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1. Minkowski Functionals

Minkowski functionals (intrinsic volumes, quermassintegrals) are

basic functionals of convex bodies in R":
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1. Minkowski Functionals

Minkowski functionals (intrinsic volumes, quermassintegrals) are

basic functionals of convex bodies in R":

o Coefficients of a Steiner formula. Let K € K™ and € > 0:
H"(K +eB") =) e'rp_iVi(K),
i=0

where B™ denotes the unit ball in R", k,, its volume, and H" is

the Hausdorff measure (volume).
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e Axiomatic characterization. The functionals
Vo, Vieo o o, Vi1, Vi

are real-valued additive (valuations), continuous and motion

invariant; Vj is homogeneous of degree k.

RTN Workshop, Firenze, May 2005 Slide 5/ 65



Daniel Hug Valuations, Integral Geometry and Linear Dependences

e Axiomatic characterization. The functionals
Vo, Vieo o o, Vi1, Vi

are real-valued additive (valuations), continuous and motion

invariant; Vj is homogeneous of degree k.

Theorem.[Hadwiger] Let ¥ : K™ — R be additive, continuous and

motion invariant. Then there exist constants cg, ..., ¢, such that

Y = zn: c;Vi.
i=0
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e Objects of integral geometry. Let £ be the Grassmannian of
k-flats in R", let pj be a Haar measure on &;'. Then, for
K e K" and 0 < 5 < k£ < n, we have the Crofton formula

L Vy(K 0 BV (dE) = i Vies s n(K).

n
k
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e Objects of integral geometry. Let £ be the Grassmannian of
k-flats in R", let pj be a Haar measure on &;'. Then, for
K e K" and 0 < 5 < k£ < n, we have the Crofton formula

/g Vi(K 0 BV (dE) = anjiVis (K.

n
k

Let G(n) be the motion group, and u a Haar measure on G(n).
For K, L € K™ and j € {0,...,n}, the kinematic formula states

/6( )VJ(K NgL)u(dg) = Z&njkvk(K)Vn—|—j—k(L).
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2. Valuations and integral geometry

Results about valuations have been used for the proofs of integral

geometric results.
Hadwiger’s abstract integral geometric formula

Let ¢ : K™ — R be an additive, continuous function. Put

eoalK) = [ QKN DpG@E), K ek
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2. Valuations and integral geometry

Results about valuations have been used for the proofs of integral

geometric results.
Hadwiger’s abstract integral geometric formula

Let ¢ : K™ — R be an additive, continuous function. Put

eoalK) = [ QKN DpG@E), K ek

Theorem.|Hadwiger] For any K, L € K™ and ¢ as above,

/G P NGLI(G) = 3 oo (KNV(D)

Hints to the literature
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3. Tensor Valuations

e Schneider, Schneider & Hadwiger (°71, '72)

e McMullen (’97)

e Alesker ('99)

e Schneider, Schneider & Schuster (’00, '02, ’04)
e Beisbart, Mecke ... (00 - 7)
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Background

- Space of symmetric tensors of rank r: T"; T
symmetric tensor product of a,b € T: ab

- Tensor valuation: ¢ : K" — | J._, T*
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Background

- Space of symmetric tensors of rank r: T"; T

symmetric tensor product of a,b € T: ab

- Tensor valuation: ¢ : K" — | J._, T*

- Translation covariance: there are g, ..., @, : K — T such
that, for all K € K™ and t € R",
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Background

Space of symmetric tensors of rank r: T"; T

symmetric tensor product of a,b € T: ab

S

Tensor valuation: ¢ : K" — |J,_, T

Translation covariance: there are g, ..., @, : K — T such
that, for all K € K™ and t € R",

oK +1) =3 or ()2

Rotation covariance: for all K € K™ and U € O(n),

p(UK) = Up(K).
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Background

- Space of symmetric tensors of rank r: T"; T
symmetric tensor product of a,b € T: ab

- Tensor valuation: ¢ : K" — | J._, T*

- Translation covariance: there are g, ..., @, : K — T such
that, for all K € K™ and t € R",

oK +1) =3 or ()2

- Rotation covariance: for all K € K™ and U € O(n),

p(UK) = Up(K).

