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Zonotopes

These are vector or Minkowski sums of line
segments. They are characterized by the
high degree of symmetry that they exhibit.

All centrally symmetric (planar) polygons
are zonotopes.

All faces of a zonotope are centrally sym-
metric. In the opposite direction, any poly-
tope with centrally symmetric two dimen-
sional faces is a zonotope. McMullen [1984]
showed that if 2 � k � d � 2 and P is a
d-polytope all of whose k-faces are cen-
trally symmetric then P is a zonotope. He
also showed that there are polytopes with
centrally symmetric facets which are not
zonotopes.

Projections of zonotopes are again zono-
topes. If all the 3-dimensional projections
of a polytope P are zonotopes, then so is
P .
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Zonoids

Zonoids are limits of zonotopes.The de�-
nition of zonoids leads quickly to an alter-
nate characterization. They are the bod-
ies K whose support functions have (up to
a linear function) a representation of the
form

h(K;u) =
Z
Sd�1

jhu; vij �(dv)

for some even measure � on the unit sphere
Sd�1. Here, an even measure is one that
assigns equal measure to antipodal sets.

The measure � is uniquely determined by
the body K, a fact that has been proved
in numerous di�erent ways. It is called the
generating measure of the zonoid K.

This uniqueness is equivalent to the state-
ment that the space spanned by functions
of the form u 7! jhu; vij, for some v 2 Sd�1,
are dense amongst the even functions in
C(Sd�1). This can be rephrased to say
that it is dense in C(Ld1), the continuous
functions on the Grassmannian of lines in
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Projections of Zonoids

We will denote by Zd
j the set of convex

bodies in Ed for which all j-dimensional

projections are zonoids.Then Zdd comprises
the zonoids in and Zd2 comprises all cen-
trally symmetric convex bodies in .

Our previous observations show that the
polytopal members of Zdj , for 3 � j � d
are just the zonotopes. Given this back-
ground, it is rather surprising to know that
the inclusions

Zdd � Zdd�1 � � � � � Zd2
are all strict. This was shown by Weil
[1982], it follows from the construction
of a body K which is not a zonoid and
yet all its projections onto hyperplanes are
zonoids.
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Projection bodies

If K is a convex body in Ed and u⊥ is the
space orthogonal to u ∈ Sd−1, we denote by
Vd−1(K|u⊥), the volume of the projection of
K onto u⊥.It is well known that

Vd�1(Kju?) =
Z
Sd�1

jhu; vijSd�1(K; dv);

where Sd�1(K; �) denotes the surface area
measure of K. It follows easily that this
is the support function of a convex body
which, in turn, must be a zonoid. We will
rephrase this as saying that, given any con-
vex body K, there is a zonoid Z such that

V1(Zj[u]) = Vd�1(Kju?):

Here V1(Zj[u]) denotes the length of the
projection of Z onto the line spanned by
u. We will call Z the projection body of K.
As we have seen, each projection body is
a zonoid. However, zonoids need not be
full dimensional. Full dimensional zonoids
are projection bodies. In fact, the unique-
ness of their generating measures shows
that they are projection bodies of a unique
centrally symmetric body.
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Extensions

A convex body K for which

h(K, u) =
∫

Sd−1
|〈u, v〉| ρ(dv)

for a signed measure ρ is called a gener-

alized zonoid, as are its translates.It was
shown by Schneider [1970] that the only
polytopes which are generalized zonoids
are the zonotopes. It is also shown there
that there are generalized zonoids which
are not zonoids. Indeed, the generalized
zonoids are dense in the class of all cen-
trally symmetric bodies. In fact, any suf-
�ciently smooth centrally symmetric body
is a generalized zonoid. This fact is used
by Schneider [1967] in his solution of the
Shephard problem:
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Assume K1, K2 are centrally symmetric bodies

such that

Vd−1(K1|u⊥) ≥ Vd−1(K2|u⊥) for all u ∈ Sd−1.

