A Classification of SL(n)

invariant valuations

Monika Ludwig (TU Wien)



Hadwiger Characterization Theorem (1952):
A functional p : K" — R is a continuous rigid
motion invariant valuation

<=
3 cog,c1,...,cn € R

p(K) = cog Vo(K) + ...+ cn Va(K)
VK e K"

K" convex bodies in R™
u . K" — R valuation < VK, L, KULecK"

p(K) +p(L) = p(KU L)+ p(KNL)

Vo(K),...,Vo(K) intrinsic volumes of K



SL(n) invariant valuations I
o \p Euler Characteristic
o V), Volume

o affine surface area

Q) = [ w(K, ) da
oK

0K smooth:
Blaschke: Vorlesungen uber Differentialge-
ometrie II (1923)

K € K™ (general):
Leichtweil3 1986, Schutt-Werner 1990,
Lutwak 1991, Dolzmann-Hug 1995



Properties of (2 : K" — R:

e (2 is equi-affine invariant:

QoK) = QK) V¢ e SL(n)

QK +2) =Q(K) VzeR?

e 2 is upper semicontinuous (Lutwak 1991):

Q(K) > limsup Q(K;) K, — K

. J
J—00

e (2 is a valuation



Theorem (L. 1999; L.-Reitzner 1999):

A functional p: K" — R is an upper semicon-
tinuous and equi-affine invariant valuation

<
3 cg,c1 €ER,c0 >0
u(K) = co + c1 Va(K) + c2 Q(K)
VK € K"



SL(n) invariant valuations II

Qn /cg — R centro-affine surface area

Qn(K) = / ko (K, 2)2 doje ()
OK

IC8 convex bodies in R", 0 € intK

k(K,x)
(x, u(K,x))nt1

ko(K,x) =

w(K,xz) outer unit normal vector of K at x

dop(x) = (x,u(K,x)) dr cone measure

Q2 is GL(n) invariant



Theorem (L.-Reitzner 2005):

A functional pu: IC’C”; — R is an upper semi-
continuous and SL(n)-invariant valuation which
vanishes on polytopes

<

3f:[0,00) — [0, 00], concave,
im0 f(t) =0, limi—0 f(¥)/t = O:

w(K) = [ f(ro(K,2)) dog ()
0K

VK € K&



Corollary (L.-Reitzner 2005):
A functional u: IC”C”; — R is an upper semi-
continuous and GL(n) invariant valuation
<=
d cgeR,cq >0:

pu(K) = co + c1 Q2n(K)
VK € K"



Theorem (L. 2002):

A functional p:P§ — R is a measurable and
SL(n) invariant valuation which is homogeneous
of degree ¢

=
JceR:
(C q =
cV(P q=—n
upy =V 0=
10 otherwise
VP e P}

PS convex polytopes in R?, 0 € int P

P* polar body of P



Theorem (L.-Reitzner 2005):

A functional u : IC'(”)‘ — R is an upper semicon-
tinuous and SL(n) invariant valuation that is
homogeneous of degree q

<

dcg € R,ec1 >0

(co+c1 Qu(K) ¢=0

c1 2p(K) —n<qg<n,q#0
p(K) = qco V(K) q=n

co V(K™) q=-n

\O otherwise

VK € K, g =n(n—p)/(n+ p)



Ly-affine surface area

() = [ ro(K, )™ do(x)
0K

Definition:
Lutwak 1996 (p > 1), Hug 1996 (p > 0)

Applications:
Lutwak 1996, Lutwak-Oliker 1995, Meyer-
Werner 2000, Schutt-Werner 2004