- Isometry covariance
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A detour: Support measures
Fix Kc K" e>0,neX:=R*"xS" 1, zcR"\ K.
e Metric projection: p(K,x)
e Direction vector: u(K,x) := (z — p(K,x))/||x — p(K, x)||

e Local parallel set:

M. (K,n) = {z € (K +eB")\ K : (p(K,z),u(K,z)) € n}
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A detour: Support measures

Fix Kc K" e>0,neX:=R*"xS" 1, zcR"\ K.
e Metric projection: p(K,x)
e Direction vector: u(K,x) := (z — p(K,x))/||x — p(K, x)||
e Local parallel set:

M. (K,n) = {z € (K +eB")\ K : (p(K,z),u(K,z)) € n}

e [ocal Steiner formula:

n—1

H"(M:(K,n)) = Z 5n_iﬁn—iAi(Ka n);

A (K, =LK on R"
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A local parallel set:

Valuations, Integral Geometry and Linear Dependences

K+¢B"

RTN Workshop, Firenze, May 2005
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Basic Examples. K € K™, r,s € Ng, 0 < k< n—1:

1 Wn—k T, S
(I)k,r,s(K) = ] O hrs /ZZE (! Ak(K, d(ZE,’LL))
and
1
@ 0(K) = — / 2" A (K, da):
T. n

in all other cases, ®y s := 0. Further, Q € T? is defined by
Qz,y) == (z,9).
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Basic Examples. K € K™, r,s € Ng, 0 < k< n—1:

1 Wn—k T, S
(I)k,r,s(K) = ] Ot s /ZZE (! Ak(K, d(ZE,’LL))
and
1
@ 0(K) = — / 2" A (K, da):
T. n

in all other cases, ®y s := 0. Further, Q € T? is defined by
Qz,y) == (z,9).

Theorem. [Alesker| Let p € Ny, and let p : K™ — TP be a con-
tinuous, isometry covariant valuation. Then ¢ is a linear com-
bination, with constant real coefficients, of the basic valuations

QM s, where m,k,r,s € Ny are such that 2m 4 r 4+ s = p.

RTN Workshop, Firenze, May 2005 Slide 20/ 65



Daniel Hug Valuations, Integral Geometry and Linear Dependences

Example. For p = 2 one can show that the tensor valuations
e QV;, 7=0,...,n,
o &;509,7=0,...,n, and
o $;p02,7=1,...,n—1.

form a basis ...
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Example. For p = 2 one can show that the tensor valuations
e QV;, 7=0,...,n,
o &;509,7=0,...,n, and
o $;p02,7=1,...,n—1.

form a basis ...

The special linear relationships

2T E S(I)k—r—i—s,r—s,s — Q E (I)k—r—i—s,r—s,s—Qa
s s

for k,r € Ny, have been found by McMullen.

RTN Workshop, Firenze, May 2005 Slide 22/ 65



Daniel Hug Valuations, Integral Geometry and Linear Dependences

Two main tasks to be discussed here:

1. Provide a complete system of integral geometric formulae for

tensor valuations. Problem: linear dependences
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Two main problems to be discussed here:

1. Provide a complete system of integral geometric formulae for

tensor valuations.

2. Find all linear relationships between the basic tensor valuations,

determine the dimension of the corresponding vector space.
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4. Special Results

The case s = 0:

/ D, ro0(KNE)up(dE) = onjkPrtj—kr0(K),

/ Pjro(KNgL)u Z ik Pre,r,0 (K ) Vi j—k (L)
G(n)
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4. Special Results

The case s = 0:

/ Qi ro(KNE)up(dE) = onjkPrtj—kr0(K),

/ ®;,0(KNgL) Zamk@kro K)Vnyj1(L).
G(n)

The case j =n — 1:

[ @t (K 0B y(dE) = 8(n.5)Q% B, 0(K),

n—1

/@( )(I)n—l,T,S(ngL) (dg) (I)n 1,T,S(K)V( )—|—5(n S)Q (I)nrO(K)Vn 1(L)
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The case j =n — 2:

and

/gn (I)n—Q,r,s(K M E)/LZ_Q(CZE) = ﬁ(n’ S)Q%(I)n,r,()(K).

n—2

Further results follow from McMullen’s relationships.
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5. A General Approach. Let r,s € Ng, 0 <7< k< n—1.