If K1 is a zonoid, then Vd(K1) ≥ Vd(K2).However,
if K is su�ciently smooth and centrally sym-
metric but not a zonoid, there is a centrally
symmetric body C such that

Vd�1(Cju?) > Vd�1(Kju?) for all u 2 Sd�1

and yet, Vd(C) < Vd(K).

A strong form of the uniqueness property of
the generating measure � was given by Schnei-
der [1970]. This was used to establish many
characterizations of centrally symmetric sets.
For example: If every shadow boundary bisects
the surface area then the body is centrally sym-
metric.
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Higher rank Grassmannians

We now turn our attention to projections
onto spaces of dimension j with 2 ≤ j ≤
d− 2.

Weil [1976] showed that if K is a gener-
alized zonoid with generating measure �,
then there is a j-fold tensor product, �j, of
� with itself, such that

Vj(KjE) =
Z
Ldj
jhE;F ij �j(dF ) for all E 2 Ldj :

�j is called the j-th projection generating
measure, and jhE;F ij denotes the absolute
value of the determinant of the projection
of E onto F . In the case that K is a
zonoid, �j is a positive measure. It, there-
fore, seems natural to introduce the class
K(j) of those centrally symmetric convex
bodies (of dimension � j + 1) for which
there is a positive measure � on Ldj such
that

Vj(KjE) =
Z
Ldj
jhE;F ij �(dF ) for all E 2 Ldj :
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The classes K(j)

These classes have been widely studied.

From our point of view, they provide a nat-

ural extension of the notion of zonoid. In
particular, K(1) comprises the zonoids and
K(d � 1) is the collection of all full dimen-
sional centrally symmetric bodies.

Schneider and Wieacker [1997] show that,
in order for there to be a Crofton for-
mula in Minkowski space (with the Holmes
Thompson notion of area) the polar of the
unit ball must be in the appropriate class
K(j).

In joint work with Zhang [1998], we con-
sidered an extension of the Shephard prob-
lem. In analogy with Schneider's work on
the original problem we showed:
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unit ball must be in the appropriate class

K(j).

In joint work with Zhang [1998], we con-
sidered an extension of the Shephard prob-
lem. In analogy with Schneider's work on
the original problem we showed:
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Assume K1, K2 are centrally symmetric bodies

such that

Vj(K1|E) ≥ Vj(K2|E) for all E ∈ Ld
j .

If K1 ∈ K(d− j), then Vd(K1) ≥ Vd(K2). How-

ever, if K is a sufficiently smooth, centrally

symmetric body of revolution with positive cur-

vature everywhere but not in K(d− j), there is

a centrally symmetric body C such that

Vj(C|E) > Vj(K|E) for all E ∈ Ld
j

and yet, Vd(C) < Vd(K).

The integral transform

f 7!
Z
Ldj
jh�; Eijf(E) dE f 2 L2(Ldj)

arises in the study of stationary Poisson pro-
cesses of j-ats (see Matheron [1974,75]). Each
such process induces a stationary point process
on any (d�j)-at G. If f is the directional part
of the intensity measure of the original j-at
process, then the integral transform yields the
intensity of the induced point process on G?.
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Matheron was interested in retrieving the
original j-flat process from knowledge of
the induced point processes.

He conjectured that, as is the case for
j = 1 or d � 1, the kernel of this trans-
form is trivial for all j. This was shown to
be false in joint work with Howard [1990].
An example of a non-trivial function in the
kernel, in the case d = 4; j = 2, is given by

f(E) =

7
hhE;E12i4 + hE;E34i4 � hE;E13i4 � hE;E24i4

i
+ 42

hhE;E12i2hE;E34i2 � hE;E13i2hE;E24i2
i

+24
hhE;E13i2 + hE;E24i2 � hE;E12i2 � hE;E34i2

i
Here E12, for example, denotes the plane
spanned by the �rst two coordinate vectors
in a basis of

It follows that, the j-th projection generat-
ing measure of a body in K(j) is not unique.
This is a phenomenon that causes consid-
erable di�culties in the study of K(j) for
1 < j < d� 1.
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We will think of the classes K(j) as a natural

extension of the notion of zonoid. It follows

from Weil’s [1976] results that

K(1) ⊆ K(j) ⊆ K(d− 1) 1 < j < d− 1.

