| /(2|K N H,|), where H, denotes the hyperplane
orthogonal to u which bisects the volume of K. Then

1
3 | olatyse < ”1(‘ ] ot 3)

The inequality is sharp: if ¢ is strictly convex, there is equality if
and only if K is a cylinder in the direction u.



Corollary 1.. Let K be a convex body in R"” whose centroid is at
the origin. Let u € S""!, and p > 1. Denote by H, the hyperplane
orthogonal to u which bisects the volume of K. Then

K| / )P
2K H| = ]K\ |X“‘dx

There is equality if and only if K is a cylinder in the direction u




Theorem 2. Let K be a convex body in R” whose centroid is at the
origin, and p > 1. Let H,: be a hyperplane orthogonal to

u e S"1 which cuts K into two parts, say K N HIt and KNH,,
Then
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Corollary 2. Let K be in isotropic position, and |K| = 1. Then

min{}Kﬂ HIt
|Hu,e N K]

;t}} < \[LK < cn%

(Lk: isotropic constant of K.)



Outline of the proof of Theorem 1.
Functional version of (3):
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Functional version of (3):

Let f(t) := |[K N Hy| and f(%) :=|K N Hy| = 1, then

K|:/+Oof(t)dt a_f+00f(t / f(t)dt

—00
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We have to prove

“+o00

Toyde< [ e(0)f(t)de

—Q — 00

for every nil—concave integrable function

/zo tf (t)dt =0, /; f(t)dt = /:Oo f(t)dt



Step 1. Reduction to the log-affine case

There exists a log-affine function

g(t) = ety (1),

where [—c, b] C support (f), such that

/;g(t)dt:/i><> f(t)dt, /:oog(t)dt:/:oo F(t)d.

+o0
/ tg(t)dt =0

— 00

+00 +0o0
/ s(g(t)ydt < [ o(t)f(t)dt

—00 — 00

for every convex function ¢ : R — R.



Lemma. ( Fradelizi, 1999) Let v : R — R be an integrable
compactly supported function such that f+°° (t)dt =0 and
[ tv(t)dt = 0. Set V(t) = [F__v(s)ds. Let ¢ be a convex
function and u be the positive Borel measure on R such that
¢" = p. Then the function W(t f V/(s)ds is compactly
supported and

+o00 +o00

ottt = [ W(t)du().

—00 —00

Inequality (4) follows from W > 0.



Step 2. Reduction to the constant case.

Among all log-affine functions the quantity

+oo

o(t)g(t)dt

—00

is minimal when g is constant on its support.



Step 2. Reduction to the constant case.

Among all log-affine functions the quantity

+oo

o(t)g(t)dt

—00

is minimal when g is constant on its support.
Set d := 1 [72° g(t)dt. Then we have to prove that
d b
| o< [ oo (5)
- —c

t—t

where g(t) = el )X[—c,b](t)



If we set x := (b+ ¢)/2, then b, ¢, d are C* positive functions of
x > 0.
Inequality (5) becomes

b(x) . d(x)
I(x) := / o(t)eDdt —/ o(t)dt >0

—c(x) —d(x)
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We have /(0) = 0, and by differentiating
b(x)

b(x) . ( )
/ telt=0dt =0 d(x) = 1/ et dt
—c(x) 2 Jc(x)

G-

we get
1 gt (b=%) +c ¢ b _
= b (21E) (£ o)+ g oole) - o)) =

> pelb—D) (bt C) <q5 (;ﬁcc) - ¢(d)> >0




The equality case.

There is equality if and only if there is equality in the corresponding
functional form, that is

+o0 +0o0

¢(t)g(t)dt = ¢(t)f(t)dt

—00 —

where g(t) = f('f)x[,ma](t).



The equality case.

There is equality if and only if there is equality in the corresponding
functional form, that is

+o0 +0o0

¢(t)g(t)dt = ¢(t)f(t)dt

—00 —

where g(t) = f(rf)x[,ma](t).
Then by the previous lemma the second primitive W of v =f — g

satisfies
—+oco

W(t)du(t) =0

—00

where W > 0.

¢ strictly convex = p positive = W =0=f =g