L 3, (K A ) (dE)

n
k

RTN Workshop, Firenze, May 2005 Slide 28/ 65
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Theorem. For K e K™, r,s e Ng and 0 < k <n —1,

O s(KNE)uy(dE) =

/ 0, of s 1s odd,
& aQ>®, ,.o(K), ifs is even.
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n
k

of r.

Theorem. For K € K™ and k,j,7,s € Ng with 0 < j <k <n—1,

[ @i 0 B i (B)

[5]
— Z Xr,(ll,;,kjsszz(I)n—l—j—k,'r,s—2z(K) +
z=0

with explicitly known constants x

(1)

n?.]?k?S?Z

(2)

nd ks independent

and x

RTN Workshop, Firenze, May 2005
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Theorem. For K € K™ and k,j,7,s € Ng with 0 < j <k <n—1,

[ @i 0 B i (B)

k
[5] [5]-1

1 z 2 z

— ZX;,;’,k,s,zQ (I)n‘|‘j_ka"“73_2z(K) + Z X;,;,k,s,zQ
z=0 z=0
s—2z—1
X Z (27qu)n—|—j—k—s—|—2z—|—l,r—|—8—2z—l,l(K)
[=0

_Q(I)n—l—j—k—s—|—2z—|—l,r—l—s—22—l,l—2(K))

(1)

n7]7k787z

(2)

nd ks, independent

with explicitly known constants x and x

of r.
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The first step. Let r,s € Ny, 0 <7< k< n—1.

[ @il 0 By (ap)

n
k
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The first step. Let r,s € Ny, 0 <7< k< n—1.

L 3, (K A ) (dE)

n
k

For L € L7, t € L+ and Ly := L +t (McMullen):

QLH)™ (L,
(I)ja"",S(K A Lt) — Z (4W)mm!¢§,r,l—2m(K M Lt)

m=0
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The first step. Let r,s € Ny, 0 <7< k< n—1.

[ rnsli 0 By )
k

For L € L} te€ L+ and Ly := L + t:

Pjrs(KNL) = QUL)™ g (x0 (KN Ly).

(47r)mm' 7,r,8—2m
m=0
Thus

Jo, Bare OB E) = [ (0 L (i

(L) n—k n
-y o mmv/n/,} o) (K N LR (dt)vR (dL).

mZO
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Case 1: j =k

o\")  (KNL,)=0 ifs—2m#0.

k,r,s—2m

RTN Workshop, Firenze, May 2005 Slide 35/ 65
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Case 1: j =k
o), (KNL)=0  ifs—2m#0.

If s is odd,
(I)k,”r',s(K M Lt) — O,

and thus
| ®urolE 0 E)i(aE) =0,

k
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Case 1: j =k

o\")  (KNL,)=0 ifs—2m#0.

k,r,s—2m
If s is odd,
(I)k,”r',s(K ﬂ Lt) — O,

and thus
| ®urolE 0 E)i(aE) =0,
£

n
k

If s is even,

h
|_
N[

Q

P (KNL) = _ "HE (dz).
sl 1) = G Js, ™ M

RTN Workshop, Firenze, May 2005
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Hence, if s is even,

[ @i 0 By )
o QL)
NCOHOLERE

N|w

v (dL)

RTN Workshop, Firenze, May 2005 Slide 38/ 65
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Hence, if s is even,

/ Dporos (K N E) i (dE)
E

1 Lyg
TG Sy O
B 1
a (4’”)%(%)! Ly

RTN Workshop, Firenze, May 2005

Q(L™)

Valuations, Integral Geometry and Linear Dependences

v (dL)

N[ o

vy (dL)
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Hence, if s is even,

/ Dporos (K N E) i (dE)

_ 1 1y3 n

= amEn Jo, O D
L 1 J.% n

NS HO! o Q(L~)> vy (dL)

— O‘Q%(I)n,r,O(K)v

where « is explicitly known.
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Lemma. For m € Ng and k € {1,...,n},

)

(5 +m)I'( g
o

Q(L)"vg(dL) =

Ly

=
|
+
s
4
SIESITSI S

RTN Workshop, Firenze, May 2005 Slide 41/ 65
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Case 2: 0<j<k—-1, PePm.