We propose to study these inclusions further

and to compare the classes K(j) with others.



The classes Zd
j – revisited

Recall that K ∈ Zd
j means that all j-dimensional

projections of K are zonoids. For a gener-
alized zonoid K with generating measure ρ,
Weil [1982] showed that this is equivalent
to∫

Sd−1
|〈u, v〉|j ρ(dv) ≥ 0 for all u ∈ Sd−1.

In the case of a smooth generalized zonoid
whose generating measure is a function �,
the projection generating functions �j and
�j�1, obtained from � via tensor products,
satisfy

�j(E) = cd;j
Z
Sd�1\E �j�1(E \ v?)Z

Sd�1\E �(u)jhu; vijd�j+1 du dv;

where cd;j is a positive constant. It is tempt-
ing, therefore, to hope for a connection
between K(j) and Zdd�j+1 and for the in-
clusion

K(j) � K(j + 1):

Certainly we have K(1) = Zdd ; K(d�1) = Zd2
and Zdd�j+1 � Zdd�j.
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However

There are polytopes in K(d�2) but not in Zd3,
as we observed in joint work with Weil [1991]:

If P is a d-polytope with centrally symmetric
(j+1)-faces, there are positive numbers �i and
j-subspaces Ei such that

Vj(P jE) =
nX
i=1

�ijhE;Eiij
for all E 2 Ldj . Thus, P 2 K(j). McMullen's
example of a non-zonotope with centrally sym-
metric facets then provides us with a polytope
in K(d� 2)nZd3.
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The classes Od
j

For each 1 ≤ j ≤ d − 1, we say that K ∈ Od
j

if K is centrally symmetric, dimK ≥ j + 1

and there is a centrally symmetric body K⊥
such that

Vd−j(K
⊥|E) = Vj(K|E⊥) for all E ∈ Ld

d−j.

This is an extension of the notion of pro-
jection body. The bodies in Od1 are the
zonoids, whereas Odd�1 comprises all full di-
mensional centrally symmetric bodies. We
will, in particular, investigate the connec-
tion between K(j) and Odj .
McMullen [1984] showed that the unit cube,
Cd is in every Odj and that C?d = Cd for each
value of j. Schneider [1996] showed that,
for a polytope P , there is the equivalence

P 2 Od1 with P = P? () P 2 Odj with P = P?;
for all 1 � j � d � 1, and gave a character-
ization of the polytopes which satisfy this
property.
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Harmonic analysis aspects

We will use the (generalized) Radon and

cosine transforms,

Rd
i,j : L2(Ld

i ) → L2(Ld
j) i < j,

Ri,jf(E) =
∫

F⊂E
f(F ) dF

and

T d
j : L2(Ld

j) → L2(Ld
j)

T d
j f(E) =

∫

Ld
j

|〈E, F 〉|f(F ) dF.

In particular, we note that

Rdj;d�1Vj(Kj�) = cd;jT
d
d�1Sj(K; �)?;

where Sj(K; �) is the j-th surface area mea-
sure of the centrally symmetric body K,
thought of as a measure on Ld1.

Both these transforms intertwine the ac-
tion of the rotation group SO(d).
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The irreducible invariant subspaces of L2(Ld
1)

are the spaces of spherical harmonics Hd,1
2n ,

thus

L2(Ld
1) =

∞⊕

n=0

Hd,1
2n .

The transforms Rd1;j and T d1 are both in-
jective on L2(Ld1) which we will identify, by
orthogonality, with L2(Ldd�1).