Q(LJ_)m (I)(-Lt)

A )mm) ~JTsTam

(I)jﬂa,S(P M Lt) — (P M Lt)

m =0 (

= Qrtym b /L S o ut 2 A) (P A Ly, d(x, ),
+ X n—lﬂ

r!
m=0
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Case 2: 0<j<k—-1, PePm.

QL™ (L,
®jrs(PNL) = e ot (PN L)

m=0

=Y Qutyrtmdies [ g mA (P O Ly d(e, ).

r!
mz=20 Lex(SP—1NL)

We need the (Rataj ’99):
(L¢) n—k
/] 9(,0)AS) (P ) Ly, 0) YR (d)
Lt LtX(Sn_lﬂL)
1

g(z, 7z (w))|lpr(w)]? "

x [F,L* (K" 7% @ H* =1 (d(z,u)).
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By Fubini’s theorem,

/ / O, (PN L)H" F(dt)v(dL)
/Lt

— Z Z aj,kas,m%/FernH_k(dx)/

m>0 Fe Fnti—k(P) N(P,F)nSn—1

<. QL) mr (w)* ™ [lpr (w) |7~ [F, L]*vi (dL).
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Proposition.

. QL) mr (w)* ™ |lp (w) |~ [F, L]*vg (dL)

-2
= Bk Z O e m @t

[5]—1
. (2) z S—2z—2
_|_ /Bn"] k _|_ J — k‘ Z C ?..7 k787z mQ u Q(F).
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Some constants:

3 . (k—l)!(n+j—k)!F(%)F —”‘QH)
n, ',k', - — . 9
’ Vrjlin—1)!  T(5)T(EE)
q —1
(1) - iy (ON\NTCT Hl—p+Yy)
W= S0 () Hl-p+y).
q —1
2 iy (TG +l—p+y)
Vn =) (=1 ( ) . (l—p+vy)
with 4}, =0ifl—p+q=0.
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More constants:

[5]—m+p

[
D= 30 X% e (M) ()
l=max{0,m—z} p=0 g=max{0,z—m+p} b
y (3—2m—|—2p> (l—p+q>r(s+3 m—+p—q+1)T(g+3)

2q z—m+1 [(SE mtp+ 1)

and

[5]—m+p

m l
(2) _ mpta—e=1,(2) m\ (1
o= X 35 g (M) ()
I=max{0,m—z} p=0 g=max{0,z—m-+p+1}
y (S—Qm—l—Qp) (l—p—l—q— 1> F(8+3 m+p—q+1)T(g+ 3)

2q z—m+1 T(S2 5 —m 4 p+ 1)
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Daniel Hug

Some combinatorial identities of the form:

Lemma. Form e Ng,ne N, ke {l,...,n—1} and a > 0,

(1)t +m 0 g i ar

F(n—_k + i)r(% + 1)F(%) (_1)2'

RTN Workshop, Firenze, May 2005
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Putting things together and by some additional calculations, we get

/n /LL ®; . o(PNL)H" *(dt)v(dL)

1 z
— Bn,] k Zf( 3,]@,3,2 S — 2Z)!w8—22—j—|-k Q (I)n—l—j—k,r,s—Qz(P)

[5]—1

k—n (2)

x QY QF)Y(F)O2._2(P,F),

FeFnrn+ti—k(P)
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where, for a k-face F' of P,

1
Y, (F) = = / " H" (dx)
rJr
and
1 s _—xl||z||? yn—k
Os(P, F) = ze H" " (dx).
S+ JN(P,F)
Hence

Oprs(P)= > T(F)O (P F).