Moving to the case j = 2, the irreducible
invariant subspaces of L2(Ld2) form a two
parameter family Hd;2(2n;2m) (n � jmj). Here
we have,

kerRd2;d�1 =
M

n�jmj>0
Hd;2(2n;2m)

ker T d2 =
M

n�jmj>1
Hd;2(2n;2m)

also

Rd1;2Hd;12n = Hd;2(2n;0):
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This representation of the kernel of the
cosine transform is a result of Alesker and
Berenstein [2004], who obtained the ker-
nel of T d

j , in general. A key to this was the

connection between the range of T d
j and

Alesker’s earlier work on translation invari-
ant valuations.

We will make signi�cant use of the fact
that, if f 2 L2(Ldj) has rotational symme-
try, then the harmonic components of f
lie in

L1
n=0R1;jHd;12n . This follows from the

branching theorem. For example, this the-
orem states that the restriction to a sub-
sphere of any member of H4;2

(2n;2m) has har-
monic expansion inM

n�p�jmj
H3;2

2p :

However, a rotationally symmetric func-
tion restricts to a constant function and
so m = 0.

A di�erent formulation of this result states
that, in some sense, a rotationally sym-
metric function only has spherical harmonic
components.
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This observation allows us, in the case of

rotationally symmetric bodies, to use the

equation

Rd
j,d−1Vj(K|·) = cd,jT

d
d−1Sj(K, ·)⊥,

to obtain Vj(K|·) from Sj(K, ·).

It is an interesting question to decide whether
Vj(Kj�) is determined by Rdj;d�1Vj(Kj�). This
is known to be true for centrally symmetric
K, for polytopes and for rotationally sym-
metric bodies.

For example, if K is a convex body in and
all three dimensional projections of K have
the same surface area, it is not known if
all two dimensional projections of K nec-
essarily have the same area.
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Bodies of revolution

If K is a generalized zonoid and a body of

revolution, there is, for each 1 ≤ j ≤ d − 1,

a unique j-th projection generating mea-

sure with rotation invariance, we will call

this the standard j-th projection generat-

ing measure. Furthermore, if K 2 K(j),
then this unique measure will be positive.
This will allow us to study the rotationally
symmetric members of K(j) and to make
comparisons with other classes of centrally
symmetric bodies.

We will study the families of convex bodies
K�; L�;j; W;j de�ned by

h(K�; u) = 1 + �P d2(hed; ui);

Sj(L�;j; u) = 1 + �P d2(hed; ui);

Sj(W;j; u) = 1 + P d4(hed; ui):
For the latter two, we will use results of
Firey [1970] to determine the parameter
values �;  which yield convex bodies.
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Comparing the classes

The bodies Kα exist precisely when

− d− 1

2d− 1
≤ α ≤ d− 1

d + 1
,

and are in Zd
j precisely when

− d− 1

jd− 1
≤ α ≤ d− 1

d + 1
.

The standard j-th projection generating
measure of K�, evaluated at E 2 Ldj can be
expressed as a Jacobi polynomial in kedjEk.
Studying the roots of these polynomials al-
lows us to show that there are non-zonoidal
K� in K(j). Similar examples also allow us
to �nd smooth bodies in K(j)nZdd�j+1 for a
large variety of values of d; j. These com-
plement the polytopal examples in K(d �
2)nZd3 mentioned earlier.
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The bodies Lβ,j exist precisely when

−1 ≤ β ≤ j(d + 1)

2d− j
,

and are in K(j) precisely when

−1 ≤ β ≤ j

d− j
,

and so we can find bodies in K(d−1)\K(j).

The inclusions K(1) � K(j) � K(d � 1) are
therefore strict, for 1 < j < d � 1. It can
be shown that L�;j 2 K(j) () L�;j 2 Odj .
In this case L?�;j is a homothet of L�0;d�j
where �0 = �(d� j)�=j.

We can use the bodies W;j to �nd bod-
ies in OdjnK(j). When the orthogonal body
exists, it is a homothet of W0;d�j where

0 =
In conclusion, we note that the classes
K(j); Odj and Zdd�j+1 are all di�erent if 1 <
j < d� 1.
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