FeFk(P)
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The final step: a lemma due to McMullen ...

> QUY(F)Os_s.o(P, F)

FeFn+i—k(P)

— Q(I)n+j—k,r,s—2z—2(P) o 27T(S _ 22)®n—|—j—k,r,s—2z(P)

n 3 Q(G)Y,_1(G)Os_2,1(P,G).

GEFnti—k+1(P)
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. can be iterated to give

> QU)Y(F)Os_s.o(P, F)

FeFn+i—k(P)

- Z QPnyj—k—st2o+1,r+s—22-1,1—2(P)

[>s—2z

— 27 Z Z(I)n—l—j—k—s—|—2z—|—l,r—|—s—2z—l,l(P)-

[>s—2z
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6. Linear Dependences

Theorem. For k,r € N,

27 Z Sq)k—r—l—s,r—s,s - Q Z (I)k—r—l—s,r—s,s—Z = 0. (*)

Any linear dependence among those tensor valuations QZCI);@,T,S,
which do not vanish trivially, can be obtained by multiplying by

Q relations of the form (x) and by taking linear combinations of

relations obtained in this way.
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6. Linear Dependences

Theorem. For k,r € N,

2m Z S(I)k—r—l—s,r—s,s — Q Z (I)k—r—l—s,r—s,s—Z = 0. (*)

Any linear dependence among those tensor valuations QZCI);@,T,S,
which do not vanish trivially, can be obtained by multiplying by

Q relations of the form (x) and by taking linear combinations of

relations obtained in this way.

Proof. Consider, for r € Ng and £k =0,...,n+r,
Grr =1n{Q" @y + K+ =k,r' +5 +2 =7}

“Tensors of rank r, homogeneous of degree k”
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Proof. Induction wrt r. Main case: r > 2, k > 1.

Assume

Zal,squ)k—r+s+2l,r—s—2l,s = 0. ("’)

l,s
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Proof. Induction wrt r. Main case: r > 2, k > 1.

Assume

Zal,squ)k—r+s+2l,r—s—2l,s = 0. ("’)

l,s

Substitute K + t, for ¢t € R™, and use translation covariance:

ZOél,sQl(I)k—r—i—s—l—Ql,r—s—Ql—l,s = 0. (Hl Gk—l,r—l)

l,s
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Proof. Induction wrt r. Main case: r > 2, k > 1.

Assume

Zal,squ)k—r+s+2l,r—s—2l,s = 0. ("’)

l,s

Substitute K +t, for ¢ € R™, and use translation covariance:

ZOél,sQl(I)k—r—i—s—l—2l,'r—s—2l—1,s = 0. (Hl Gk—l,r—l)

l,s

Via the induction hypothesis, (+) is equivalent to

r—1
2 : l
Q2T E S(I)k—r—l—s,”r'—s,s_"&Orq)k,O,r_'_ al,SQ (I)k—T+S+2l,7“—S—2l>5 =0
s=1 [>1,s20
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or to

§ : = Ol
(a0, — 277 0) P, + U, Q" Ph—rtst21,r—s—21,s = 0.
[>1,520

This is of the form

(or — 21ra) @ 0. = Qu, ve T2,
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or to

~ l
(aO,T o 27—‘-7405)(1)]6,0,7' T § al,sQ (I)k—r—l—s—l—Zl,r—s—Zl,s = 0.
[=>1,520

This is of the form

(o — 2mra)Pg 0. = Qu, ve T 2.

Lemma. For all s,k € N with 1 < k <n—1and s > 2, there
exists a convexr body K € K™ such that

(I)k,O,s (K) 7é Q’U

for all v € T*72,
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Theorem. Letr € Ng, n > 1 and 0 < k<n+r. Put

jo::min{{“;”‘kJ’EJ}’ jl::max{_l’V;kJ}'

Then

dim(Gg ) = jo(min{l,n —k}+r—jo)+1— (1 + 1)(r — k —j1).
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Happy
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Birthday
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Dear
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Rolt
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Schneider
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